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This book is a modern introduction to the theory of abelian varieties and theta
functions. Here the Fourier transform techniques play a central role, appearing
in several different contexts. In transcendental theory, the usual Fourier trans-
form plays a major role in the representation theory of the Heisenberg group,
the main building block for the theory of theta functions. Also, the Fourier
transform appears in the discussion of mirror symmetry for complex and
symplectic tori, which are used to compute cohomology of holomorphic line
bundles on complex tori. When developing the algebraic theory (in arbitrary
characteristic), emphasis is placed on the importance of the Fourier—Mukai
transform for coherent sheaves on abelian varieties. In particular, it is used
in the computation of cohomology of line bundles, classification of vector
bundles on elliptic curves, and proofs of the Riemann and Torelli theorems
for Jacobians of algebraic curves.

Another subject discussed in the book is the construction of equivalences
between derived categories of coherent sheaves on abelian varieties, which
follows the same pattern as the construction of intertwining operators be-
tween different realizations of the unique irreducible representation of the
Heisenberg group.
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Preface

In 1981, S. Mukai discovered a nontrivial algebro-geometric analogue of the
Fourier transform in the context of abelian varieties, which is now called the
Fourier—Mukai transform (see [7]). One of the main goals of this book is to
present an introduction to the algebraic theory of abelian varieties in which
this transform takes its proper place. In our opinion, the use of this trans-
form gives a fresh point of view on this important theory. On the one hand,
it allows one to give more conceptual proofs of the known theorems. On the
other, the analogy with the usual Fourier analysis leads one to new direc-
tions in the study of abelian varieties. By coincidence, the standard Fourier
transform usually appears in the proof of functional equation for theta func-
tions; thus, it is relevant for analytic theory of complex abelian varieties.
In references [6] and [9], this fact is developed into a deep relationship be-
tween theta functions and representation theory. In the first part of this book
we present the basics of this theory and its connection with the geometry
of complex abelian varieties. The algebraic theory of abelian varieties and
of the Fourier—-Mukai transform is developed in the second part. The third
part is devoted to Jacobians of algebraic curves. These three parts are tied
together by the theory of theta functions: They are introduced in Part I and
then used in Parts II and III to illustrate abstract algebraic theorems. Part
IT depends also on Part I in a more informal way: An important role in
the algebraic theory of abelian varieties is played by the theory of Heisen-
berg groups, which is an algebraic analogue of the corresponding theory in
Part I.

Another motivation for our presentation of the theory of abelian varieties
is the renewed interest on the Fourier—Mukai transform and its generaliza-
tions because of the recently discovered connections with the string theory,
in particular, with mirror symmetry. Kontsevich’s homological mirror con-
jecture predicts that for mirror dual pairs of Calabi—Yau manifolds there
exists an equivalence of the derived category of coherent sheaves on one
of these manifolds with certain category defined by using the symplectic
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structure on another manifold. This implies that the derived category of co-
herent sheaves on a Calabi—Yau manifold possessing a mirror dual has many
autoequivalences. Such autoequivalences indeed often can be constructed,
and the Fourier—-Mukai transform is a typical example. On the other hand,
it seems that the correspondence between coherent sheaves on a Calabi—Yau
manifold and Lagrangian submanifolds in a mirror dual manifold predicted
by the homological mirror conjecture should be given by an appropriate real
analytic analogue of the Fourier—Mukai transform. At the end of Part I we
sketch the simplest example of such a transform in the case of complex and
symplectic tori.

We would like to stress that the important idea that influenced the structure
of this book is the idea of categorification (see [1]). Roughly speaking, this is
the process of finding category-theoretic analogues of set-theoretic concepts
by replacing sets with categories, functions with functors, etc. The nontrivial-
ity of this (nonunique) procedure comes from the fact that axioms formulated
as equalities should be replaced by isomorphisms, so one should in addi-
tion formulate compatibilities between these isomorphisms. Many concepts
in the theory of abelian varieties turn out to be categorifications. For example,
the category of line bundles and their isomorphisms on an abelian variety
can be thought of as a categorification of the set of quadratic functions on an
abelian group, the derived category of coherent sheaves on an abelian variety
is a categorification of the space of functions on an abelian group, etc. Of
course, the Fourier—-Mukai transform is a categorification of the usual Fourier
transform. In fact, the reader will notice that most of the structures discussed
in Part IT are categorifications of the structures from Part I. It is worth men-
tioning here that the idea of categorification was applied in some other areas
of mathematics as well. The most spectacular example is the recent work of
Khovanov [5] on the categorification of the Jones polynomial of knots.

Perhaps we need to emphasize that this book does not claim to provide
an improvement of the existing accounts of the theory of abelian varieties
and theta functions. Rather, its purpose is to enhance this classical theory
with more recent ideas and to consider it in a slightly different perspective.
For example, in our exposition of the algebraic theory of abelian varieties
in Part II we did not try to include all the material contained in Mumford’s
book [8], which remains an unsurpassed textbook on the subject. Our choice of
topics was influenced partly by their relevance for the theory of theta functions,
which is a unifying theme for all three parts of the book, and partly by the idea
of categorification. In Part I we were strongly influenced by the fundamental
works of Lion and Vergne [6] and Mumford et al. [9]. However, our exposition
is much more concise: We have chosen the bare minimum of ingredients
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that allow us to define theta series and to prove the functional equation for
them. Our account of the theory of Jacobians in Part III is also far from
complete, because our main idea was to stress the role of the Fourier—Mukai
transform. Nevertheless, we believe that all main features of this theory are
present in our exposition.

This book is based on the lectures given by the author at Harvard University
in the fall of 1998 and Boston University in the spring of 2001. It is primarily
intended for graduate students and postgraduate researchers interested in al-
gebraic geometry. Prerequisites for Part I are basic complex and differential
geometry as presented in chapter O of [3], basic Fourier analysis, and famil-
iarity with main concepts of representation theory. Parts II and III are much
more technical. For example, the definition of the Fourier—Mukai transform
requires working with derived categories of coherent sheaves; to understand
it, the reader should be familiar with the language of derived categories.
References [2] and [10] can serve as a nice introduction to this language. We
also assume the knowledge of algebraic geometry in the scope of the first four
chapters of Hartshorne’s book [4]. Occasionally, we use more complicated
facts from algebraic geometry for which we give references. Some of these
facts are collected in Appendix C. Each chapter ends with a collection of
exercises. The results of some of these exercises are used in the main text.

Now let us describe the content of the book in more details. Chapters 1-7,
which constitute Part I of the book, are devoted to the transcendental theory
of abelian varieties. In Chapter 1 we classify holomorphic line bundles on
complex tori. In Chapters 2—5 our main focus is the theory of theta functions.
We show that they appear naturally as sections of holomorphic line bundles
over complex tori. However, the most efficient tool for their study comes not
from geometry but from representation theory. The relevant group is the
Heisenberg group, which is a central extension of a vector space by U (1), such
that the commutator pairing is given by the exponent of a symplectic form.
Theta functions arise when one compares different models for the unique
irreducible representation of the Heisenberg group on which U(1) acts in the
standard way. The main result of this study is the functional equation for
theta functions proved in Chapter 5. As another by-product of the study of the
Heisenberg group representations, we prove in Appendix B some formulas
for Gauss sums discovered by Van der Blij and Turaev.

In Chapters 6 and 7 we discuss mirror symmetry between symplectic tori
and complex tori. The main idea is that for every symplectic torus equipped
with a Lagrangian tori fibration, there is a natural complex structure on the dual
tori fibration. Furthermore, there is a correspondence between Lagrangian
submanifolds in a symplectic torus and holomorphic vector bundles on the
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mirror dual complex torus. The construction of this correspondence can be
considered as a (toy) real version of the Fourier—Mukai transform. We apply
these ideas to compute cohomology of holomorphic line bundles on complex
tori.

Part II (Chapters 8—15) is devoted to algebraic theory of abelian varieties
over an algebraically closed field of arbitrary characteristic. In Chapters 8—10
we study line bundles on abelian varieties and the construction of the dual
abelian variety. Some of the material is a condensed review of the results
from [8], chapter III, sections 10-15. However, the proof of the main theorem
about duality of abelian varieties is postponed until Chapter 11, where we
introduce the Fourier—-Mukai transform. Another result proven in Chapter 11
is that line bundles on abelian varieties satisfying certain nondegeneracy
condition have cohomology concentrated in one degree. The Fourier—Mukai
transform is also applied to construct an action of a central extension of SL,(Z)
on the derived category of a principally polarized abelian variety. Then in
Chapter 12 we develop an algebraic analogue of the representation theory of
Heisenberg groups and apply it to the proof of Riemann’s quartic theta iden-
tity. In Chapter 13 we revisit line bundles on abelian varieties and develop
algebraic analogues of some structures associated to holomorphic line bundles
on complex tori. Chapter 14 is devoted to the study of vector bundles on ellip-
tical curves. The main idea is to combine the action of a central extension of
SL,(Z) on the derived category of sheaves on elliptic curve with the notion
of stability of vector bundles. As a result, we recover Atiyah’s classification
of bundles on elliptical curves. In Chapter 15 we develop a categorification of
the theory of representations of Heisenberg groups, in which the role of the
usual Fourier transform is played by the Fourier—-Mukai transform. The main
result is a construction of equivalences between derived categories of co-
herent sheaves on abelian varieties, which “categorifies” the construction of
intertwining operators between different models of the unique representation
of the Heisenberg group given in Chapter 4.

In Part ITI (Chapters 16—22) we present some topics related to Jacobians of
algebraic curves. Chapter 16 is devoted to the construction of the Jacobian of a
curve by gluing open pieces of its gth symmetric power, where g is the genus of
the curve. We also present some basic results on symmetric powers of curves
with proofs that work in arbitrary characteristic. In Chapter 17 we define the
principal polarization on the Jacobian and give a modern treatment to some
classical topics related to the geometry of the embedding of a curve in its
Jacobian. In particular, we prove Riemann’s theorem describing intersections
of the curve with theta divisors in the Jacobian. Chapter 18 is devoted to
the proof of Fay’s trisecant identity, which is a special identity satisfied by
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theta functions on the Jacobian. The proof is a combination of the theory
developed in Chapter 17 with the residue theorem for rational differentials
on a curve. In Chapter 19 we present a more detailed study of the symmetric
powers of a curve. The main results are the calculation of the Picard groups
and the vanishing theorem for cohomology of some natural vector bundles.
We also study Chern classes of the vector bundles over the Jacobian whose
projectivizations are isomorphic to symmetric powers of the curve. Chapter 20
is devoted to the varieties of special divisors. Its main results are estimates on
dimensions of these varieties and an explicit description of tangent cones to
their singular points. In Chapter 21 we prove the Torelli theorem stating that
a curve can be recovered from its Jacobian and the theta divisor in it. The idea
of the proof is to use the fact that the Fourier—-Mukai transform exchanges
some coherent sheaves supported on the curve embedded into its Jacobian
with coherent sheaves supported on the theta divisor. Finally, in Chapter 22 we
discuss Deligne’s symbol for a pair of line bundles on a relative curve and its
relation to the principal polarization of the Jacobian. We also take a look at the
strange duality conjecture, which involves generalization of theta functions to
moduli space of vector bundles on curves. The main result is a reformulation
of this conjecture in a symmetric way by using the Fourier—Mukai transform.
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1

Line Bundles on Complex Tori

In this chapter we study holomorphic line bundles on complex tori, i.e.,
quotients of complex vector spaces by integral lattices. The main result is
an explicit description of the group of isomorphism classes of holomorphic
line bundles on a complex torus 7. The topological type of a complex line
bundle L on T is determined by its first Chern class c;(L) € H*(T,Z).
This cohomology class can be interpreted as a skew-symmetric bilinear form
E:T'xI' - Z,where I' = H|(T, Z) is the lattice corresponding to 7. The
existence of a holomorphic structure on L is equivalent to the compatibility
of E with the complex structure on I' ® R by which we mean the identity
E(iv,iv') = E(v, V). On the other hand, the group of isomorphism classes
of topologically trivial holomorphic line bundles on 7' can be easily identi-
fied with the dual torus 7% = Hom(T", U(1)). Now the set of isomorphism
classes of holomorphic line bundles on 7" with the fixed first Chern class
E is a T"-torsor!. It can be identified with the TV-torsor of quadratic maps
a : I' = U(1) whose associated bilinear map I' x ' — U(1) is equal to
exp(mi E). These results provide a crucial link between the theory of theta
functions and geometry that will play an important role throughout the first
part of this book.

The holomorphic line bundle on 7' corresponding to a skew-symmetric
form E and a quadratic map « as above, is constructed explicitly by equipping
the trivial line bundle over a complex vector space with an action of an integral
lattice. We show that as a result, every holomorphic line bundle on 7 has a
canonical Hermitian metric and a Hermitian connection. We also show that
the dual torus, TV, has a natural complex structure and the universal family
P of line bundles on T parametrized by T (called the Poincaré bundie) has
a natural holomorphic structure that we describe. In Chapter 9 we will study
a purely algebraic version of this duality for abelian varieties.

! Following Grothendieck, we will use the term G-forsor when referring to a principal homoge-
neous space for a group G.
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1.1. Cohomology of the Structure Sheaf

Let V be a finite-dimensional complex vector space, I' be a lattice in V
(i.e., I is a finitely generated Z-submodule of V such that the natural map
R ®z I' = V is an isomorphism).

Definition. The complex manifold 7 = V/ T is called a complex torus.

As a topological space T is just a product of circles, so the cohomology
ring H*(T,7Z) = &,H' (T, Z) (resp., H*(T, R)) can be identified naturally
with the exterior algebra A\* H(T, Z) (resp., /\" H'(T, R)). Furthermore,
we have a natural isomorphism I' = H(T, Z) sending y € T to the cycle
R/Z — T : t — ty. Therefore, we get canonical isomorphisms H*(T, Z) =~
A*TY and H*(T,R) ~ A" Homg(V, R), where 'V = Hom(T', Z) is the
lattice dual to T".

Recall that one has the direct sum decomposition

VrC=Va®YV,

where V is identified with the subset of V ®g C consisting of vectors of the
formv®1—iv®i, V is the complex conjugate subspace consisting of vectors
v® 1+ iv ®i. We also have the corresponding decomposition

Homg(V,C)=V' @ V",

where V¥ = Homg¢(V, C) is the dual complex vector space to V, V" is the
space of C-antilinear functionals on V. Since T is a Lie group, the tangent
bundle to T is trivial and the above decomposition is compatible with the
decomposition of the bundle of complex valued 1-forms on T according to
types (1, 0) and (0, 1). Hence, we have canonical isomorphisms

et~ N'viec \'V ®ce,
where £/ is the sheaf of smooth (p, ¢)-forms on T'.

The first basic result about 7" as a complex manifold is the calculation of
cohomology of the structure sheaf O, i.e., the sheaf of holomorphic functions.

Proposition 1.1. One has a canonical isomorphism H" (T, O) >~ )" v,

Proof. To calculate cohomology of O one can use the Dolbeault resolution:

El El
0—>(9—>80’0—>50’1—>80’2—>""



1.2. Appell-Humbert Theorem 5

We can consider elements of /A’ V" as translation-invariant (0, p)-forms on
T. Note that translation-invariant forms are automatically closed. We claim
that this gives an embedding

i \'V' = HT,0).

Indeed, let f : €90 — C be the integration map (with respect to some
translation-invariant volume form on 7') normalized by the condition [ 1 = 1.
Then we can extend [ to the map [ : E%7 — A’ V' Itis easy to see that
f 0d =0, s0 J induces the map on cohomology

/:HP(T, o) NV’

such that f oi = id. Hence, i is an embedding. Let 27 be the sheaf of
holomorphic g-forms on T. Since Q7 >~ A? VY ® O, there is an induced
embedding

i@, \'V'e \'V' = e, H/(T, Q).

Notice that the source of this embedding can be identified with H*(T, C) ~
NV & VV). Recall that for every Kéhler complex compact manifold
X one has Hodge decomposition H*(X,C) ~ &, ,H?(X, Q9) (e.g., [52],
Chapter 0, Section 7). Since any translation-invariant Hermitian metric on T’
is Kdbhler, it follows that dim H*(T, C) = dim &, ,H?(T, Q7). Therefore,
the embedding i is an isomorphism. O

1.2. Appell-Humbert Theorem

It is well known that all holomorphic line bundles on C" are trivial. Indeed,
from the exponential exact sequence

07202050 (1.2.1)

we see that it suffices to prove triviality of H'(C", O). But H>°(C", 0) =0
by Poincaré d-lemma ([52], Chapter 0, Section 2.)

For every complex manifold X we denote by Pic(X) the Picard group of
X, i.e., the group of isomorphism classes of holomorphic line bundles on X.
Triviality of Pic(C") leads to the following computation of Pic(T) in terms of
group cohomology of the lattice I'.

Proposition 1.2. Every holomorphic line bundle L on T is a quotient of the
trivial bundle over V by the action of " of the form y (z, v) = (e, (v)z, v+ ),
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where y €', z€C, veV, for some 1-cocycle y > e, of I with values in
the group O*(V) of invertible holomorphic functions on V. Here the ac-
tion of I' on O*(V) is induced by its action on V. This correspondence
extends to an isomorphism of groups

Pic(T) ~ H'(T', O*(V)).

Proof. Letw : V — T be the canonical projection. Since Pic(V) is trivial,
for every holomorphic line bundle L on 7 the line bundle 7*L on V is trivial.
Choose a trivialization 7*L =~ Oy . Then the natural action of I" on 7*L
becomes an action on the trivial bundle, which should be of the form stated
in formulation for some collection (e, (v), y € I') of invertible holomorphic
functions on V. Unravelling the definition of the action we get the following
condition on these functions:

eyry (V) = ey (v + ¥ ey (v)

for every y, y’ € I'. This is precisely the cocycle equation for the map I' —
O*(V) : y > e,.If we change the trivialization by another one, the function
e, (v) gets replaced by e, (v) f(v + y) f (v)~! where f is an invertible holo-
morphic function on V. In other words, the cocycle y + e, changes by a
coboundary. Thus, we get an isomorphism of Pic(T) with H'(I", O*(V)). O

Definition. We will call 1-cocycles I' — O*(V) : y > e, multiplicators
defining a line bundle on T'.

From the exponential sequence (1.2.1) we get the long exact sequence
0— HNT,7Z)— H'T,0)— HNT, 0%
S HXT,Z) — HXT,O) — ---.

Recall that the first Chern class ¢;(L) € H*(T,Z) of a line bundle L on T
is defined as the image of the isomorphism class [L] € H (T, ©*) under
the boundary homomorphism §. We can consider c;(L) as a skew-symmetric
bilinear form I' x I' — Z. Note that c;(L) determines L as a topological
(or C*) line bundle. Indeed, this follows immediately from the exponential
sequence for continuous (resp., C*) functions and from the fact that the sheaf
of continuous (resp., C*) functions is flabby.
The following natural problems arise.

1. Find out which topological line bundles admit a holomorphic structure,
that is, describe the image of §.
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2. For every topological type of holomorphic line bundles find convenient
multiplicators producing it.

3. Describe the group of topologically trivial holomorphic line bundles
onT.

The solution of these problems is given in Theorem 1.3. The main ingre-
dient of the answer is the following construction of multiplicators. Let H be
a Hermitian form? on V, E = Im H be the corresponding skew-symmetric
R-bilinear form on V. Assume that E takes integer values on I x I". Let
a: ' = U(l)={z € C: |z| = 1} be a map such that

a(yr + y2) = exp(mi E(y1, y2))a(y)a(yz) (1.2.2)

(such o always exists; see Exercise 7). Set

T
e (V) = ay)exp (THw.7) + SH(. ).

where y € I', v € V. Itis easy to check that y + e, is a 1-cocycle. We
denote by L(H, o) the corresponding holomorphic line bundle on 7.
It is easy to see that

L(Hy,a1)® L(Hy, a) > L(H| + Ha, oja3),
[—11* L(H,a) = L(H,a™ "),

where [—1] : T — T is the involution of T sending v to —v.

Definition. Let E be a skew-symmetric R-bilinear form on V. We say that
E is compatible with the complex structure if E(iv,iw) = E(v, w). We will
say that E is strictly compatible with the complex structure if in addition
E(iv,v) > 0 forv # 0.

Remark. Insome books the definition of compatibility of £ with the complex
structure is equivalent to the strict compatibility in our definition. Note that
strict compatibility implies that E is nondegenerate.

Theorem 1.3.

(1) A skew-symmetric bilinear form E : I' x I' — Z is the first Chern
class of some holomorphic line bundle on T if and only if E (extended to an
R-bilinear form on V') is compatible with the complex structure on V.

2 By a Hermitian form we mean an R-bilinear form, which is C-linear in the first argument and
C-antilinear in the second argument (no positivity condition is imposed).
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(2) A skew-symmetric R-bilinear form E on V is compatible with complex
structure if and only if there exists a Hermitian form H on V such that
E =1m H (then such H is unique). Assume in addition that E takes integer
values on I" x T'. Then there exists a map o : I' — U(1) satisfying (1.2.2),
and for every such a one has c;(L(H, a)) = —E.

(3) The map o — L(0, o) defines an isomorphism from Hom(I", U(1)) to
the group of isomorphism classes of topologically trivial holomorphic line
bundles on T.

Proof. 1. Consider the canonical map

H'(T,C)— H'(T,0)

We can identify H" (T, C) with /\"(V ®g C)¥. We have a decomposition
V ®r C ~ V@®V,anditis easy to see that the above map is given by restricting
an alternating r-form from V ®g C to V. Now consider the composed map

H*(T,R) — H*(T,C) — HX(T, O).

An element in H%(T, R) corresponds to a skew-symmetric real bilinear form
E on V. The above map sends it to a C-bilinear form on V obtained by
extending scalars to C and restricting the form to the subspace V C V ®g C.
The latter subspace consists of elements of the formv® 1 +iv®i € V Qg C.
Thus, the condition that E maps to zero in H>(T, O) means that

(EQC)(v®1+iv®i,w®l+iw®i)=0

for any v, w € V. It is easy to see that this condition is equivalent to
E(iv,iw) = E(v, w). Thus, a skew-symmetric bilinear form £ : ' xI' — Z
comes from a holomorphic line bundle if and only if it is compatible with a
complex structure.

2. The Hermitian form H is constructed from E by the formula H (v, w) =
E(iv,w) + i E(v, w). It is easy to see that in this way we get a bijective
correspondence between Hermitian forms and skew-symmetric R-bilinear
forms compatible with complex structure.

Now assume that E takes integer values on I" x I'. The proof of existence of
amap o satisfying (1.2.2) is sketched in Exercise 7. It remains to check that the
class c;(L(H, a)) € H*(T, Z) corresponds to the skew-symmetric form —E.
By general nonsense (see Exercise 5) the coboundary map H(T, O*) —
H?(T, Z) can be identified with the coboundary map

§:H'(I,O"(V) - HXT, )~ \'T.
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The value of the latter map on a 1-cocycle y + ¢, (v) can be computed as
follows. For every y € I" choose a holomorphic function f,, on V such that
e, (v) = exp(2mif, (v)). Then the 2-cocycle

F, v =15, fr = fntn + I

takes values in Z and represents 8(e,). Under the natural isomorphism
H*(T', Z) ~ Hom( /\2 ', Z) the class of the 2-cocycle F(y;, y») corresponds
to the skew-symmetric form

F(ya, y1) — F(y1, v2)

(see Exercise 6). It follows that the first Chern class of the line bundle as-
sociated with a 1-cocycle y + e, is represented by the skew-symmetric
form

fyz(v +y1) — fyl(v + )+ fyl(v) - fyz(v)-

In our case we can take

1 1
fw)=48(y)+ Z—Z.H(v, Y)+ 4—1.H(J/, Y),

where a(y) = exp(2mid(y)), which implies that c¢;(L(H, «)) corresponds to
the form —E.
3. Consider the following exact sequence

0— HNT,Z) - H'(T,R) - H'(T,U(1)) > HXT,Z) — HXT,R).

The last arrow is injective, therefore, the map H'(T,R) — H'(T, U(1)) is
surjective. On the other hand, the map H'(T, R) — H!(T, ©) is an isomor-
phism, so from the commutative diagram

H'(Z) HY(T,R) H'\(T,U(1))

(1.2.3)

HY\(Z) HY(T, O) HY(T,O")
we deduce that the image of H'(T, ©) — H!(T, ©*) coincides with the
image of the injective map H'(T, U(1)) — H'(T, O*). Note that we have a

natural isomorphism H'(T, U(1)) ~ Hom(T", U(1)). It is easy to check that
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in terms of this isomorphism the embedding H'(T, U(1)) — H'(T, 0*) =
Pic(T) is given by o — L(0, «). O

As a corollary, we get the following description of Pic(T) due to Appell
and Humbert.

Corollary 1.4. The group Pic(T) is isomorphic to the group of pairs (H, o),
where H is a Hermitian form on 'V such that E = Im H takes integer values
onT, aisamap from T to U(1) such that (1.2.2) is satisfied. The group law
on the set of pairs is given by (Hy, a1)(H,, op) = (Hy + Hy, o).

The only nonobvious part of the above argument is the invention of line
bundles L(H, o). We will see in Section 2.5 that in the case of positive definite
H their construction is quite natural from the point of view of the Heisenberg

group.

1.3. Metrics and Connections

The line bundle L(H, «) constructed in Section 1.2 comes equipped with a
natural Hermitian metric. To construct it, first we define a metric on the trivial
line bundle on V by setting

h(v) = exp(—m H(v, v)).

Proposition 1.5. The metric h descends to a metric on L(H, ). There is a
unique connection on L(H, «) that is compatible with this metric and with
the complex structure on L(H, «). Its curvature is equal to wi E considered
as a translation-invariant 2-form on T, where E = Im H.

Proof. 1t is easy to check that the metric % is invariant with respect to the ac-
tion of I" on the trivial bundle, which we used to define L(H, o). Therefore,
it descends to a metric on L(H, o). It is well known that for every Hermitian
metric on a holomorphic line bundle there exists a unique connection compat-
ible with this metric and the complex structure ([52], Chapter 0, Section 5). To
describe this connection on L(H, o) we are going to write the corresponding
["-invariant connection V on the trivial line bundle on V. The section

s = exp (%H(v, v))

of the trivial bundle on V is orthonormal with respect to our metric 4. Hence,
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we should have
(Vs,s) + (s, Vs) =0. (1.3.1)

We can write Vs = ds + sw for some (1, 0)-form w, where

ds = %(H(dv, V) + H(v, dv))s.

Here the notation H(dv, v) and H (v, dv) should be understood as follows.
Let us identify V with C” in such a way that H(z,z) = Y__, ziz}, where
r is the rank of H. Then we have H(dv, v) = Z;:l z7:dz;, etc. Now we can
rewrite equation (1.3.1) as

w(H(dv,v)+ H(v,dv))+ o+ w =0.
This implies that @ = —m H(dv, v). Thus, we obtain
V=d-nH(v,v).

The curvature of this connection is equal to = H(dv, dv). If we identify V
with C" as above then H(dv, dv) = Y;_, dz; A dz;. Note that H(dv, dv) =
—H(dv, dv). Hence, the curvature is equal to

7 H(dv, dv) = %(H — H)(dv. dv) = 7i E(dv. dv). 0

In the case H = 0 we obtain that the line bundle L(0, o), where o €
Hom(I", U(1)), can be equipped with a flat unitary connection compatible
with the complex structure. It is not difficult to check that the corresponding
1-dimensional representation of the fundamental group 7 {(7) = T is given
by the character «.

1.4. Poincaré Line Bundle

According to Theorem 1.3, topologically trivial holomorphic line bundles on
T are parametrized (up to an isomorphism) by the group 7V = Hom(T', U(1)).
Note that we have the following isomorphisms:

Hom(T", U(1)) = Hom(I", R)/ Hom(T", Z) = Homg(V,R)/T"".

Also, one has a canonical isomorphism V' Homg(V, R) sending a C-anti-
linearmap ¢ : V. — CtoIm ¢. Hence, we canidentify T = Homg(V, R)/ TV
with the complex torus v’ /TV.Itiseasy tosee that 'Y C V" coincides with
the set of all C-antilinear maps ¢ : V — C such that Im¢(I") C Z.
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Definition. 7 is called the dual complex torus to T .

Since TV parametrizes all topologically trivial line bundles on 7, it is
natural to expect that there is a universal line bundle on 7 x TV. Such a line
bundle is constructed in the following definition.

Definition. The Poincaré line bundle is the holomorphic line bundle P on

TxT' =@V )/ &TY) obtained as L(Huniy, ctuniv), Where Hyniy is
. —V

the natural Hermitian formon V @ V :

Huniv (v, 9), V', ) = ¢p(0") + ¢'(v),
Oluniv(ya Vv) = eXp(”ina V))

For every o € TV we have a natural isomorphism of holomorphic bundles
onT

P|T><{a} = L(O, Ot).

Furthermore, every (holomorphic) family of topologically trivial line bundles
on T parametrized by acomplex manifold S is induced by P via a holomorphic
map S — TV.

In Part IT we will consider an algebraic analogue of duality between
complex tori. The corresponding algebraic Poincaré line bundle will be
the main ingredient in the definition of the Fourier—-Mukai transform in
Chapter 11.

Exercises

1. Let f:V — V’'bea C-linear map of complex vector spaces mapping
alattice I' C V into a lattice I'" C V’. Then f induces the holomorphic
map f : T =V/I — T' = V'/T’ of the corresponding complex tori.
Show that for a line bundle L(H, o) on T’ associated with a Hermitian
form H on V' and amap « : " — U(1) as in Section 1.2 one has

f*L(H,a) >~ L(f*H, f*a).
2. Lett,:V — V :x + x + v be a translation. Prove that
tyL(H, o) ~ L(H, « - v),

where v,(y) = exp(2mi E(v, y)). Check that this isomorphism is com-
patible with metrics introduced in Section 1.3 up to a constant factor.
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Let E : ' x I' — Z be a skew-symmetric form compatible with the
complex structure on V. Let I'y C I'" be the kernel of E. Prove that
Vo = RI'y is a complex subspace of V.

Let L(H, o) be a holomorphic line bundle on T corresponding to some

data (H, ) as in Section 1.2. Let V; C V be the kernel of E = Im H,

g = Vo N T'. Assume that «|r, = 1. Prove that L is a pull-back of a

holomorphic line bundle on 7' = V / V4 I' under the natural projection

T—T.

In this exercise a sheaf always means a sheaf of abelian groups. A I'-

equivariant sheaf on V is a sheaf 7 on V equipped with the system of

isomorphisms i, : 17 F >~ F, where t, : V — V is the translation by y.

These isomorphisms should satisfy the following cocycle condition:

lyty =1y o1, (iy).

We denote by I' — Shy the category of I'-equivariant sheaves on V and

by Shr the category of sheaves on T'.

(a) Show that the functor 7" establishes an equivalence of categories
Shy = T' — Shy. Deduce that if F is an injective sheaf on T then
7" F is an injective object in the category I' — Shy.

(b) Let F be a sheaf on 7. Construct a functorial isomorphism
HYT,F)— HV, 7w F)'.

(c) Let Zy denotes the constant sheaf on V corresponding to Z. Then
for every I'-module M the constant sheaf M ® Zy on V is equipped
with a natural I"-action. Show that for every I"-equivariant sheaf G
on V there is a functorial isomorphism

Homp(M, H(V, G)) ~ Homr_g, (M ® Zy, G).

Deduce from this that if G is an injective object of the category
I' — Shy then H(V, G) is an injective I'-module.

(d) Let F be an injective sheaf on T. Show that H>°(V, 7" F) = 0.
[Hint: Use the fact that  is a local homeomorphism to show that
7" F is flabby.]

(e) Let F be a sheaf on T such that H>°(V, n*F) = 0. Choose an
injective resolution F, of F. Prove that cohomology of the com-
plex HO(V, * F,)' can be identified with H*(T", H(V, 7" F)). Now
using (b) construct isomorphisms

H{(T,F)— H\T, HY(V, 7 F)).

Show that if 0 - 7 — F — F” — 0 is an exact sequence of
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sheaves such that 7' F', 7' F and 7' F” are acyclic, then the above
maps fit into a morphism of long exact sequences.

(f) Show that the sheaf-theoretic pull-back of the exponential exact
sequence on T gives the exponential exact sequence on V.

(g) Prove that the global exponential sequence on V

0—>7Z— OW)— O0(V)= 0

is exact.

(h) Identify the connecting homomorphism H'(T, 0*) — H*(T,Z)
with the connecting homomorphism in group cohomology
H\(T, O*(V)) - H*T, 7).

The goal of this exercise is to identify the isomorphism i : H*(I", R) ~

H?*(T,R) obtained in the previous exercise with the natural map

H>T,R) — Hom(/\2 I', R) sending a 2-cocycle ¢ : ' x ' — R to

the skew-symmetric bilinear form c(y», y1) — c(y1, ¥2).

(a) Show that the (real) de Rham complex on V: £%(V) — £4(V) —

- is a resolution of R by acyclic I'-modules. Derive from this the
following description of the isomorphism i. Start with a 2-cocycle
¢ : I' xT' — R of I" with coefficients in R. Then there exists a
collection of smooth functions f, on V such that

C(yh VZ) = t; f}/z - f)/1+J/2 + f}/l’

where c(y1, y2) is considered as a constant function on V. Next, there
exists a 1-form w on V such that df, = 1;w — w for every y. This
implies that the 2-form dw is I'-invariant. Hence, it descends to a
closed 2-form on 7. Its cohomology class is i(c).

(b) Recall that the isomorphism H*(T,R) — Hom(A’T,R) =
Homgp( /\% V,R) sends the cohomology class of a closed 2-form
nonT to [ n, where the map

/ : EX(T) — Homg (/\Hi v, R)

is obtained from the isomorphism
£X(T) ~ Homg ( AL, R) ® EXT)

via the integration map | : £%(T) — R. Choosing real coordinates
on V associated with a basis of I" show that this map sends the
2-form on T representing i(c) to the skew-symmetric bilinear form

c(y2, v1) — c(y1, v2)-
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Let E : T x I' — 7Z/27 be a skew-symmetric bilinear form modulo 2
(skew-symmetry means that E(y, y) = 0 for every y € I'). Prove that
there exists amap f : [ — Z/2Z, such that

E(yi, ) = fn + )+ fr) + f().

Deduce that for every skew-symmetric bilinear form E : /\2 r - 7%
there exists amap o : I' — {£1} satisfying (1.2.2).
Let T be a complex torus, ey, . . ., 2, be the basis of the lattice H T, 2),
e, ..., e, be the dual basis of H\(TV,7), where TV is the dual torus.
Show that the first Chern class of the Poincaré bundle on T x T is given
by

2n

c1(P) = Ze,- Aerl.

i=1
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Representations of Heisenberg Groups I

This chapter in an introduction to the representation theory of Heisenberg
groups. This theory will be our principal tool in the study of theta functions.

Throughout this chapter V is a real vector space with a fixed symplec-
tic form E. The main object of our study will be the Heisenberg group
H(V) associated with V. By the definition, H(V) is the central extension
of V by U(1) corresponding to the 2-cocycle exp(ri E). According to the
theorem of Stone and von Neumann, there is a unique (up to an equiva-
lence) irreducible unitary representation of H(V') on which U(1) acts natu-
rally. We consider three different types of structures on V compatible with
the symplectic structure, namely, Lagrangian subspaces, maximal isotropic
lattices, and complex structures. Each of these structures gives rise to a
model for the above representation of H(V). The model relevant for the
geometry is the one associated to a complex structure on V. It is called
the Fock representation (the corresponding representation space is the space
of holomorphic functions on V). For an isotropic lattice ' C V equipped
with a lifting to a subgroup in H, the space of I'-invariants in Fock rep-
resentation can be identified with the space of global sections of some
holomorphic line bundle on the torus V/I'. The elements of this space
are called canonical theta functions.’ They will be studied in Chapters 3
and 5.

For some parts of the theory of Heisenberg groups it is convenient to work
with the category of locally compact abelian groups. However, we will mostly
care about two classes of such groups: real vector spaces and finite abelian
groups, so the reader may choose to think only about locally compact abelian
groups out of these two classes.

3 Canonical theta functions differ from classical theta functions by some exponential factor (see
Section 5.6).

16
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2.1. Heisenberg Groups

Recall that for a locally compact abelian group K, its Pontryagin dual group
K is defined as the group of continuous homomorphisms from K to U(1). The
important fact about this duality is that the functor K +— K on the category
of locally compact abelian groups is exact. On the subcategory of real vector
spaces the Pontryagin duality becomes the usual duality of vector spaces.

Definition. (i) A Heisenberg group H is a central extension
0—>U(l)— H2 K -0,

where U(1) = {z € C* | |z| = 1}, K is alocally compact abelian group, such
that the commutator pairing

e: K xK— U): (kK)w [k K],

where E, k' € H are arbitrary lifts of k, k¥’ € K, identifies K with its Pontry-
agin dual K.

(i1) We call a closed subgroup LCcH isotropic if Ln ua)=1.

(iii) A closed subgroup L C K is called isotropic if e|px1 = 1.

Since [H, H] C U(1), every isotropic subgroup L C H is commutative.
Therefore, its image in H/U(1) = K is an isotropic subgroup L C K. Thus,
one can specify an isotropic subgroup LcH by giving an isotropic subgroup
L C K,equipped with a continuous lifting homomorphismo : L — H (such
that L = o (L)).

Proposition 2.1. For every isotropic subgroup L C K there exists a contin-
uous lifting homomorphismo : L — H.

Proof. We have to prove that the central extension

l-U1)—»p L)y—>L—1

in the category of commutative locally compact groups splits. But this follows
from the Pontryagin duality: the dual exact sequence gives an extension of
U(1) = Z, hence it splits. O

Definition. We say that an isotropic subgroup L C K is Lagrangian if it
is maximal isotropic, or equivalently, if L+ = L, where L' denotes the
orthogonal complement with respect to e.
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Henceforward, whenever we talk about an isotropic subgroup L in K, we
assume that its lifting o : L — H is chosen. By abuse of notation we will
denote the corresponding isotropic subgroup o (L) C H simply by L C H.

Proposition 2.2. Let L C K be an isotropic subgroup, Ny(L) C H be its
normalizerin H. Then Ny(L) = p~'(L1), so Ny(L)/ L is a central extension
of L*/L by U(1). Furthermore, Ny(L)/L a Heisenberg group.

The proof is left to the reader.

2.2. Representation Associated with an Isotropic Subgroup

For an isotropic subgroup L C K let us consider the space C(L) consisting
of continuous functions ¢ : H — C such that

d(\h) = rp(h), A € U(1),
¢p(oc(Dh) = ¢p(h), l € L

(recall that 0 : L — H is a lifting homomorphism). There is a natural
linear action of H on this space given by (h¢)(h') = ¢(h'h). To get a unitary
representation of H we modify the space C(L) as follows. Note that for every
é1, ¢ € C(L) the function ¢>1@ is U(1)-invariant, hence it descends to a
function on K /L. In particular, for every ¢ € C(L) we can consider |¢|* as
a function on K(L). Now we set

F(L) = {¢ e C(L)| / 9|2 dk < oo} ,
K/L

where dk is a Haar measure* on K /L, denotes the completion with respect
to the hermitian metric given by

(@1, ¢2) = P1¢dk.

K/L

Remark. Therepresentation F(L)isequivalentto the induced representation
Indg_l(L) XL, where x; is the 1-dimensional representation of p~!'(L) C H

4 By the definition, Haar measure is a translation-invariant measure. Such measures exist on general
locally compact abelian groups. In the cases that we will be considering the relevant group is
either a commutative Lie group or a finite group. In the former case, one can integrate using an
invariant volume form; in the second case, we replace the integral by the sum.
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corresponding to the projection
xL:p "(L)=U() x o(L) — U(D).

Indeed, for a function ¢ : H — C the condition ¢ € F(L) can be rewritten
as

o(hih) = xp(h)ph),

where h € H, hy € p~'(L) (plus integrability of |¢|*> on K /L).

The following theorem due to Stone and von Neumann plays the principal
role in the representation theory of H.

Theorem 2.3. Ifthe subgroup L C K is Lagrangian then the representation
of H on F(L) is irreducible. There is a unique (up to an equivalence) unitary
irreducible representation of H on which U (1) acts in the standard way.

Note that this theorem implies that all representations JF (L) for different
Lagrangian subgroups are equivalent to each other. The unique irreducible
representation of H (on which U(l) acts in the standard way) is called
Schrodinger representation of H. We will not prove this theorem (the partic-
ular case when K is finite is considered in Exercises 3 and 4, the complete
proof can be found in [97] or [84]). However, in Chapter 4 we will construct
explicitly intertwining operators between representations (L) for some pairs
of Lagrangian subgroups in K.

2.3. Real Heisenberg Group

We are mainly interested in the classical real Heisenberg group H(V) of a
symplectic vector space (V, E). By the definition, H(V) = U(1) x V and the
group law is given by

A, v) -V, v") = (exp(mi E(v, V)AL, v + ).

Note that for a real Lagrangian subspace L C V there is a canonical lifting
homomorphism L — H(V) : [ +— (1,1). So by Theorem 2.3, we have an
irreducible representation F (L) of H(V). A function ¢ € F(L) is determined
by its restriction to {1} x V. C H(V), so we can identify F(L) with the
completion (with respect to L?-norm on V /L) of the space of functions ¢ on
V such that ¢(v + 1) = exp(wi E(v, [))¢p(v), where v € V, [ € L. The action
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of H(V) on such functions is given by
(A, v) - ¢(0) = Aexp(mi E(W, v))p(v + V).

Real Lagrangian subspaces form one class of isotropic subgroups in V.
Another important example of an isotropic subgroup in H(V) is the following.
Let I' C V be an isotropic lattice, i.e., a lattice such that E|rr is integer-
valued. Then a lifting homomorphism o : I' — H(V) has form

o(y) = 0ou(y) = (a(y). y), (2.3.1)

where a map « : I' — U(1) should satisfy

a(y) + y2) = exp(wi E(y1, y2))a(y)a(y2).

Note that this is precisely the equation (1.2.2) on the data used in the con-
struction of a line bundle on V/I'. The corresponding space F(I") can be
identified with the space of L?-sections of certain line bundle on V/ T (see
Exercise 1). Henceforward, referring to the above situation, we will say that
a lifting homomorphism o, is given by the quadratic map « and will freely
use the correspondence o +— o, when discussing liftings of a lattice to
the Heisenberg group. A lattice I' C V is maximal isotropic if and only if
' =T+ ={veV|E®wT)C Z},ie., if and only if the skew-symmetric
form E|r«r is unimodular. We will refer to such lattices as self-dual.

2.4. Representations Associated with Complex Structures

One can consider a complex structure J on V compatible with E as an
infinitesimal isotropic subgroup in H(V), i.e., as a Lie subalgebra in
Lie(H(V)) ®r C.Indeed, acomplex structure on V can be specified by acom-
plex subspace P C V ®g C of dimension % dimg V suchthat PNV = 0. The
correspondence goes as follows: given a complex structure J, the subspace
P; C V ®r C consists of elements v ® 1 + Jv ® i, v € V (this is pre-
cisely the subspace V from the canonical decomposition V @z C = V @ V).
The complex structure on V can be recovered from P; via the isomorphism
V ~ V ®r C/P;. By the definition, a function f on V is J-holomorphic
if and only if df(P;) = 0, where P; is extended to a translation-invariant
complex distribution of subspaces on V. Now itis easy to check that E is com-
patible with a complex structure J if and only if the corresponding subspace
P; C V ®g Cis isotropic with respect to E (extended to a C-bilinear form).
Therefore, 0 @ P; is a Lie subalgebra in Lie(H(V)) Qg C=C @ V ®r C.
Thus, one can expect that a choice of J also gives a realization of the
unique irreducible unitary representation of 7. We are going to show that this
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is indeed the case provided that J satisfies the condition E(Jx, x) > 0 for
x € V\0,i.e., E and J are strictly compatible. The latter condition is equivalent
to the condition that the Hermitian form H on V, such that ImH = E, is
positive definite.

We are going to construct several equivalent models for the unitary repre-
sentation of H(V') associated with a complex structure J. The first model is
the space

F ()= :¢ cH(V) = C | ¢h) = A7 'p(h), A € U();

do(P}) = 0; / |p|2dv < oo},
\%4

where the action of H(V) is given by (h¢)(h') = ¢(h'h). Here P} denotes the
right-invariant distribution of subspaces on H(V'), which is equal to 0 & P,
at the point (1, 0). The unitary structure on F~(J) is given by

(@1, ) =/¢>1%dv
\%

(F~(J) is complete with respect to this metric).

The second model is a slight modification of the first one. Its importance
is due to the fact that it uses holomorphic functions on V with respect to the
complex structure J.

Definition. The Fock representation is the unitary representation of H(V')
on the space

Fock(V, J) = {f holomorphic on V, / |f(v)|2 exp(—m H(v, v))dv < oo},
1%
given by
I -1 ’ T ’

U f(0) = 2~V exp (—nH(v 0= SHQ. v)) fw+v), 24.1)
where (A, v) € H(V),v' € V. The Hermitian form on Fock(V, J) is given by
(f.8)= / f()g) exp(— H(v, v))dv

v

(the space Fock(V, J) is complete with respect to the corresponding norm).

The equivalence F~(F) — Fock(V, J) is given by the map ¢ +— f,
where

f) =exp (FH@. 1)) (1. v).
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Indeed, the invariance of ¢ with respect to the distribution Pj is equivalent
to the fact that f is J-holomorphic (see Exercise 6).

Remarks. 1. Note that A € U(1) acts on F~(F) and Fock(V, J) by A~ 1.
In fact, these representations are irreducible, so by Theorem 2.3, they are
isomorphic to the dual (or complex conjugate) of the representation F (L)
associated with a real Lagrangian subspace L C V.

2. Unlike representations JF (L) the Fock representation contains a canon-
ical vacuum vector f = 1. This vector is characterized (up to a constant) by
the property that the action of the Lie algebra of H(V) on f is well defined
and the subalgebra P; C Lie(H(V)) ®g C annihilates f (the fact that such
vector is unique can be used to prove irreducibility of Fock(V, J)).

3.If the Hermitian form H is not positive then the space Fock(V, J) defined
above, is zero (see Exercise 7).

Yet another model of the representation of H (V') associated with the com-
plex structure J strictly compatible with E, is the space

Fr() = {q& tHV) = C| ¢p(rh) = rp(h), » € U(1);

d¢(P)) = 0; /V|¢|2dv < oo},

where H(V) acts by (hp)(h') = ¢p(h~'1'), P} denotes the left-invariant dis-
tribution of subspaces on H(V'), which is equal to 0 & P, at the point (1, 0).
The isomorphism between F+(J) and F~(J) is given by the correspondence
o(h) = p(h™).

2.5. Canonical Theta Functions

There is an action of H (V) on the trivial line bundle C x V — V, such that
an element (A, v) € H(V) acts by a holomorphic map

W) (1 exp (THE, v) + %H(v, v) . v+ o).

Clearly, the induced action of H(V') on the space of holomorphic functions
on V is precisely the Fock representation. On the other hand, if I is an
isotropic lattice in V equipped with a lifting to H (V') then there is an induced
holomorphic action of I on C x V. This is the action we used in Section 1.2
to construct the holomorphic line bundle L(H, @~!) on V/T. The space of
global holomorphic sections of L(H, a~") can be identified with the space of
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holomorphic functions on V satisfying the equations

fo+y) = a@)exp (TH@.y) + TH ) f0). @50

wherev e V,y eT.

Definition. We denote by T (H, I', o) the space of holomorphic functions
on V satisfying (2.5.1). Its elements are called canonical theta functions for
(H, T, a).

Note that 7(H, I', «) is equipped with the natural Hermitian metric
(f.gir = / f()g)exp(—m H (v, v))dv (2.5.2)
v/T

coming from the Hermitian metric on L(H, a .

Comparing the equations (2.5.1) with the definition of the Fock representa-
tion we would like interpret the condition f € T(H, I, «) for a holomorphic
function f on V as the invariance of f under operators Uy, forally € T’
(where T is lifted to H using «). Since nonzero elements of T(H, I', o) are
not square-integrable, to achieve such an interpretation we have to extend
operators U, , to a larger space of holomorphic functions. The correct way
to enlarge Fock(V, J) is to consider the space Fock_.,(V, J) consisting of
holomorphic functions f on V such that

fx)y=0 (||x||” - exp (%H(x, x))) for some 7.

The action of H(V') on Fock(V, J) extends naturally to this larger space.

Proposition 2.4. One has H(T,L(H,a™')) ~ T(H,T,a) =
(Fock_oo(V, ).

Proof. The only fact one has to check is the inclusion T(H,T',a) C
Fock_,.(V, J). We leave this as an exercise for the reader. O

The space Fock o (V,J) is dual to the subspace Fock.(V,J)C
Fock(V, J) consisting of f € Fock(V, J) such that

f)=0 (||x||*" exp (%H(x,x))) for all n.

The subspace Fock.(V, J) has the following representation-theoretic mean-
ing: itis the space of C*°-vectors in the Fock representation. By the definition,
these are vectors on which the action of the universal enveloping algebra of
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the Lie algebra of H(V') is well defined. We do not elaborate on the details of
this construction (see [84]).

The spaces Fock,,(V, J) and Fock_.,(V, J) are isomorphic to the com-
plex conjugates of similar spaces Foo(L) and F_,(L) constructed for the
representation F (L) associated with a Lagrangian subgroup of H(V).

Proposition 2.5. Let " C V be a self-dual lattice. Then the space F—_.(I")"
is 1-dimensional.

Proof. The space Foo(I') consists of C*°-functions contained in F(I") (since
the Lie algebra of H (V) acts on F(I") by infinitesimal translations, i.e., by
differentiations). Therefore, the space F_..(I") consists of all distributions ¢
on V satisfying

¢(x +y) = a(y) " exp(i E(x, ¥))$(x)

for any y € I'. The value of such a distribution on f € F(I") is fV/r of.
On the other hand, the condition of I'-invariance for ¢ € F_.(I") reads as

a(y)exp(miE(x, y)¢(x +y) = ¢(x).

Comparing these two conditions we get that ¢ is proportional to the following
linear combination of delta-functions at lattice points:

Y ). 0

yel

This proposition implies the following result for which we will give an
independent proof in Chapter 7.

Corollary 2.6. If the lattice T is self-dual (and H is positive-definite), then
T(H, T, «)is 1-dimensional.

Remark. We obtained above a description of the (projectivization of the)
spaces of global sections of line bundles L(H, «) in terms that are indepen-
dent of complex structure. This description relied heavily on the fact that
the Hermitian form H is positive. It is easy to see that if H is nondegener-
ate but not positive then L(H, o) has no holomorphic sections. As we will
show in Chapter 7, in this case one has H/(T, L(H,«)) = 0 for j # i,
while H (T, L(H, o)) # 0, where i is the number of negative eigenvalues
of H. Moreover, in the case when I' is self-dual, the space H NT,L(H,))
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is 1-dimensional. An interesting problem is to find an analogue of the iso-
morphism of Proposition 2.4 for H(T, L(H, o)). The first step in this direc-
tion was recently done by 1. Zharkov (see [138]) who constructed a canoni-
cal cohomology class in H(I', H(V, ©)), where H’(V, ) is the space of
holomorphic functions on V. There remains a question, whether there ex-
ists an H(V)-submodule F_,, C H°(V, ©) such that the above class lies in
H'(T', F_) and such that the projectivization of F_, does not depend on a
choice of complex structure.

Exercises

1. Let(V, E)be asymplectic vector space and I' C V be an isotropic lattice
equipped with a lifting to the Heisenberg group H(V).Let T = V/T be
the corresponding torus. We can consider the natural morphism

M\H(V) = T

as an H(V)-equivariant principal U (1)-bundle over T'. Let £ be the H(V)-
equivariant complex line bundle over T associated with the opposite
U(1)-bundle (i.e., the fibers of £ are U(1)-equivariant maps from the
fibers of our U(1)-bundle to C). By construction the line bundle L is
equipped with a Hermitian metric. Show that the representation F(I")
can be identified with the natural representation of H (V') on the space of
square-integrable sections of L.

2. In the situation of the previous exercise show that ¢|(£) € HX(T, Z) is
given by the skew-symmetric form E|p,r. [Hint: Use the trivialization
of the pull-back of £ to V and Exercises 5 and 6 of Chapter 1.]

3. Let H be a finite Heisenberg group (i.e., such that the corresponding
group K is finite).
(a) Prove that there exists a Lagrangian subgroup / C K.
(b) Let W be a representation of H such that U(1) acts by the identity

character. Consider the decomposition

W= 69)(GIAVVX

in isotipic components with respect to the /-action. Show that an
element & € H sends W, to W,_4 where ¢, is a character of /
defined by ¢, (i) = [h, i].

4. In the situation of the previous exercise show that the natural map

W—FUI)QW::wi> (h—> (hw))
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is an isomorphism of H-modules, where for w € W we denote by w;
its projection to Wy. Show that W is irreducible if and only if W; = W/
is one-dimensional. Deduce from this the Stone-von Neumann theorem
for H and the irreducibility of F([I).

5. Let H be a finite Heisenberg group, W be its Schrodinger representation.
Show that W* @ W is isomorphic as H x H -representation to the space
of functions ¢ on H such that ¢(zh) = z¢(h) for z € U(1) with the
H x H-action given by (hy, hy)¢(h) = gb(hl_lhhz).

6. (a) Let us identify the Lie algebra of U(1) with R in such a way that

the exponential map Lie(U (1)) — U(1) is given by x + exp(2wix)
and consider the induced identification of Lie(H(V)) with R @ V
(as vector spaces). Show that the distribution P; on H(V) can be
described explicitly as follows:

r i s
(P/)(/\o,vo) = {<§H(vo, V), v 1+ Ju ®l> ,v € V} cCo®VerC.

(b) Let ¢ be a function on V. We extend ¢ to H (V') by setting 5()», v) =

A~ 1¢(v). Show that 5 is invariant with respect to the distribution Pj if

and only if the function v + exp(5 H (v, v))¢(v) is J-holomorphic.

7. Show thatif the Hermitian form H on V is not positive then a holomorphic

function f on V satisfying fv | f(0)|?> exp(—m H(v, v))dv < 00, is zero.
[Hint: Reduce to the 1-dimensional case.]
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In this chapter we construct theta series, special elements in the spaces of
canonical theta functions 7(H, I', o) defined in the previous chapter. Re-
call that this space depends on the following data: a complex vector space V
equipped with a positive-definite Hermitian form H, alattice I’ C V, such that
the symplectic form £ = Im H takes integer values on I', and a lifting of " to
a subgroup of the Heisenberg group H (V') given by a quadratic map ¢ : I’ —
U(1) such thata|rn, = 1. The theta series 0 1~ ; is a canonical theta function
depending on one additional datum L C V, areal Lagrangian subspace com-
patible with I". In the case when the lattice I" is maximal isotropic, according
to Corollary 2.6, the space of canonical theta functions is 1-dimensional, so
for different choices of a Lagrangian subspace L the elements 63 - ; should
be proportional. In Chapter 5 we will compute these proportionality coeffi-
cients and deduce from this the classical functional equation for theta series.
In the case when I is not necessarily maximal isotropic, we equip the space
of canonical theta functions with the structure of a representation of a finite
Heisenberg group associated with I", and show that it is irreducible.

As a geometric application of theta functions we prove the theorem of
Lefschetz stating that acomplex torus V / I' can be embedded holomorphically
into a projective space if and only if there exists a positive-definite Hermitian
form H on V such that Im H takes integer values on I'.

In Appendix A we describe a relation between 1-dimensional theta series
and Weierstrass sigma function.

Throughout this chapter V denotes a complex vector space, H is a positive-
definite Hermitian form on V, I' C V is a lattice such that the symplectic
form £ = Im H takes integer valueson I' x I', « : ' — U(1) is a map
satisfying equation (1.2.2).

3.1. Action of the Finite Heisenberg Group

Let oy : I' = H(V) be a lifting homomorphism (2.3.1) given by «. Recall
that the space T'(H, I, o) of canonical theta functions consists of holomorphic

27
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functions f on V, invariant under the action of I" in (an extension of) Fock
representation, where I is lifted to (V') using o,,. Let N(I") be the normalizer
of I in H(V). Then the group G(E, I', ) := N(I')/ I' acts naturally on the
space T(H, I', «). As we have seen in Section 2.1, G(E, T, «v) is a Heisenberg
group. More precisely, it is a central extension of the finite abelian group
't/ by U(l), where 't = {v € V : E(v,T") C Z}. Equivalent way to
define an action of G(E,I', @) on T(H, I', @) is the following. Recall that
we have a natural holomorphic action of H(V') on the trivial line bundle over
V (see Section 2.5). The restriction of this action to N(I') descends to an
action of G(E, I, @) on the line bundle L(H, a~!) over V /T, compatible
with the action of 't/ T" on V/ T by translations. Hence, we get an action of
G(E, T, a) on all the cohomology groups of L(H, a~"). It remains to use the
identification T(H, ', ) ~ H(V/T, L(H, a™")).

Proposition 3.1. T(H, ', «) is an irreducible representation of G(E, T, a)

of dimension \/[T'1 : T'].

Proof. According to Exercise 4 of Chapter 2 it suffices to prove that if
I C Tt/ T is aLagrangian subgroup equipped with alifting7 CGE,T,0),
then the invariants of / in T(H, T, «) is a 1-dimensional subspace. Let
'} C 't be the preimage of I under the homomorphism 't — 't/ T, and
let Fl be the preimage of T under the homomorphism N(I') - G(E, T, a).
Then Fl is a lifting of I'y to H(V) and I'; is maximal isotropic. By
Corollary 2.6, this implies that the space of I'j-invariant holomorphic
functions on V is 1-dimensional. But

H'(v, 0" = (H(V,O)"Y =TH,T,a),

so the latter space is 1-dimensional.

To prove the last assertion let us consider any finite Heisenberg group H,
i.e., a Heisenberg group such that K = Hy/U (1) s finite. Then we canrealize
the Schrodinger representation of H in the space of functions on K /I where
I C K is a Lagrangian subgroup, so its dimension is equal to |K /1| = /|K]|
(cf. Exercise 4 of Chapter 2). O

Remark. Recall that T(H, I', ) is identified with global sections of a holo-
morphic bundle L = L(H,a ') on T = V/T. One of the goals of the
algebraic theory of theta-functions is to define the relevant finite Heisenberg
group and its action on H(T, L) algebraically (see Chapter 12). It is easy to
see that if some of eigenvalues of H are negativethen T (H, I', ) = 0. Indeed,
restricting anelement f € T(H, I', @) to an affine subspace on which H (v, v)
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is bounded (and tends to —oo when v — 00) and using the quasi-periodicity
conditions one can derive from the maximum principle that f = 0. When H
is not necessarily positive (but nondegenerate), as we will show in Chapter 7,
there is a unique nontrivial cohomology space H'(T, L). This space is still
an irreducible representation of the Heisenberg group G(E, I', @).

3.2. A Choice of Lifting

Recall that liftings of T" to a subgroup in the Heisenberg group correspond to
maps « : I' — U(1) satisfying the equation (1.2.2). An important construc-
tion of such a map is described in the following proposition.

Proposition 3.2. Let I' = I'y & I'; be a decomposition of T into a direct
sum of subgroups such that E|r,xr, = 0 fori = 1, 2. Let us define the map
ag = ag(I"y, Tp) : T — {£1} by the formula

ap(y) = exp(mi E(y1, ¥2)), (3.2.1)

where y = y1 + ya, yi € I'i. Then a satisfies the equation (1.2.2).

The proof is straightforward and is left to the reader. We will call a de-
composition I' = I'y @ I'; of the type described in the above proposition, an
isotropic decomposition of T".

Any two maps « and o' satisfying equation (1.2.2) are related by the
formula

a'(y) = a(y)expriE(c, y)) (3.2.2)

for some ¢ € V which is uniquely determined modulo I'+. It is easy to see
that the corresponding homomorphisms o, and o, are related as follows:

ow(y) = (1, )ou(y)(1, ). (3.2.3)

Therefore, we can define an isomorphism of the corresponding finite
Heisenberg groups

ic :G(E,T,a) > G(E,T,a): g~ (1,0)g(1,¢)"'.  (3.2.4)

Now the operator U(; . (corresponding to the action of (1, ¢) on Fock repre-
sentation) restricts to an isomorphism between T(H, ', «) and T(H, T, &’)
compatible with the actions of G(E, I, &) and G(E, T, &’) via i.
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3.3. Theta Series

Let L C V be areal Lagrangian subspace, such that L is generated by I' N L
over R and «|rnz = 1. In this situation we are going to give a definition of the
theta series. In Chapter 5 we will explain how one can discover these series
more naturally.

Lemma 3.3. L generates V over C.

Proof. The condition that the Hermitian form H is positive-definite, is equiv-
alent to the condition E(iv,v) > 0 for every non-zero v € V. Since
E|rx1 = 0, this implies that for v € L \ 0 we cannot have iv € L. Therefore,
iLNL=0andhence V=iL + L. O

Since H|pyy is a symmetric form, according to Lemma 3.3, it extends
uniquely to a C-bilinear symmetric form S : V x V — C.

Proposition-Definition 3.4. (i) The theta series
g
Op 1. (v) = exp (ES(U’ v))

x Y aty)-exp (m(H = S, y) = T(H = . 7))-

yel/TNL
(3.3.1)

is well defined and is absolutely convergent (uniformly on compacts in 'V ).
(ii) 0y 1 is a nonzero element of the space T (H, I, a) of canonical theta
functions.

Proof. (1) First we have to check that each term of the series (3.3.1) depends
only on y mod I N L. Indeed, if we change y to y + y; where y; e ' N L,
then this expression gets multiplied by

o) aty +yexp (< Z(H = H(n. 7).
But we have
(H—=8W,y)=Hy,y)—Sy,»v)=H,v)—H(y, »)
=2miE(y;, y).
On the other hand,
a(y)aly +y1) = a(n)exp(iEyi, y)) = exp(mi E(y1, ¥)),

so the correctness follows. Convergence of the series (3.3.1) follows from
Exercise 2.
(i1) The proof is left to the reader. O
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The following proposition shows that the study of theta series can always
be reduced to the case of a self-dual lattice.

Proposition 3.5. (i) For every Lagrangian subspace L C V as above the
subgroup T; =T + T+ N L C V is a self-dual lattice.

(ii) The map o has a unique extension to amap o : I'y, — U(1) satisfying
(1.2.2), such that a|r1np = 1.

(iii) One has

QZ,F,L = QZ,FL,L-
Proof. (i) Since I' ¢ I';  I'*, I'; is a lattice. One has
C+TrtnLy=rtNnC+L)=r+r+tnL.

(ii) Foranelementy 4+ € I';,wherey e I',l e T+ N L,seta(y + 1) =
a(y). We leave for the reader to check that this map is well defined and satisfies
equation (1.2.2).

(iii) This follows immediately from the definition, since I'y /'y N L =
r/rnL. O

Note that the 1-dimensional subspace T(H,I';,«a) C T(H, T, a) coin-
cides with the space of I-invariants in T(H, ', «), where I = r+n L/TNL
is a maximal isotropic subgroup in '/ T", lifted to the finite Heisenberg group
G(E, T, ) trivially. Thus, we obtain the following corollary.

Corollary 3.6. The theta series 0 1 | is a generator of the 1-dimensional
subspace T(H,T,a)) c T(H,T, a).

Certain compatibility of the definition of theta series with operators of the
Fock representation (see Section 2.4) is described in the following proposition.

Proposition 3.7. (i) For any ¢ € L one has

o _ a
QH,F.L = U(LC)GH,F,L’

where o' and « are related by (3.2.2).
(ii) Let T'" C T be a sublattice. Then

—1
Oire= Y. oM U= Y., Uappbir.s
yel/(D'+TNL) yel/(D'+T'NL)
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The proof is left to the reader. Note that part (ii) of this proposition is
sometimes referred to as the “isogeny theorem.”

Remarks. 1. When one has an isotropic decomposition I' = I'y & I'; such
thatI' N L =T and & = ao(I"y, I'2), the function 0 1 ; coincides with the
function ¥° defined in Chapter 3, Section 2.3 of [18].

2. For given data (H, T, «), a Lagrangian subspace L compatible with
(I', @) does not always exist. We will discuss the conditions of existence of
such L in Section 5.2. We will also show there that for every given (H, I') as
above, there exists @ and a Lagrangian subspace L compatible with (T, «).

3.4. Lefschetz Theorem

The standard application of the theory of theta functions is the following
theorem of Lefschetz.

Theorem 3.8. Let L be a holomorphic line bundle on the complex torus
T = V /T with c\(L) = E; then for n > 3 global holomorphic sections of
L" define an embedding of T as a complex submanifold into PV .

Proof. Let us assume that n = 3 (the case n > 3 can be proven similarly).
The line bundle L has form L(H,a™") for some a : I' — U(1) satisfying
equation (1.2.2), so that the space of global sections of L is identified with the
space of canonical theta functions 7'(H, T, &) (see Proposition 2.4). The main
driving force of the proof is the observation that for every 8 € T(H, T, o)
and for every a, b € V the function

O(v —a)d(v —Db)0(v+a+b)

belongsto T(3H, I', o), i.e., defines a section of L3 (this follows easily from
Exercise 2 in Chapter 1). This immediately implies that L? is generated by its
global sections, i.e., forevery x € T thereisasection of L? that does not vanish
at x. Hence, we have the morphism & : T — P(H%(L?)*). If ® were not injec-
tive, we would have a pair of points vy, v, € V suchthatv,—v; € I',and acon-
stant A € C* such that for every f € T(3H, T, &) one has f(v;) = Af(v}).
To get a contradiction it is enough to consider f(v) = 0(v — a)f(v — b)8(v +
a + b) for various 0 € T(H, I', )\ 0. Then the trick is to consider both sides
of the identity f(v,) = Af(v;) as functions of a and to take the logarithmic
derivative of the identity. As a result we get the invariance of the meromor-

phic differential d log ggf Izi under translations. It means that log ZEZ? i ﬁ; is
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a linear function (with constant term), so we get an identity of the form
O(v +8) = Aexp({(v)0(v), (34.1)

where § = v, — vy, A € C*, [ is a C-linear form on V. In particular, both
parts should have the same quasi-periodicity factors for I'. It follows that

exp(m H(3, y)) = exp(l(y))

for all y € I'. We claim that this can happen only if § € I'* and I(v) =
m H(v, ). Indeed, we have

TH(,y)=1(y)+2rim(y)

for some homomorphism m : I' — Z. Extending m to an R-linear map
m:V — R we get

T H(, v) —I(v) = 2mim(v)
for every v € V. It follows that
mH(v,8) —Il(v) =2xiE(v, 8) + 2mim(v).

But the LHS is C-linear and the RHS takes values in iR. It follows that both
sides are zero which implies our claim. Thus, we can rewrite equation (3.4.1)
as follows:

O +8) = A’ exp (nH(v, 5) + %H((S, 5)) 0(v). (3.4.2)

Set I'" = I" 4+ Z§. We have seen that I'" C I'* and the assumption § ¢ T
implies that T is stricly bigger than I'. Now it is easy to derive from
equation (3.4.2) and from the condition 8 € T (H, T, «) that in fact 6 belongs
to the space T(H, I/, ') for some &’ extending « (see Exercise 6). However,
there are only finitely many I’ between I and I'* and the dimension of
T(H,T',a) is strictly smaller than that of T(H, T, «) as follows from
Proposition 3.1. Hence, for a generic 6 this situation does not occur.

The proof of the fact that ® : T — PV induces an embedding of tangent
spaces goes along similar lines. Assume that a holomorphic tangent vector
D,, at the point vy € V/T" maps to zero under ®. Then we have D, f =c¢- f
forall f € T(3H, T, o), where ¢ € C is a constant. Let us extend D,, to a
constant holomorphic vector field D on V. Considering the above condition
for the subset of f of the form 6(v — a)0(v — b)0(v + a + b), we deduce
that D(log#f) is a linear function (with constant term) for every non-zero
6 € T(H, T, a). Considering D as a vector in V and integrating the equation
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D(log8)(v) = a(v) + b (where a € Hom¢(V, C), b € C) we get that for all
t € C and for all v such that 8(v) # 0, one has

0(v + t D) = exp(t’a(D)/2 + t(a(v) + b)) (v).

For a fixed ¢ this condition has the same form as (3.4.1), so we can bring it to
contradiction using the fact that D ¢ I'* for ¢ small enough. O

Definition. A positive-definite Hermitian form H on V such that £ = Im H
takes integer values on I' is called a polarization of the complex torus 7' =
V/T'. A complex torus admitting a polarization is called a complex abelian
variety.

Remarks. 1. Since by Chow theorem (see [52]; Chapter 1, Section 3)
analytic subvarieties of PV are algebraic, Lefschetz theorem implies that
®(T) is an algebraic subvariety of PV. Thus, a choice of polarization on
a complex abelian variety gives an algebraic structure on it. The GAGA
principle (see [124]) implies that every holomorphic bundle on 7 is algebraic
with respect to this structure. Hence, the algebraic structure does not depend
on a choice of polarization.

Writing explicitly equations defining the subvariety ®(7') C P" is a beau-
tiful chapter in the theory of theta functions. The main idea is to use the group
structure on 7 (plus the fact that line bundles behave like quadratic forms
with respect to addition on 7') to derive some universal identities between
theta functions. We will consider some of these relations in Chapter 12 (see
also [64], [97], [98]).

2.1tis easy to see that conversely, if acomplex torus T = V/ I is projective
then there exists a positive definite Hermitian form H on V, such that Im(H)
is integer-valued on I'. Indeed, an embedding of T into P¥ is always given by
global sections of some line bundle L(H, «) on T. As we have seen earlier
(see remark after Proposition 3.1) if L(H, «) has nonzero global sections then
all eigenvalues of H should be nonnegative. Let Vy C V be the kernel of H.
Then I' NV} is a lattice in Vj, so we have the corresponding complex subtorus
To = Vo/T N Vi C T. The restriction of L(H, ) to Ty has form L(0, «p)
where og = o|rny,. It is easy to see that if «p # 1 then L(0, o) has no
global sections, otherwise it is trivial. In both cases global sections do not
distinguish points in 7y, hence V) = 0.

3. In the above proof we only used elements in T(3H, I, o®) of the form
0(v —a)d(v —b)8(v+a + b). It is natural to guess that in fact these elements
span the whole space. This is indeed true (see Exercise 4).

Let us consider some examples of complex abelian varieties.
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Examples. 1.If 7 = C/I' isa 1-dimensional complex torus (complex elliptic
curve) then for every nondegenerate Z-valued symplectic form E on I' the
corresponding Hermitian form H on C is nondegenerate. Changing the sign
of E if necessary we can achieve that H is positive. Hence, every complex
elliptic curve is projective.

2.LetT = V/T be acomplex torusand 7" = V/I'" — T be a finite un-
ramified covering of T corresponding to a sublattice I’ C T of finite index.
Then T is a complex abelian variety if and only if 7" is. Indeed, any polar-
ization of T is also a polarization of 7”. Conversely, if H is a polarization of
T’ then n H will be a polarization of T for some n > 0.

3.If T = V/T is a complex abelian variety, then a polarization H defines
a finite morphism from 7 to the dual complex torus 7. It follows that 7
is also an abelian variety, called the dual abelian variety to T. The algebraic
construction of TV from T will be given in Chapter 9.

Exercises

1. (a) Show that the action of G(E, ', ) on T(H, ', «) is unitary with
respect to the metric (2.5.2).

(b) Let I C T't/T be a Lagrangian subgroup, 1c G(E,T,a) be
its lifting to a subgroup in G(E, ', ). Let f € T(H, T, a)! be
a generator of length 1. Show that the functions (U ¢ f) form an
orthonormal basis in T(H, T", «), where ¢ € I'* runs through the
complete system of representatives modulo /.

2. (a) Show that the quadratic form Re(H — S) descends to V /L.

(b) Show that for/ € L one has (H — S)(il, il) = 2H(l, ]). Hence, the
form Re(H — §) on V /L is positive-definite.

3. Show that 6% ., (—v) = 6% 1, (v).

4. (a) Prove that the space T'(2H , T, ajap) is spanned by the functions
of the form f(v) = 6;(v — a)6(v + a) where a € V, 6, €
T(H,T,a1),0, € T(H, T, ap). [Hint: It suffices to prove that the
subspace spanned by these functions is invariant under the action of
the Heisenberg group G2H, I, aj3).]

(b) Generalize the proof of part (a) to show that for every n > 1 the
space T(nH, T, oy - - - @) is spanned by the functions of the form
fw)=6i(v—a))---6,(v—a,), wherea; € V, ) ,a;, =0, 6; €
TH,T, ).

5. The classical (1-dimensional) theta series (with zero characteristics) is

given by

0(z, ) = Zexp(ninzr + 2mwinzg),

nez
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where z, 7 € C, Im(tr) > 0. Let us consider the lattice I' = I'; =

Z + Zt C C. Define the Hermitian form H = H; on C by H(z;, 22) =

[z1z2]/[Im(7)]. The corresponding symplectic form E = Im H takes

integer values on I" since E(7, 1) = 1. Let us also define the map «y :

' - {£1} by a9(m + nt) = (—1)"". As a Lagrangian subspace in C

we take R C C.

(a) Show that 65 - +(2) = exp(2-) - B(z, 7).

(b) Show that the line bundle L = L(H, «p) on C/I" has degree one.

(c) Prove that for fixed t the function 8(z, t) has simple zeroes at z €
% + Z + Zt and no other zeros.

Let I' C V be a lattice. Assume that for some nonzero holomorphic

function f on V one has

G +7)=c)-exp (THG, y)+ SHY. 7)) f()

for all x € V, y € T. Show that c(y; + ) = c(y1)c(yr)
exp(i E(y1, v2)).

Let us fix 7 in the upper half-plane and consider the following function
of complex variables z;, z»:

F(z1.22) = > sign(a(z1) + m) expQriltmn + nzy + mz,),

(a(zp)+m)(a(z2)+n)>0

where a(z) = Im(z)/ Im(7). It is a holomorphic function of z; and z; on

the open set Imz; ¢ Z(dmrt),i =1, 2.

(a) Show that F extends to a meromorphic function on C? with simple
poles at the lattice points z; € I'; or z, € I'y where I'; = Z + Zr.

(b) Show that F satisfies the following identities:

F(z2, z1) = F(z1, 22),
F(z1 +m +nt, 20) = exp(—2minzy) F(z1, 22),
F(z1,20 +m+nt) = exp(—2rwinz))F(z1, 22).

(c) Using the quasi-periodicity properties of F prove the following iden-
tity discovered by Kronecker:

0'(r +1)/2) O(zi+z22—(+1)/2)

F(z1,20) = i 0z — (T + 1)/2)0(z2 — (t + D)2)

where 6(z) = 6(z, t)isthe classical theta series defined in Exercise 5.
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Appendix A. Theta Series and Weierstrass Sigma Function

In this appendix we will present the relation between theta series and Weier-
strass sigma and zeta functions.

Let I' C C be a lattice. Weierstrass sigma function is defined as the fol-
lowing infinite product.

F4 z Z2
0(z)=0(, )=z H 1——exp _+ﬁ .
yer\{o} 14 14 14

In fact, this product converges absolutely and uniformly on compacts in C,
so 0(z) is a holomorphic function on C. Its logarithmic derivative is the
Weierstrass zeta function

’ 1 1 1
§(Z)=§(2,F)=U(Z)=—+ > < +—+i2>.
0@z AR N\ETY Y Y

The derivative of ¢ is equal to —g(z), where

1 1 1
o=t ¥ (oL
< yel'\{0} (Z - V) y
is the Weierstrass gp-function. Since ¢(z) is invariant under translations by I,
for every y e I' there is a constant 1, € C such that

((z+y)=¢0@)+n,.

Now let I' = Z + Zt, where 7 is in the upper half-plane, o(z, ) (resp.,
¢(z, T)) be the sigma (resp., zeta) function associated with this lattice. The
function y — n, onI is additive, soitis determined by the numbers 7, and 7,
(so-called quasi-periods). Furthermore, these numbers satisfy the following
Legendre relation:

mt — n, = 2mi.

This can be proven by comparing the integral of {(z)dz along the boundary
of the parallelogram formed by 1 and 7 (slightly shifted) with the residue of
this 1-form at the unique pole inside.

The following theorem gives a relation between o (z, T) and the theta series
on elliptic curve C/ I" given by

oG T)=) ( +l>2 +2 ( 1 <+1)
11z,r—nEZexp wi\n+3) T4 2mi|n 2) a+5 )|

Note that 011(z, ) = exp(ZE +wi(z 4+ $))0(z + T, 1), where 6(z, 7) is the
theta series considered in Exercise 5.
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Theorem 3.9. One has
’7112
011(z, 1) = —27n(r)’ exp (— — ) o(z, 1), (3.4.3)

where n(t) is the Dedekind n-function:

n(r) = exp (%) [Ta-a".
n=1

where ¢ = exp(2mit).

Proof. First we claim that o (z) satisfies the following quasi-periodicity with
respect to the lattice Z + Zt:

oz +7) =)o (1) (4 %) ) o2,

where y €T, € : " — {£1} is the homomorphism defined by €(1) =€(7) =
— 1. Indeed, it suffices to check this for y =1 and y =t. Considering
logarithmic derivatives we immediately see that

o(z+y)=c(y)exp(n(y)z)o(z)

for some c(y) € C*. Substituting z = —y /2 (where y = 1 or y = 7) and
using the fact that o is odd, we obtain that c(y) = —exp(n(y)y/2). Using
the Legendre relation we derive that the right-hand side of (3.4.3) satisfies
the same quasi-periodicity in z as 6;;(z):

Oz + 1) = —01(2),
011(z + 1) = —exp(—mit — 2miz)011(2).
Hence, we obtain that (3.4.3) holds up to a nonzero constant (depending

on 7). To evaluate this constant we will use a trick due to Kronecker. Namely,
we claim that the following identity holds.

o (41 3L 1)) 64,2, 47)
— -, T = X —A(T T T).
11 > 2’ P 2 11 s

Indeed, splitting the series for 011(% + }1, 7) into two series, the sum over
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even n and the sum over odd n, we get

1 3 3mi
011 (% + 7 ‘L’) =Xn:(—l)" exp |:ni <4n2 +4n + Z) T+ %]
—i—Zex TiQn 4+ 1%t + 27i n—}—l 21:—i—1
P 2 2

3mi
+ T(‘L’ + l):| .
It remains to note that the first sum is zero (as seen by substituting
ne— —n—1).
Now we want to show that similar identity holds for the right-hand side of
(3.4.3). To this end we will use the following formula:

o0

1 2 1 1 1—4qg" 1—qg"u™!
0(2.7) = 5 —exp (’“%) (w —u D] ( ‘1(1”)_( qn)f “) 344
n=1

where in the right-hand side we use multiplicative variables ¢ = exp(27it),
u = exp(2wiz) (and where u: = exp(miz)). This identity in turn is proven
as follows. It is easy to see that ratio of the left-hand and right-hand sides is
periodic in z with respect to I'. On the other hand, both sides have zeros of
first order at all points of I' and nowhere else. This implies that the equality
holds up to a constant. It remains to compare derivatives in z at z = 0.

Let us denote by g(z, 7) the right-hand side of (3.4.3). Using (3.4.4) one
can easily show that

L) e (Zr 1)) gr4n)
g24,r_exp4t g(2t, 41).

It follows that the ratio of the left- and right-hand sides of (3.4.3), which
we know to be a function of 7, is invariant with respect to the substitution
T > 471 (or g — g*). On the other hand, as follows from (3.4.4), this ratio
is represented by a converging power series in g with initial term 1. Hence,
itis equal to 1. O

The beautiful formula of the following corollary is due to Jacobi.

Corollary 3.10. One has
—27n(1)* = 6],(0, 7)
where 01, denotes the derivative with respect to z. Equivalently,

[ - a7 = Y= 1yng™* = 3 (= 1y'@n + Dg***,
n=1

nez n>0
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Representations of Heisenberg Groups II:

Intertwining Operators

In this chapter we construct and study canonical intertwining opera-
tors between standard models for the irreducible representation of a
Heisenberg group H considered in Chapter 2. This theory will play a cru-
cial role in the derivation of the functional equation for theta functions in
Chapter 5.

For a pair of compatible Lagrangian subgroups L;, L, in H (the defini-
tion of compatibility will be given in Section 4.2) we construct a canonical
intertwining operator R(L|, L) between the corresponding induced repre-
sentations of H. In the particular case when the intersection of L; and L,
is trivial, this operator is the usual Fourier transform. In general, it is given
by some partial Fourier transform. For a triple of pairwise compatible La-
grangian subgroups L, L,, L3 theoperator R(L3, L{)oR(L,, L3)oR(L1, L)
is a scalar multiple of the identity. We compute the corresponding constant
c(Ly, Ly, L3) in two cases: when (L; N L3) + (L, N L3) has finite index
in(L; + L) N L3 and when L;’s are Lagrangian subspaces of a symplectic
vector space. In both cases this constant can be expressed in terms of some
quadratic function ¢ on a locally compact abelian group A(Ly, L;, L3). In
the former case the group A(Ly, L, L3) is finite and ¢(L;, L,, L3) is equal
to the Gauss sum associated with g. In the latter case A(L;, Lo, L3) is a
vector space and ¢(Ly, Ly, L3) = exp(—”gi), where m is the Maslov index
of the triple (L, Ly, L3), which is equal to the signature of the quadratic
form —¢g. Gauss sums associated with quadratic forms on finite abelian
groups will appear in the functional equation for theta functions. In this
chapter we show that they are always given by 8th roots of unity. On the
other hand, the cocycle equation for constants ¢(L;, Ly, L3) (which follows
from their definition) can be used to evaluate some Gauss sums explicitly. In
the main text we give an example of such computation, while in Appendix B
we derive a more general formula for Gauss sums due to Van der Blij and
Turaev.

40
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4.1. Fourier Transform

Let K be alocally compact abelian group, K be the Pointriagin dual group. As
was already mentioned earlier, the reader will not lose much by assuming that
K iseither areal vector space or a finite abelian group. For every Haar measure
w on K the Fourier transform is the operator S,, : L>(K) — L2(K) given by

S (k) = / k(k)p (k).
keK

In this situation there is a unique dual measure [ on K such that S ., 1S unitary
with respect to the Hermitian metrics defined using p and fi. Moreover, it is
known that in this case the inverse Fourier transform S;l coincides with the
operator

Sa(@)k) = f k).
keK

One can rewrite all this without making a choice of measure as follows. Let
us denote by meas(K) the R.-torsor of Haar measures on K (where R. ¢
is the multiplicative group of positive real numbers). Let meas(K )% be the
R. ¢-torsor, obtained from meas(K) by taking the push-out with respect to
the homomorphism R.g — R.p : x x2. One can think about elements
of meas(K )% as formal square roots of Haar measures. For every real vector
space W and an R.g-torsor 7 we denote by WT the tensor product of W
with the 1-dimensional space corresponding to 7. Now we claim that there
is a canonical operator

S: L% (K)meas(K)? — L*(K)meas(K)?. 4.1.1)
Indeed, since the construction of S, is linear in u, it gives an operator
L*(K)meas(K) — L*(K).

On the other hand, the passage to the dual measure i > [ gives an
isomorphism of R.(-torsors meas(K) =~ meas(K )~!'. Therefore, twisting
the source and the target by meas(K )‘% ~ meas(K )2 we get (4.1. 1) By the
construction, the space L?(K)meas(K )2 (resp., similar space for K ) has a
natural Hermitian metric, and the operator S is unitary.

In the case when K is compact, K is discrete, the natural Haar measure on
K such that the total volume of K is 1, is dual to the natural measure on K
(so that every point has weight 1).

In the case when K is finite, we can trivialize meas(K) and meas(i(\ ) by
choosing the measures such that every point has weight 1. Then the Fourier
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transform corresponds to the operator

Sp(k) = |K |72 - Y ktk)g(k).

keK

4.2. Construction of Intertwining Operators

Let H be a Heisenberg group, K = H/U(1) be the corresponding locally
compact abelian group. Let L C K be a Lagrangian subgroup. As before, we
always assume that a lifting homomorphism o : L — H is chosen, so L can
be also considered as a subgroup in H. Recall that we have the corresponding
irreducible representation of H on the space F(L) which is a completion of
the space of functions ¢ : H — C such that ¢(Ah) = rAp(h) for A € U(1)
and ¢(o(1)h) = ¢(h) for I € L. In order to construct canonical intertwining
operators, we will change the space F(L) slightly. Namely, we set

F(L) = F(L)meas(K /L)?

(morally, one should think of elements of F’(L) as half-measures on K/L).
Note that the space F'(L) has a canonical Hermitian metric. Namely, for
&1, ¢ € F'(L) the product ¢ ¢, descends to a measure on K /L, which then
can be integrated.

Definition. Lagrangian subgroups L, L, C K equipped with liftings to H,
are called compatible if L, + L, is a closed subgroup and their lifting homo-
morphisms to H agree on L; N L.
Note that for compatible subgroups one has L; + L, = (L N Ly)*.
Now for a pair of compatible Lagrangian subgroups L, L, we are going
to define a natural unitary intertwining operator between representations of H

R(Ly, Ly) : F'(Ly) — F'(L).

Let us first fix a measure u on L,/L; N L,. Note that for ¢ € F(L;) the
function |¢| on H descends to a function on H/U(1)L; = K/L;. Assume
that |¢|, considered as a function on K /L, has compact support. Then we
can define

R(Ly, Ly),¢(h) = / ¢(o(l)h)p.

lhel,/LNL,

As in the case of the Fourier transform, one can check that the LZ-norm of
R(Ly, Ly),¢ is equal (up to a constant factor) to the L?-norm of ¢. Hence,
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this map extends to an intertwining operator
R(Ly, Lo), : F(Ly) = F(Lo).

Since the map u +— R(L, L), is compatible with rescaling by R.,, we
obtain a natural operator

]:(Ll)meas(Lz/Ll n Lz) —> f(Lz)
This is essentially R(Ly, L,). To rewrite it as an operator from F'(L;) to
F'(L,) one has to use the following result.
Proposition 4.1. There is a canonical isomorphism of R.-torsors
meas(L,/L; N L) >~ meas(K/Ll)% meas(K/Lg)*%.
Proof. Since the group (L + Lj;)/(Ly N Ly) is self-dual, we have a trivi-

alization of meas(L; + L,/L; N L;) corresponding to the unique self-dual
measure. Now from the exact sequence

0—L,/LiNLy,— (L +Ly))LiNLy, - Ly/JLiNL, — 0
we get a trivialization of the R -torsor
meas(L/L;NLy)meas(L,/L;NL;)~meas(L) meas(L;) meas(L,NLy) 2.
In other words, we have an isomorphism
meas(L; N Ly) >~ meas(L])% meas(Lz)]i.
Hence,
meas(L,/L; N Ly) >~ meas(L,) meas(L; N Ly) '~ meas(Lz)% meas(Ll)*%
~ meas(K/Ll)% meas(K/Lz)*%

as required. O

In the case when L; N L, = 0, the groups K /L, and K /L, are naturally
dual to each other and the operator R(L, L) coincides with the Fourier
transform (Exercise 1).

In general, we can consider the spaces K /L and K /L, as fibrations over
K/(L, + L,) with dual fibers (L + L,)/L; and (L; + L,)/L, and the
operator R(L{, L,) is essentially the relative Fourier transform in the fibers.

In particular, from the inversion formula for the Fourier transform we get that
R(Ly, Ly) = R(Ly, Ly)™".
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Definition. (i) A triple (L, L,, L3) of Lagrangian subgroups in K is called
admissible if L;’s are pairwise compatible.

(ii) For an admissible triple (L, Ly, L3) the constant ¢(L;, Ly, L3) € U(1)
is defined by the equation

R(L3, L1)o R(Ly, L3) o R(Ly, L) = c(Ly, Ly, L3)idFy,), (4.2.1)

From the definition we immediately derive the following properties:
(L1, Lo, Ly) = (Lo, La, L) = e(L3, Lo, L)™', (42.2)
c(L1, Ly, La)c(La, L3, Ly) = c(L1, Ly, L3)c(Ly, L3, Ly).  (4.2.3)

Below we are going to relate the constant ¢(L|, L, L3) to certain quadratic
function associated with (L, Ly, L3).

4.3. Quadratic Function Associated with an Admissible Triple
of Lagrangian Subgroups

Let A be a locally compact abelian group.

Definition. A continuous function g : A — U(1) is called quadratic if the
function

(a,a') = qla+ad)q(a) 'q@)™! 4.3.1)

from A x A to U(1) is a bihomomorphism. We say that ¢ is nondegenerate
if (4.3.1) induces an isomorphism A =~ A. We call g a (nondegenerate)
quadratic form if g is a (nondegenerate) quadratic function on A such that
q(—a) = g(a) for any a € A.

Now let L, L,, L3 be an admissible triple of Lagrangian subgroups in K.
Consider the following complex of locally compact abelian groups:

0 LiNLNL:s B LiNL®LNL®L;sNL B3 Li®oL, &L %
— Li+L,+L; —> 0, 4.3.2)

where di(x) = (x, x, x), da(x12, X23, X31) = (X12 — X31, X23 — X12, X31 — X23),
d3(x1, X2, X3) = X1 + X2 + X3.

Proposition 4.2. The complex (4.3.2) has only one potentially nontrivial co-
homology group A(L1, Ly, L3) = ker(ds)/ im(d,). One has

A(Ly, Ly, L3) >~ (L1 + Loy)N L3/(Ly N L3 + Ly N L3).
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The proof is left to the reader.
Let us define a function g : ker(d3) — U(1) by setting

q(x1, x2, x3) = 0 (x1)o (x2)0 (x3),

whereo : L; — H,i = 1,2, 3, are lifting homomorphisms. Since x; + x +
x3 = 0, the expression in the RHS belongs to U(1) C H.

Theorem 4.3. The function ¢ is quadratic. It descends to a nondegenerate
quadratic function ¢ = qr, 1,1, : A(L1, Ly, L3) = U(1).

Proof. We denote by s(-, -) the function (4.3.1) on ker(d3) x ker(d3) associated
with g. Let us compute s(-, -). For arbitrary (x, x2, x3), (x}, x5, x}) € ker(ds)
we have

o(x1 +xPo(x2 + x3)0(x3 + x3)
= [o(x]), 0 (x2)] - [o(x])a(x3), 0 (x3)] - 0 (x1)0 (x2)0 (x3)0 (x])T (x3)T (x3).

Since o (x})o (x}) differs from o (x})~! by a central element, it commutes with
o(x3), hence we have

s((x1, X2, x3), (x], X3, X3)) = e(x], x2).

Since this is a bihomomorphism, g is indeed a quadratic function. Using this
formula one can also easily check (exercise!) that the kernel of s coincides
with the subgroup im(d,) C ker(ds). Furthermore, it is clear that §|im,) = 1,
which finishes the proof. O

In the following proposition we list some simple properties of this con-
struction. Let us say that a Heisenberg group H is symmetric if it is equipped
with an involution t : H — H such that 7|y = id and the induced in-
volution of K = H/U(1) is k +— —k. For example, if H is the Heisenberg
group H (V') associated with a symplectic vector space, then there is a natural
involution (A, v) = (A, —v). Now for a Lagrangian subgroup L C K, a
lifting homomorphism o : L — K is called symmetric if o(—1) = 1(o(l)).

Proposition 4.4. (i) One has qr, 1., = qr0, = [=11q 10

(ll) lfL3 = Ll N L3 + L2 N L3 then A(Ll, Lz, L3) = 0,‘

(iii) one has a natural isomorphism of groups compatible with quadratic
functions on them

(A(Ly, La, L3), q1,.1,.1,) = (A(Ly, L2, L3), 41, 1, 7.,)-
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where Ly = L/L{NLy, Ly = Ly/L\NLy, Ly = L3sN(L;+L,)/LiNLyNL3
are the induced Lagrangian subgroups for the reduced Heisenberg group
H = Ny(Li N Ly)/LyNLy;

(iv) if the lifting homomorphisms o : L; — H, i = 1,2, 3, are symmetric,
then qr, 1,.1, is a quadratic form.

Proof. (i) The first equality follows from the fact that for x; + x, +x3 =0
one has [0 (x1), o(x3)0(x3)] = 1. On the other hand,

0 (x1)o (x2)0 (x3) = (0 (—x3)0(—x2)0 (—x1)) ",

hence qLy,Ly, Ly = [_1]*QL3,L2,L| .
The proofs of (ii), (iii) and (iv) are straightforward. O

In the following theorem we show that in the case when A(L;, L, L3)
is finite, the constant ¢(L, Ly, L3) € U(1) is completely determined by the
quadratic function gy, 1, 1.,

Theorem 4.5. Let Ly, Ly, L3 be an admissible triple of Lagrangian sub-
groups in K. Assume that the group A = A(L1, Ly, L3) is finite. Then

_1
(L, Ly, L3) = |AI72 - Y g1, 1,.1,(a).

acA

Let us first look at the RHS of this formula. With every non-degenerate
quadratic function ¢ on a finite abelian group A we associate the Gauss sum

(@) =1A1"2) " q(a).

acA

Here are some simple properties of y(g).

Proposition 4.6. (i) Let A = A @ Ay, g = q1 D q», where q; is a non-
degenerate quadratic function on A; (i = 1, 2). By the definition, this means
that q(ay, az) = qi1(a1)q2(az). Then

v(q1 ® q2) = v(q1) - v(q2).

(ii) Assume that there is a subgroup I C A such that q|; = 1 and |I| =
|A|2. Then y(q) = 1.

(iii) One has y (g~ ") = y(q)™".

(iv) One has |y(q)| = 1.
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Proof. The first assertion is clear. To prove (ii) we observe that the pairing
(, ) induces the surjective homomorphism A/l — 1. Since the orders of
both groups are equal to |A|%, this map is an isomorphism. Now for every
a € A we have

Y aa+i)=) (a,i)q(),

iel iel

which is zero for a & I. Hence,

y@=1">"1=1.

iel

To prove (iii) let us consider the form g & ¢~' on A @ A. Applying (ii) to the
diagonal subgroup {(a, a),a € A} in A @ A and using (i) we derive that

v@)  yi@ H=yqg®qgH=1.

Finally, we have

v@y@=y@dq ) =1,

which gives (iv). O

Proof of Theorem 4.5 . We divide the proof into two steps. First, we will prove
the assertion in the case when one of Lagrangian subgroups is contained in
the sum of two others. Then we will reduce the general case to this one.

Assume first, that one of L;’s is contained in the sum of two others. Since
both constants ¢(L, Ly, L3) and y(q1,,1,,1,) behave in the same way under
permutation of our triple (see (4.2.2) and Proposition 4.4) we can assume
that L, C L; + L3. We will use the presentation A = A(Ly, Ly, L3) =
L>/(LyNLy+LyNL3), sothatg(xz) = qr,,1,.1,(x2) = 0(x1) " o (x2)0 (x3)"
for x, € L,, where x; € L, and x3 € L3 are chosen in such a way that
X2 = x1+x3. Note that since both numbers ¢(L, L,, L3)and y(qr,,1,,1,) have
absolute value 1, it suffices to prove that they differ by a positive constant, so
we can be imprecise with our choices of Haar measures when integrating. Now
forevery ¢ € F(L) and h € H, the expression R(L;,, L3)R(L1, Ly)¢(h) is
equal (up to a positive constant) to

/ f ¢(o(x2)o(x3)h) = / ¢(@ (x)h),
x3€L3/LyNL3 Jx2€l,/LiNL, xelo+L3/LiNL,

where ¢ : L, + L3 — H is the homomorphism defined by ¢ (x> + x3) =
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o (x2)o (x3). We have an exact sequence
0— L3/L1 ﬂLz ﬂL3 — (L2 +L3)/L1 ﬂLz
— Ly/(LiNLy+L,NL;)=A— 0.

Note alsothat Ly N L, N L3 = L{N Lz because L, C L + Ls. Thus, we can
rewrite the above integral as

}:/ ¢(5 (x2 + x3)h).
XQEA X3€L3/L1QL3

Let x, € L, be a representative of an element in A. Choose a decomposition
Xy = y; + y3 where y; € Ly, y3 € L3. Then

G(y1) = o(x)o(y3) " = q(x2)a(y1),

hence we can rewrite the inner integral as

/ ¢ (x2 + x3)h) = / ¢ (y1)o (x3)h)
x3€Ll3/LiNL3

x3€Ll3/LiNL3
=q(x) $(o (xr3)h).
x3€L3/LiNL3

Therefore, the above double integral is equal up to a positive constant to
y(q)R(Ly, L3)¢(h). This implies that c¢(Ly, Ly, L3) = y(qr,,1,.L,) in this
case.

Now let Ly, Ly, L3 be an arbitrary admissible triple of Lagrangian sub-
groups. We construct another Lagrangian subgroup L = L(Ly, L, L3) by
setting

L(Li,Ly,L3)=L NLy+(L;i+Ly)NL;y

(the lifting L(Ly, Ly, L3) — H is given by the formulalj; + I3 — o (I12)o (13),
where [1p € Ly N Ly, I3 € Lj). It is straighforward to check that L is
Lagrangian and is compatible with L; for i = 1, 2, 3. Note also that since
L=LNL;+LNLs,wehavec(L,, L3, L) = 1.Similarly, c(L,, L3, L) = 1.
Applying equation (4.2.3) to our quadruple of Lagrangian subgroups we
deduce that

¢(Ly, Ly, L3) = (L1, Lo, L).
On the other hand, we have
ALy, Ly, LY~L/(LNLi+LNLy)=L/(LiNLy+LiNL3+LyNLs)
~(Li+Ly)yNL3/(LiNLy+LyN L3)>~A(Ly, Ly, L3).
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It is easy to check that under this isomorphism we have g1, 1,.1. = qr,.1,.1;-
Finally, since L C L; 4 L, by the first part of the proof we have

c(Li, Ly, LY =y(qr,,1,,.) = V(qL,,1,,1;)

which finishes the proof. O
Let us point out the following corollary from the second part of the proof.

Corollary 4.7. For an arbitrary admissible triple Ly, L,, L3 of Lagrangian
subgroups in K one has

c¢(Ly, Ly, L3) = c(Ly, Ly, L(Ly, Lo, L3)),

where L(Ly, Lo, L3) = L; N Ly, ~+ (Ly+ Ly)N L.

4.4. Maslov Index

Now we specialize to the case of the real Heisenberg group H(V') associated
with a symplectic vector space (V, E) (see Section 2.3). Recall that by the
definition we have fixed a splitting H(V) = U(1) x V, and we always equip
a real Lagrangian subspace L C V with an obvious lifting homomorphism
to H(V). Then every two real Lagrangian subspaces are compatible.

Applying the construction of the quadratic function to a triple of real
Lagrangian subspaces L, Ly, L3 in V we get a nondegenerate quadratic form
qL,.L,,1, on the vector space A(L;, L, L3). The signature of the quadratic
form —qy, 1,1, is called the Maslov index of our triple and is denoted by
m(Ll, L2, L3)

Theorem 4.8. For a triple of real Lagrangian subspaces L, L,, L3 one has

i
¢(Ly, Ly, L3) = exp (_Z -m(Li, Ly, LS))

Proof. The first step of the proof is to check the statement in the case when
Ly, L, and Lj are transversal. In this case, we have a direct sum decomposi-
tion V = L| @ L3, so we can consider the following symmetric form on L;:
S(x,y) = E(x1, y3) where x = x| + x3, y = y; + y3 with x;, y; € L;. Now
let L, = U & V be an S-orthogonal decomposition. Let U; and V; (resp.,
Us and V3) be projections of U and V to L; (resp., L3) with respect to the
decomposition V = L; @ L3. Then the subspaces U; @ Uz and V| @ V3 are
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E-orthogonal to each other. Thus, the whole picture decomposes into an or-
thogonal sum and we reduce the problem to the case when V is 2-dimensional
with symplectic basis {e, f}, L is generated by e, L3 is generated by f and
L, is generated by e 4+ f. Then the proof is obtained by a direct computation
(see Exercise 2).

In the general case we can assume that L; N L, # 0 and then use
Proposition 4.4(iii) to lower the dimension. Namely, by Corollary 4.7 we
have

c(Ly, Ly, L3) = c(Ly, Ly, L(Ly, Ly, L3)).
On the other hand,
m(Ly, Ly, L3) =m(Ly, Ly, L(Ly, Ly, L3))

as follows from Proposition 4.4(iii). Therefore, it suffices to prove the state-
ment with L3 replaced by L(L;, L, L3). But all three Lagrangians L, L,
and L(L,, L,, L3) contain the nonzero isotropic subspace L N L, C V, so
assuming by induction that the theorem holds in lower dimensions we can
finish the proof. O

The Maslov index m(L;, Ly, L3) has the following nice property: if
Lagrangian subspaces L; vary continuously in such a way that the dimen-
sions of all pairwise intersections are constant, then m(L;, L,, L3) remains
constant (see Exercise 3(c)). This property together with Theorem 4.8
implies that the spaces F'(L) defined in Section 4.2 constitute an infinite-
dimensional local system over the Lagrangian Grassmanian £(V). More
precisely, fix a Largangian subspace Ly C V and consider an open subset
D(Ly) C L(V) consisting of the Lagrangian subspaces L C V such that
L N Ly = 0. Then the operators R(Lg, L) give a trivialization of the vector
bundle formed by F'(L) over D(Ly), such that the transition functions over
D(Ly, L) = D(Lo) N D(Ly) are locally constant, because the Maslov index
m(Lo, Lg, L) is locally constant for L € D(Lyg, Ly).

4.5. Lagrangian Subspaces and Lattices

For applications to theta functions we need to study intertwining operators
between H(V)-modules F(L) and F(I') defined in Chapter 2, where L C V
is a real Lagrangian subspace, I' C V is a self-dual lattice equipped with a
lifting to H (V). Recall that a lifting homomorphism I' — H (V') corresponds
toamap o : I' — U(1) satisfying the equation (1.2.2). Since a choice of
lifting is important for compatibility conditions, we will often write (I", o)
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instead of I". Thus, the condition of compatibility between L and (T, ) is
that L N I' is a lattice in L and a|.,nr = 1. In this situation we have a
canonical Haar measure on V /L (resp., V/I') such that the lattice '/L N T
has covolume 1 (resp., the volume of V/ I" is equal to 1). Thus, we can rewrite
our intertwining operators R(L, I") and R(I", L) in terms of the spaces F (L)
and F(I") (which we represent now as subspaces of functions on V):

RIL,D)f(w)= Y ay)exp(iE(y, v)f(v+y),

yel/TNL
R, L)p(v) = / exp(miE(l, v))p(v + 1)dl,
L/TNL

where f € F(L), ¢ € F(I'), the measure on L/ " N L is normalized by the
condition that the total volume is equal to 1.

Now let L; and L, be a pair of Lagrangian subspaces compatible with
(I', ). Since the spaces V/L; are equipped with canonical Haar measures,
the intertwining operator R(L, L,) can be considered as an operator from
F(Ly) to F(L,). More precisely, we get

R(Ly, Ly)¢() = [T/(T N Ly +T N Ly)| 2
/ exp(mwi E(l, v))p(v + L)dl,
Ly

where dI, is the Haar measure on L, with respect to which the lattice I' N

L, has covolume 1. Note that we have A(L;, ', L;) ~ I" N (L + Ly)/

(' N L1+ T N Ly), so this group is finite. Also it is easy to see that
qr,.r.,(¥) = a(y)exp(=nwi Q. 1,(¥)), 4.5.1)

where Qy, 1, is the quadratic form on L 4 L, defined by Oy, 1,(li + 1) =

E(ly,1ly) wherel; € Ly, 1, € L,. Now applying Theorem 4.5, we get

(L1, T, Ly) = y(qL,.r.L,)

= AL T L) X erniw oL, +roL,) @) exp(=mi O, 1, ().

Remark. In the case L; N L, = 0 the quadratic function g, .z, can be
interpreted geometrically as follows. From the data (V, E, I', @) as above we
can construct the U (1)-torsor

T =T\H(V)—> T

over the symplectic torus 7 = V/ T (in Exercise 1 of Chapter 2, we used the
corresponding complex line bundle). Every real Lagrangian subspace L C V
compatible with (T, o) gives a Lagrangian subtorus L = L /(I' N L) together
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with a section of 7 over L (induced by the lifting of L to H(V)). Now if we
have two transversal Lagrangian subspaces L and L, compatible with (I", )
then we can consider the finite subgroup

K=LiNL,=(L,+D)N(L,+T)/T CT.

We have two sections o} and o, of 7 over K induced by the sections of 7~
over L; and L,. The ratio o, /07 is a function on K with values in U(1). It is
easy to check that under the natural isomorphism

K>~(Li+D)NLy/I"'NLy)~ A(Ly, T, L)

the function oy /o, gets identified with g;, r 1,

It is also instructive to consider intertwining operators for a pair of
compatible self-dual lattices I'; and I'; in V. Here compatibility means
that 'y and ', are commensurable and that the lifting homomorphisms
o:T; — HV),i = 1,2, agree on 'y N I',. As before we can trivialize
R. ¢-torsors meas(V/I'}) and meas(V/I',) by choosing measures with total
volume 1. Unraveling the definition, we can rewrite the canonical intertwining
operator R(I'y, I'p) : F(I'}) — F(I'y) as follows:

R(T1, T)¢(h) = [To/TiNTa[ ™2 Y g(a(mh).

72602/ NI,
Theorem 4.5 can be applied to compute constants c(L,I'},I») and

c(I'y, T, IT'3), where L is a Lagrangian subspace, I'; are self-dual lattices,
in terms of Gauss sums.

4.6. Application to Computation of Gauss Sums

Let us fix a self-dual lattice I' C V equipped with a lifting to H (V') induced
by amap o : I' — U(1). For every pair of real Lagrangian subspaces
Ly, L, compatible with (I, @) let us set b(Ly, Ly) = c(L, T, Ly). Using
Theorem 4.8 we get the following relation between constants (L, L) and
the Maslov index.

Proposition 4.9. Let Ly, Ly, and L3 be a triple of Lagrangian subspaces
compatible with (I, o). Then

i
b(Ly, Ly)b(Ly, L3)b(L3, L1) = exp (Zm(Ll, L,, L3))-



4.7. More on Gauss Sums 53

Proof. Applying (4.2.3)to (Ly, Lo, L3, I') we get
c(Ly, Ly, T)e(La, L3, T) = c(Ly, L2, L3)c(Ly, L3, T').

It remains to use (4.2.2) and Theorem 4.8. O
From this we can recover the following classical result.

Corollary 4.10. Let d > 0 be an even integer. Then

> e (ni) =en (%) va

nez/dz7

Proof. Let us consider the symplectic space V =Re; @& Re,, where
E(e;,ex) = 1. Wecantake I’ = Ze; @ Zep, a(mey +ney) = (—1)™". Now let
us apply Proposition 4.9 to L; = Re;, L, = Rep and L3 = R(e; + dey)
(we use the fact that d is even in checking that L3 is compatible with
T,a). Wehave I' = TNLi+T"'NL, =T NL, +T N L3, hence
b(Ly, Ly) = b(L,, L3) = 1. On the other hand, since m(L;, L,, L3) = —1,
from Proposition 4.9 we get b(L, L3) = exp(wi/4). Finally, we have

T/(CN L +TNLsy) = Ze @ Zer/(Zey, ® dZe>) ~ 7.)d7.

and Qy, ,(ney) = —n?/d, so by formula (4.5.1) we get

1 nz
b(Ly,L3)=y(qr,r1)=d - Z exp (ﬂi—) . O

nez/dz d

In Appendix B we will present a more general computation of Gauss sums
using similar arguments.

4.7. More on Gauss Sums

In this section we will show that Gauss sums corresponding to quadratic
functions on abelian groups are roots of unity.

Lemma 4.11. Let g : A — U(1) be a quadratic function. Then for every
a € Aandn € Z one has

n(n+1) nn=1)

qgna) =qa) z q(—a) =

In particular, if q is a quadratic form then

q(na) = qlay”.
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The proof is an easy induction in n using the identity g((n + 1)a) =
q(na)q(a){a, a)*, where (-, -) is given by (4.3.1)

Lemma 4.12. Let g : A — U(1) be a nondegenerate quadratic function.
Then there exists a nondegenerate quadratic form qy : A — U(1) and an
element ay € A such that g(a) = qo(a + ao)/qo(ap) for all a € A.

Proof. Letussetl(a)=q(a)/q(—a). Thenl: A — U(1)is a homomorphism.
Since the pairing (-, -) associated with A is nondegenerate, there exists an ele-
ment a such that I(a) = (d, a). We claim that @ belongs to the subgroup
2A C A.Indeed, 2A is the orthogonal complementto A, = ker([2] : A — A)
with respect to (-, -). Now our claim follows from the fact that /|4, = 1. It
remains to choose ag € A such that @ = 2ag and to set go(a) = g(a — agp)/

q(—ao). O
Now we can prove our main result about the constants y(g).

Theorem 4.13. Let A be afinite abelian group of order N, g a nondegenerate
quadratic function on A. Then y(q)*™?N-® = 1, where Icm denotes the least
common multiple. If q is a nondegenerate quadratic formon A theny (q)8 = 1.
If in addition |A| is odd then y(q)* = 1.

Proof. Using Lemma 4.12 and Exercise 6, we immediately reduce ourselves
to the case when ¢ is a nondegenerate quadratic form. In this case we will
employ the weak version of the so called ‘“Zarhin trick” (cf. [136]). It is well
known that there exists four integers (a, b, ¢, d) such that A +b*+c2+d* =
—1 mod(2N). Indeed, by the Chinese remainder theorem, it suffices to show
that for every prime power p" there exists (a, b, ¢, d) witha? +b>+c*+d* =
—1 mod(p"). In the case when p is odd, we can take ¢ = d = 0, and use the
fact that a residue r € Z/p"Z is a square if and only if its reduction modulo
p is. On the other hand, in the case p =2 wecantakeb =2,c =d = 1 and
use the fact that —7 is a square modulo 2".

Now let M be the 4 x 4-matrix with integer coefficients corresponding
to the operation of multiplication by the quaternion a + bi + c¢j + dk. The
crucial property of M is the following equality:

"MM = (@*+b*+c*+d>HId. 4.7.1)

Let us consider the homomorphism f : A®4 — A®* given by M. Then
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(4.7.1) together with Lemma 4.11 imply that f is an automorphism and

20120 20 0\ D4
f*(q®4) — (qa +b +c+d ) )

By Exercise 6 we have ¢V = 1, so we can replace a® + b* + ¢* 4+ d* by —1.
Hence, applying Proposition 4.6 (i) and (iii) we get

v@' =v@®H =y H®*H =y@ Y =y

If N is odd, we can find a pair of integers (a, b) such thata® 4+ b> = —1(N) and
then apply a similar argument starting from the 2 x 2-matrix of multiplication
by the complex number a + bi (note that for odd N we have g¥ =1). O

Corollary 4.14. Let (T, o), (L1, Ly) be as in Section 4.5. Assume in addition
that o®> = 1. Then c¢(L;, T, L,)® = 1.

Proof. Indeed, by Proposition (4.4), g, r,1, 1S a quadratic form. O

Exercises
1. Let(V, E)be asymplectic vector space, L and L' be a pair of Lagrangian

subspaces in V such that L N L’ = 0. Let us identify L’ with the dual
space to L as follows:

L — L*:I'— EQ]I.
We can identify the space F(L) with L2(L’) by restricting a function
f € F(L)fromV to L. Similarly we identify (L") with L?(L). Then the
intertwining operator R(L’, L) can be considered as acting from L?(L)
to L>(L") = L*(L*).
(a) Show that R(L’, L) coincides with the Fourier transform

fO = fun = /lf(l)eXp(%Ti(l*,l))dl,

(b) LetT" C L be alattice, '™ C L* be a dual lattice. Prove the Poisson
summation formula:

gl: = 8I‘L9

where ér = Zy or 6(y) is the delta-function of I', 8pu is the delta-
function of I't. Here both parts should be considered as distribu-
tions on the Schwarz spaces of functions rapidly descreasing (with
all derivatives) at infinity. [Hint: Use the fact that F_.o(L)"®"" is
1-dimensional. ]
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Let V = Re; + Re; be the symplectic vector space with the basis (e, e3)
such that E(e;, e;) = 1. Consider the following Lagrangian subspaces in
V:Li =Rey, Ly = R(e;+e3), L3 = Rey. Show thatm(Ly, L, L3) = 1.
Now check Theorem 4.8 in this case by applying both sides to the function
f(xe; + yer) = exp(—mixy — wy?) € F(L) and using the equality

= 1 —1,2
exp(—mwax?) = —=exp(—ma~ ' y°)
a

7

where a € C, Re(a) > 0.

Let L, L,, L3 be atriple of Lagrangian subspaces in a symplectic vector

space V.

(a) Prove that the Maslov index is equal to the signature of the quadratic
form Q on L} @ L, & L3 given by Q(xy, x2, x3) = E(x1, x2) +
E(xy, x3) + E(x3, x1). [Hint: Changing the variable x, to —x, we
see that m(L |, Ly, L3) is equal to the signature of the quadratic form
—E(x1,x2) — E(x2, x3) + E(x3, x1) = —E(x1, x2) + E(x3, X1 + X2)
onLi ®L,®L3.Set] =006 L3 C Ly D L, D Lz. Show that
I is isotropic and that I+ = I @ ker(d3).]

(b) Construct anisomorphismofker Q with LiNL,®L,NL3SLsNL;.
[Hint: ker Q is the space of triples (x1, x2, x3), such that x; € L;,
X1 —Xxy € L3, x3 —xp € Ly and x; —x3 € Ly. The required
isomorphism sends (xi, x2, x3) to (y1, ¥2, ¥3) (y1 € L, N L3, etc.),
where y; = x3 +x3 — X1, y2 = X3 + X1 — X2, y3 = X1 + X2 — x3.]

(c) Deduce from (b) that m(L, L,, L3) is invariant under deformations
that leave constant dimensions of pairwise intersections.

Let Ly, L,, L3 be a triple of compatible Lagrangian subgroups (not nec-

essarily linear subspaces) in a symplectic vector space V. Show that

A(Ly, Ly, L3) ~ R x F for some finite group F. [Hint: By self-duality

of A(Ly, L, L3), it suffices to prove that the group mo(A(L{, Ly, L3))

is finite. Now one can use the complex (4.3.2) and the additive function

A +— rkmy(A) defined on the category of locally compact abelian groups

with finitely generated . In addition, one has to use the following prop-

erty: if I C V is an isotropic subgroup then rk (1) = rk wo(I+).]

Let I' C V be a lattice in a symplectic vector space (V, E), such that

E|rxr takes integer values, and let T = V/I" be the corresponding

symplectic torus. Let L, L, C V be a pair of transversal real Lagrangian

subspaces, such that L; = R(L; NI"),i = 1, 2. Show that the intersection
of the corresponding Lagrangian subtori L, = L;/T" N L; and L, =
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L,/T'NL,in T is afinite subgroup K C T, isomorphictoI'/T" N L; +
'NL,. Let K be the dual group. Construct a symmetric homomorphism
K > K , which in the case of a self-dual lattice I" coincides with the
isomorphism induced by the non-degenerate quadratic form gy, 1, (see
Section 4.5).

In the remaining exercises g denotes a nondegenerate quadratic function
on a finite abelian group K.

Assume that K is annihilated by N € Z.

(a) Show that ¢*V = 1.

(b) Show that if N is odd then ¢ = 1.

For every k € K let us define the function kg on K by the formula

(kq)(k') = q(k'){k, k'),

where (, ) is the symmetric pairing associated with g. Show that kq is
a non-degenerate quadratic function and that

y(kq) = q(k)"'y(q).

Assume that I C K is a subgroup such that g|; = 1. Let I+ be the
orthogonal complement to / with respect to the pairing (, ). Then the
restriction of g to I+ descends to a function ¢; on I+ /1. Show that g; is
a non-degenerate quadratic function and that

v(qr) =vy(q).
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Appendix B. Gauss Sums Associated with Integral Quadratic Forms

In this appendix we are going to use intertwining operators for Heisenberg
group representations to compute some Gauss sums associated with integral
quadratic forms. The main difference from the particular case considered in
Section 4.6 is that we will have to use nonstandard liftings of real Lagrangian
subspaces to the Heisenberg group.

Let M be a free Z-module of finite rank, s : M x M — Z be a non-
degenerate symmetric bilinear form of signature t. Let M’ C Mg := M QR be
the dual lattice to M with respect to s, thatis, M’ = {x € Mg | s(x, M) C Z}.
Choose an element w € M’ such that s(x, x) = s(x, w)mod?2 forall x € M
(such w is uniquely determined modulo 2M"). Now we can define a quadratic
function ¢ : M’'/M — U(1) by the formula

q(x) = exp(ri(s(x, x) — s(x, w))).

The corresponding bilinear pairing is (x, y) = exp(2wis(x, y)), so g is
non-degenerate. Also, g(—x) = ¢(x), so ¢ is a quadratic form. The fol-
lowing theorem was proven in a particular case by Van der Blij [20]
(see Corollary 4.16). Turaev [127] found the general formula presented here
and observed that Van der Blij’s proof still works in this case.

Theorem 4.15. With the above notation one has

Tl
v(q) = exp (T(T —s(w, w))) .

Proof. Set L = My, and let us consider the symplectic vector space V =
L @ L, where the symplectic form is given by E((/, [2), (I1, 1})) = s(1, 15) —
s(l}, ). Let us denote by A : L — L @ L the diagonal map / — (I, I). Note
that its image is a Lagrangian subspace. Let us also consider the self-dual
lattice I' := M @& M’ C V. The idea is to deduce the desired equality from
(4.2.3) applied to a triple of Lagrangian subspaces L; := L &0, L, := 08 L,
A(L), and to a self-dual lattice I". However, we have to be careful with
choosing compatible liftings of these Lagrangian subgroups to subgroups
in H(V). For L, and L, we take standard liftings. For I' we take the lifting
associated with the isotropic decomposition M @M’ (see Section 3.2). Finally,
we define the lifting homomorphism of A(L) using w:

A(l) — (exp(mis(, w)), A()).

To remember this special choice of a lifting homomorphism we will write
A(L)y, while A(L) will mean the same Lagrangian subspace equipped with
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the standard lifting. It is easy to check that the subgroups L, L,, A(L),, and I’
are pairwise compatible. Indeed, the only nonobvious check is compatibility
of I"and A(L),,. The intersection ' A(L),, consists of elements A(m), where
m € M. The lifting of I' maps such an element to (exp(mwis(m, m)), A(m)),
so the compatibility follows from the defining property of w. It is easy to see
that A(L, L,,T") = A(L,, ', A(L),) = 0. Therefore, the equation (4.2.3)
reduces in this case to

C(Lh F7 A(L)w) = C(Lh L27 A(L)w)

By Theorem 4.5, the left-hand side is equal to the Gauss sum of the quadratic
function g, r, A, . We find easily that

AL, T,AL)) = T/(CNLi+TNAL)=M&M /M&M)~M /M,
qr,.raw),®) = (1, (x,0) - (1,0, x)) - (exp(—mis(x, w), (—x, —x))

= exp(mis(x, x) —mwis(x, w)) € U().

To compute c¢(Ly, Ly, A(L),,) we compare it with ¢(L, L,, A(L)). Note that
the quadratic form gy, 1, acz) 1S just s(x, x) on L. Hence, using Theorem 4.8
we get

TiT
(L1, Ly, A(L)) = exp <T)

Now we note that our Lagrangian subgroup A(L),, in H(V) is conjugate to
the subgroup A(L). In fact, we have two natural elements hy, hy € H(V)
such that

ALYy = hi AL = ha A(L)RS ',

namely, 7; = (1, (w/2,0)) and i, = (1, (0, —w/2)). We have the induced
intertwining operators

Ri = Ri(A(L), A(L)w) : ¢ > (h > ¢(h;'h)),i =1,2.
These operators differ by a scalar which we will presently determine. Since
hy'hy = (exp(—mris(w/2, w/2)), (w/2, w/2)),

it follows that exp(%is(w, w))h;lhl belongs to A(L). Hence, for ¢ €
F(A(L)) we have

9 (h"h) = (3 ')y h) = exp (=T sw. w))g (1 'h).
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Thus, R, = exp(—Zts(w, w))R;. On the other hand, since iy € Ly, hy € Lo,
it follows that
R(L;, A(L)y) = Ri o R(L;, A(L)), i =1,2.

Therefore,

i
e(Ly, Ly, A(L),) = exp (‘T(“” w))e(Ly, La, A(L)
= exp (%i(t —s(w, w))). O

In the particular case when the discriminant of s is odd, we get the following
formula originally proven by Van der Blij in [20].

Corollary 4.16. Assume that the discriminant D of s is odd and let w € M
be such that s(x, x) = s(x, w)mod 2 for x € M. Then

|D|"2 - Z exp(dmis(x, x)) = exp (%i(f —s(w, w))).

xeM'/M

Proof. Note that [M’'/M| = D. The fact that |M’/M| is odd implies easily
that w € M with required property exists. By Theorem 4.15 we have

1 TiT
> expriste, ) — st w) = DI exp (7).

xeM'/M

Since 2 isinvertible in M’/ M, we can substitute 2x instead of x inthe LHS. O
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Theta Functions II: Functional Equation

Throughout this chapter we fix a symplectic space (V, E). Recall that ad-
ditional data used to define the theta series is a triple ((I', ), J, L), where
I' is a self-dual lattice in V equipped with a map « : I' — U(1) satis-
fying (1.2.2), J is a complex structure strictly compatible with E, L is a
Lagrangian subspace in V compatible with (I", ). In this chapter we de-
rive functional equations describing the change of the theta series when ei-
ther L or I changes (in the latter case we consider the change of I to a
commensurable lattice). The idea is to consider the theta series 6 . ; (mul-
tiplied by an exponential factor) as an element in the realization F(I") of
the irreducible representation of H(V), associated with the lattice I" (see
Chapter 2). Then this element can be characterized up to a scalar by its in-
variance with respect to some Lie subalgebra P, of Lie H (V) associated
with the complex structure J. On the other hand, one can easily construct
a P;-invariant element f; in the realization F(L) of Schrodinger represen-
tation of H (V) associated with L. It turns out that these two P,-invariant
elements correspond to each other under the isomorphism between F(L) to
F(T') constructed in Chapter 4. If L’ C V is another Lagrangian subspace
compatible with (I, &), then one can easily find the proportionality coefficient
between vectors f; and f;, where the spaces F(L) and F(L’) are identified
as in Chapter 4. Now the functional equation for theta series follows from
the results of Chapter 4, where the constant ¢(L, L', I') measuring the pro-
portionality coefficient between intertwining operators R(L', ") o R(L, L")
and R(L,T) is expressed as a Gauss sum (an 8th root of unity). Choos-
ing a symplectic basis in I' and parametrizing complex structures on V
in a natural way we deduce the classical form of the functional equation
for theta series. The functional equation describing the change of 6y 1
when T’ changes to a commensurable lattice I’ is derived along similar
lines. It uses the constant ¢(L, I', ') that was introduced and computed in
Chapter 4.

61
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5.1. Theta Series and Intertwining Operators

Let H(V) be the Heisenberg group of (V, E), J a complex structure on V
strictly compatible with E. Recall that this means that the corresponding
Hermitian form H on V with Im H = E is positive. Let I' C V be a self-
dual lattice, o : ' — U(1) a map satisfying equation (1.2.2),and L C V a
Lagrangian subspace compatible with (I, «).

In this situation the theta series 07 - ; is a nonzero generator of the space
Fock_o.(V, J)' (see Section 2.5). We are going to show how to obtain this
element naturally using the intertwining operator R(L, T") : F(L) — F(I').

We start with the following observation: the function

(h,v) > A exp (—%H(v, v)) Or.r,.(v)

is a generator of the space of functions ¢ on H(V) that are invariant under
the distribution P} and under the action of I" by right translations and satisfy
¢(Ah) = A7'p(h). The map ¢p(h) — ¢(h~") provides an isomorphism of
this space with the space of functions ¢ on H(V) that are invariant under the
action of T" by left translations and under the distribution P’ (left-invariant
distribution defined by the subalgebra P, C Lie(H(V))c) and satisfy ¢p(Lh) =
A¢(h). But the latter space is precisely the space of vectors in the H(V)-
representation F(I") annihilated by the action of the subalgebra P;. We can
replace F(I") by an isomorphic H(V)-representation F(L), so it suffices to
construct an element in F (L) annihilated by P,. Let us consider the function

T
fi(v) = exp (—E(H — S, v)),

where S; is a C-linear symmetric form on V extending H|..,. Then it
is easy to check that f; is an element of the space F(L) and that f; is
annihilated by P, (the latter condition is equivalent to the fact thatexp(5 H) f.
is holomorphic). Thus, we can get an element in Fock! « Dy applying to f;
the above sequence of isomorphisms. In fact, one gets precisely the theta
series: it is easy to check that

xp (_%H(”’ ”)>9?‘1,r,L(—v) = R(L, ) fL(v). (5.1.1)

5.2. Existence of Compatible Lagrangian Subspace
Let I' C V be a self-dual lattice, o : I' — U(1) be a map satisfying (1.2.2).
Assume in addition that o> = 1.

The equation (1.2.2) implies that «|or=1, so « descends to a
well-defined map & : I'/2I' — {=1}. Identifying I'/2T" with (Z/27)*"
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(where n = dim¢ V') we can consider @ as a quadratic form (Z/27)*" — {£1}
whose associated pairing is equal to exp(rwi E). Self-duality of I implies
that this pairing is nondegenerate. It is well known that every nondegener-
ate quadratic form ¢ : (Z/27)*" — {#£1} by a change of variables can be
brought either to the form (— 1)Zi=1%3% or to the form (—1 Yyt i The
former ones are called even while the latter ones are called odd. A more con-
ceptual way to distinguish the two types is to say that the form ¢ is even if
and only if there exists a subgroup I C (Z/27Z)*" such that ¢|; = 1 and I is
Lagrangian with respect to the symplectic form e(x, y) = g(x + y)q(x)g(y)
(see Exercise 1).

Theorem 5.1. The quadratic form o is even if and only if there exists
a Lagrangian subspace L CV compatible with (I',«) in the sense of
Section 4.5.

Proof. The “if” part follows immediately from the fact that o vanishes on
the subgroup I' N L/2I' N L C T'/2I" (which has order 2"). Conversely,
assume that the form « : I'/2I" — ., is even. Then there exists a direct sum
decomposition I'/2I" = I} @ I, such that «|;, = «|;, = 1. Now it is easy
to show (exercise!) that such a decomposition can be lifted to an isotropic
decomposition I' = I'} @ I',. It remains to take L = RT;. O

5.3. Functional Equation

Let (H, T, «) be as in Section 5.1. Assume in addition that «> = 1 and the
corresponding quadratic form « is even. Recall that for every Lagrangian
subspace L C V compatible with (I, @) the theta series 6} . ; generates the
space T(H, T, @) (see Chapter 3). Thus, if we have another Lagrangian L’
compatible with (I', &) then we necessarily have

o _ o
QH,I‘,L’ =X QH,F,L

for some constant A € C*. Our goal is to determine this constant (or at least
its square).

For every pair M, M, of free Z-modules of rank n = dim V in V such that
each M; generates V over C, we define dety, (M) € C*/{£1} as follows:
choose arbitrary bases of M; and write the transition matrix from the basis in
M, to that in M5, then take its determinant. Up to a sign this number doesn’t
depend on a choice of bases in M;. To get rid of the sign ambiguity one needs
to choose an orientation in M, & M, (then the choice of bases above should
be compatible with this orientation).
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Theorem 5.2. One has
0g = ¢ - detro (TN L2605 1 (5.3.1)

where ¢ = 1. Assume in addition that L N L' = 0. Then we have an
orientationon ' N L & ' N L’ induced by the symplectic form, hence the 4th
root of unity ¢? is well defined. In this situation one has

¢*=i"-c(l',T, L),

where ¢(L', T, L) is equal to the Gauss sum (4.5.2), n = dim¢ V.

Proof of the theorem. The proof is based on the formula

T
exp (—Eﬂ)eg“ — R(L.T)f,

which follows from (5.1.1) since a? = 1. We claim that
R(L, L) fL=c- fr, (5.3.2)

where the measures on V /L and V /L' are normalized using lattices in these
spaces and the constant ¢ € C* differs from detrn, (I' N L/)’% by an 8th root
of unity. Indeed, it suffices to prove this when L N L’ = 0. In this case

RIL.LVfo=d>- |  fulx+1)exp(riEQ, x))dl,
l'el’

where dl’ is the measure on L’ with respect to which the covolume of ' N L’
isequalto 1,d = |I'/(I' N L + " N L’)|. Thus, the computation essentially
reduces to the standard computation of the Fourier transform of the exponent
of a quadratic function so we get (5.3.2) with

c=d} / ex (—Z(H—S N4 l’))dl/ (LY
- , p 2 L ’ - A )
where
1
A = det <5(H — Sp)(e, e}))

for some basis (e;) of I' N L'. Let (e;) be a basis of I' N L, such that ((e;); (e}))
is a positively oriented basis of V. Then we can write ¢; = ) a;;e; so that

A = det(aij) - det (%(H - SL)(eiv 6//)> .
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Now we observe that
1
E(H =S, v)=i-E(l,v)

forany! € L, v € V. Therefore,
1
det <§(H — Sp)(ei, e})) = i"det(E(e;, €})) = i"|((T N L) /(T N L),

where the embedding 'L — ("N L’)Y isinduced by E. Since TNL’ C T
is a Lagrangian sublattice, we have an isomorphism (' N L")¥ >~ T /(' N L),
so that

(CNL) /T NL) =T/ CNL+TNLY =d.
It follows that
¢ = (i" det(a;}))"?

as we claimed.
Now we have

exp <_%H(x, x)> 0 r () =R T)f =c'R(L,T)R(L, L) f1
=c'e(L,T, L)Y 'R(L, D) f1

= ¢le(L', T, L)exp (—%H(x, )00,

It remains to note that ¢(L’, T, L)8 = 1 by Corollary 4.14. O

5.4. Group Action

Let I" be a self-dual lattice in a symplectic vector space (V, E), @ : I' = *1
be a map satisfying (1.2.2). Then we can consider the group G(I', @) of
symplectic automorphisms of I" preserving «.

Theorem 5.3. The group G(I', a) acts transitively on the set of Lagrangian
subspaces L C V that are compatible with (T, ).

The proof is based on the following lemma.

Lemma 5.4. Let L be a Lagrangian subspace compatible with (I', o). Then
there exists an E-isotropic decomposition " = I'y &', suchthatT'y =T'NL
and a = ap(I"1, T').
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Proof. Let us set I'y = ' N L. First we claim that there exists an isotropic
subgroup I'; C I' such that I' = I'; @ I',. Indeed, since the natural map
'Y — TI'Y is surjective, from self-duality of I we deduce that the natural map
/Ty - (CNL)Y:x+— E(x,-)isan isomorphism Let Fg C T" be some
complement tol'yinI',sothatI' =T &P F2 Then the restrlctlon of E to
' x F2 is a perfect pairing. Let us choose a bilinear form B on Fz such that
E|g,F, 18 a skew- symmetrlzatlon of B,ie., E(x,y) = B(x,y) — B(y, x)
forx,y e I‘z Let f : I‘z — I'| be a homomorphism such that E(f(x), y) =
—B(x,y) for x,y € F2 Then I'y = {f(x) + x,x € I‘z} is an isotropic
complement to I';.

The map « differs from ao(I";, ') by a homomorphism I' — +1 which is
trivial on I';. Now we claim that @ = «o(T";, I'}) for an appropriate isotropic
sublattice I'), of the form (f(y2) + y»,y» € To) where f : I, — I'jisa
symmetric homomorphism (note that I'; can be identified with I}’ via E).
Indeed, we have

ao(T1, T)(y) = ao(T1, To)(y) - exp(i E(f (y2), ¥2)).

where y = y; 4+ y» and y; € T';. Itremains to notice that every homomorphism
from I'; to £1 has form y, +— exp(wi E(f(y2), y2)) for some symmetric
homomorphism f. O

Proof of Theorem 5.3. By Lemma 5.4 it suffices to prove that G(I'", «) acts
transitively on the set of E-isotropic decompositions I' = I"; @ I'; such that
o = ap(I'y, I'y). Given two such decomposition' =T, T, =T @ T, we
can choose a symplectic automorphism g : I' — T" such that g(I';) = I'; for
i = 1, 2. Since « is determined in terms of either of these two decompositions,
the element g will automatically belong to the subgroup G(I, o). O

Let us denote by D the space of complex structures J on V strictly compat-
ible with E. Recall that strict compatibility means that J is compatible with
E and E(Jx, x) > 0. Thus, D can be identified with an open subset in the
Lagrangian Grassmannian of V ®g C (see Section 2.4). In particular, D has
a natural complex structure. The group G(I', &) acts on D by holomorphic
automorphisms: an element g € G(I', &) sends J € D to gJg~!. We have
the induced action of G(I", ) on the space O*(D) of invertible holomorphic
functions on D: g - ¢(J) = ¢p(g~'Jg). For every J € D let us denote by
H; the J-Hermitian form on V with Im H; = E. We want to look at 6 as a
function of J, sowe fix I', E and « once and for all, and rearrange our notation
as follows: 6, (v, J) := '91%,,1‘., 1 (v) where L C V is a Lagrangian compatible
with (I, @). Then for a pair of Lagrangians (L, L") compatible with (", o)
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and a complex structure J € D, we can consider the nonzero constant

OL’(.’ J)

CL,L’(J) = 6,.(- J)‘

Theorem 5.2 tells us that
cLp(J) = ¢ - detf (TN L),

where ¢® = 1, and gives an expression for ¢2 in the case L N L' = 0 (the
superscript J means that the complex structure J is used when computing
the relative determinant). Now let us set L’ = gL for g € G(T', ). Since
O (v, J) = 0(g " "v, g7 Jg), we have

0.(g7 v, g7 8) = cr(e)()OL(v, J), (5.4.1)

where ¢ (g)(J) = ¢ g1 (J). This equation implies that g — c;(g) as a 1-
cocycle of the group G(T", o) with coefficients in O*(D). On the other hand,
Theorem 5.3 implies that the cohomology class of ¢ (g) does not depend
on L.

Let us choose an orientation on L. Then for every g € G(I', @) we have
the natural orientation on gL induced by the isomorphism g : L — gL. Let
us define det(Jm 1)(I' N gL) using these orientations. Note that this number
does not depend on a choice of orientation on L. Then we claim that

g (7 det) (T NgL))

is a 1-cocycle with values in O*(D). For a complex number z = x + iy, a
vector v € V and a complex structure J € D, letusdenote zx, v := xv + yJv.
Then for any g € G(I', o) we have g(z *; v) = 2 %441 (gv). Using this obser-
vation we can prove our claim as follows. Let (¢;) be a basis of I' N L. Then
(ge;) is a basis of I' N gL. By the definition, detI{mL(F N gL) = det AS(J),
where the complex matrix A$(J) is defined by ge; = Z; A8(J)jj *yej. Now
for a pair of elements g1, g, € G(I', «) we have

g1g26i=zgl(z4g2 ngl) kool g, € ZAgZ 1), %1 (g1e))
J

= Z (Agz(gl_l‘]gl)ijAgl(‘])jk) *J €.
jk
Hence,

A%&8(]) = A% (gl_ngl)Ag‘(J).

Passing to determinants we finish the proof of our claim.
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Now the second part of Theorem 5.2 implies that for every g € G(I', @)
such that gL is transversal to L, one has

cL(g)(J)? = i"c(gL, T, L)* - e(g) - detl, (T N gL),

where €(g) = %1 is the difference between the orientation of V = L @ gL
induced by some orientation of L and the natural orientation of V induced by
the symplectic form (e(g) doesn’t depend on a choice of orientation on L). It
follows that the map

g i"c(gL,T, L)’e(g)

extends to a character of G(I', &) of order 4. It is instructive to compare
this conclusion with the result of Proposition 4.9. Let us set L; = g1gL,
L, = gL, Ly = L, where g1, go € G(T', o) are such that L; are pairwise
transversal. Then we derive that

i
eXp <—7m(8182L, giL, L)) = s(g182)s(g1) 's(g2) 7", (5.4.2)
where

s(g) =1i"e(g)

for g € G(I', @) such that gL is transversal to L. Note that the lattice I" plays
no role in this formula. In fact, it holds for arbitrary g;, g in the symplectic
group, such that the Lagrangian subspaces L, L,, L3 are pairwise transversal
(cf. [84], (1.7.8)).

5.5. Theta Series for Commensurable Lattices

In Section 5.3 we studied what happens with the theta series when we change
a Lagrangian subspace L (and fix all the other data). Now we are going to fix
the data (V, H, L) and change the lattice I" and its lifting «. Namely, assume
that I’ is another self-dual lattice (with respect to E) equipped with a lifting
«’ such that o’ |~y = 1. We assume also that I and I'" are compatible, i.e.,
I' and I’ are commensurable and «|rnr = ' |rar.

Theorem 5.5. One has
TNL/TNI'NL|:
T'NL/TNI'NL
> UwonrB5irs

y'el’/ NI

/TN

0% =c(L, I, T)
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where ¢(L, T, T) is equal to the Gauss sum associated with the quadratic
function qp 1 on the finite group LN (T +T)/(LNT + L NT) (see
Section 4.3).

Proof. This essentially follows from the equality (5.1.1) applied to I" and T/
and from the equality

R(L,T")=c(L,T",T)R(I, T") o R(L,T).

One only has to be careful about one point: the canonical measures on V /L
induced by the lattices '/ T' N L and I’/ 'V N L are different. This accounts
forthe constant TN L/ T NT'N Ll%/|F’ NL/TNT'N L|%.Also, we have
to note that under the isomorphism f +— exp(—%H (v, v)) f(—v) between
Fock(V, J)and F+(J) the operators U}, of the Fock representation correspond
to the operators ¢(h') — ¢(h~'h’). The latter operators are precisely the ones
used in the definition of R(T", I'"). O

Corollary 5.6. Assume in addition that (' +T")NL =T NL+T'NL. Then

O =I0'NL/TNT' NLI™- Z UewonnfirL
y'el/TAr

Proof. Indeed, according to Theorem 4.5, in this case ¢(L,’/,T) = 1. On
the other hand, since the lattice 'y = ' NI + (" +T) N L is self-dual, we
have

IT’/TNT|=|T/TNT|=(TNL+T'NL)/TNT'NLJ.
Using the exact sequence

0O—-TNL/TNT'NL—- TNL+T'NL)/TNT'NL
—-I'NL/TNT'NL—0

we get
ITNL/TNT'NL|? ) L
] =I'NL/TNI'NL|"2,
I/ NIz
which gives the required form of the constant factor. O

As in Section 5.4, we can rewrite the equation of Theorem 5.5 in terms
of the action of the symplectic group on D. Namely, let Sp(I' ® Q) be the
group of symplectic automorphisms of I' ® Q. Then for a self-dual lattice
I' C V and for an element g € Sp(I" ® Q), the lattice gI" is again self-dual
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and commensurable with I". Thus, if we start with the data ((T', &), J, L)
as above and set I =gI', o’ =« o g~!, then we can apply the equation
above provided that «'|rn =1 and o'|rar = &|rar. The former condi-
tion is equivalent to the compatibility of g~'L with (T, «). The latter
condition is equivalent to the equality a(y)=a(g(y)) for yeg~'I' N T.
Denoting as befque O (v, J) :91%,,1“1(”) (where (T", @) is fixed) and using
the equality 0;,°%, ., (v) =0,-1.(¢"'v, g7'Jg), e can rewrite the equation
of Theorem 5.5 in the form

ITNL/TNglNL|:
gTNL/TNgINL|

_1
g/ ngr|~=- Z (U(é(y),gy)eL)(v’ J)
yel'/g-ITNr

Op-10(g v, g7 Jg) =c(L, gl T)-

(where U denote the operators of the Fock representation associated with J).
On the other hand, since the Lagrangian g~' L is compatible with (T, o), we
have

1

0L(g v, g7 V) =cer.1(g7'Tg) 11 (g v, 87 )

Combining this with the previous equation we get
ITNL/TNglNL|
sTNL/TNglNL|:

_1
g/ ngl™= - Z (U(it(y),gy)eL)(v’ J).
yel/g~'rnr

0.(g v, g7 Jg)=coip.1(g7'Jg) - (L, g1, T) x

Let us replace g by g~!. Then we obtain the functional equation

6L(gv, gJg™")

B » ITNL/TNg 'TNL
=Cor,1(gJg ) -c(L, g7 I, T") x

lg"'TNL/TNg-'TNLI
_1
AT/TNETI™2 - 3 cr/erar (U(‘;(y),g*]y)el‘)(v’ I, (5.5.1)

where an element g € Sp(I"®Q) is such that g L is compatible with (I, &) and
a(gy) = a(y) whenever both parts are defined. In the case when g preserves
the lattice T, this is the usual functional equation. On the other hand, if
g € Sp(I' ® Q) is such that gL = L (and a(gy) = a(y) fory e T Ng™'I),
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then the equation simplifies as follows:

T NL/gTNTNL|
ITNL/gTNTNL|

X Z (U({x(y).g*‘w@L)(v’ ).

yel/gI'nr

1
OL(gv,gJg ) =c(L,g"'T,T)- |T/TNgl|~2

Another interesting special case is when gJg~! = J. Then g can be consid-

ered as an element of End(A) ® Q, where A = V/T is an abelian variety
corresponding to J, such that g preserves the polarization on A. In this case,
the equation (5.5.1) is an explicit form of the action of g on theta series.

5.6. Classical Theta Series

In this section following the tradition, we denote the dimension of V by g
(hopefully this will not lead to confusion with the notation for a group
element).

Let us fix a symplectic vector space (V, E) with a self-dual lattice I" and
amap o : I' = =+£1 satisfying (1.2.2). Assume in addition that « is even.
Then according to Theorem 5.1 and Lemma 5.4, we can choose an isotropic
decomposition I' = I'} @ I'; such that o = «o(I"}, ;). We set L; = RI;,
i =1,2. Let us choose a basis ey, ..., e, of I';. Let fi, ..., f, be the dual
basis of I'j, so that E(f;,e;) = &;;. Let J be a complex structure on V
strictly compatible with E. Then J is determined uniquely by the complex
Lagrangian subspace P; C V ®g C, consisting of elements v @ 1 + Jv ® i,
where v € V. Since P; N L; g C = 0 fori = 1,2, Py is the graph of a
symmetric homomorphism ¢; : L Qg C — L, ®g C. This homomorphism
can be described by a symmetric matrix Z = (Z;;) € Maty(C) such that
d(fi ®1) = =) ;e ® Z;jj. We claim that Z is also characterized by the
equations

fi=Y Zijxsen j=1....3g. (5.6.1)
i=1¢

Indeed, by the definition, P, is spanned by the elements f; @ 1 —) . ¢; ® Z;;.
It remains to use a natural isomorphism of C-vector spaces V; = V ®g C/ P,
where V; denotes V considered as a complex vector space via J. It is easy to
check that if we identify V with C# using (e;) as the complex basis of V, then
the J-Hermitian form H such that Im H = E is given by the matrix (Im Z)~!.
Also, under this identification the lattice I becomes ZZ8 @ Z8 C C¢ with
I'y = Z78,1", = 78 . Therefore, the isomorphism classof data (V, E, J, ', )



72 Theta Functions II: Functional Equation

can be recovered from the matrix Z which should be an element of the Siegel
upper half-space §),, consisting of complex g x g matrices, such that Z' = Z
andImZ > 0.

Conversely, for every element Z € §), we have the lattice I'(Z) = ZZ8 +
Z# in C# and the Hermitian form H, on C# given by the matrix (Im Z)~! in
the standard basis (e;), such that fi = Zey, ..., f; = Zeg, eq, ..., eg is the
symplectic basis of I'(Z) (with respect to the symplectic form E; = Im Hy).
In particular, the decomposition I'(Z) = ZZ¢ @ Z# is isotropic, so we have
the corresponding map o : I'(Z) — {£1}. One also has the corresponding
decomposition C8 = ZIR¢ @ R¢ into Lagrangian summands. For x € C# we
use the notation x = Zx; + x, where x;, x, € RS. Now for any ¢ € C# one
has

a T . (4
U004, rz)re(*) = exp (§Sz(x, x) —mi(e) - 62)9 [Cj (x, 2),
where Sz(x,y) = x'(Im Z)~ 'y, 9[3]()@ Z) is the classical theta series with
characteristics:

0 I:i;:l x,2)= Zexp(m'(l +c)'ZU+ ) +2mi(x + ) +¢y))
leZs

for x € C8. In particular,
0 x)=exp|=8z(x,x))0(x, Z
Hyr(z),Rs (X) p 5 z(x,x))0(x, Z),

where 0(x, Z) = 0[8](x, Z). Now let us fix the data (V, E, I, @) and
the symplectic basis (fi, ..., fg. €1, ..., e,) as above. The correspondence
J +— Z defines an isomorphism D 2~ §,. In particular, the group Sp(I") of
symplectic automorphisms of I' acts on §),. To write the formula for this
action we represent an element 7 € Sp(I") by a 2g x 2g matrix with respect
to the basis (fi, ..., fg, e1, ..., e,). We write this matrix in the block form:
T = (2 5), where A, B,C, D € Mat(g, Z). Letus set J/ = TJT " and let
Z' be the corresponding element of the Siegel space. Applying T to (5.6.1)
we get

T(f)) =) Zij*r T(er).
i=18
Substituting the expressions for T'(e;) and T(f;) in terms of A, B, C, D and
using (5.6.1) for the data (J', Z’) we get the matrix equation

ZA+C=DZ+Z7ZBZ.
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Hence, T(Z) = Z' = (DZ —C)(—BZ+ A)~'. Now we are going to interpret
the functional equation (5.4.1) as the transformation formula for the classical
theta series considered as a function of Z € $), and v € C# under the action
of the subgroup of Sp(Z?¢) preserving the quadratic form Y %, x;y; modulo
2 (we will denote this subgroup by Gy ). Let us rewrite (5.4.1) as

OL(v, J) = c(T)(JN0L(Tv, J'),

where T € Gy ,. Note that the identification of V with C# corresponding to the

complex structure J sends the Lagrangian subspace L spanned by ey, ..., e,
to R8. Moreover, the real coordinates [ﬁ;] on C# given by x = Zx| + x; are
precisely the coordinates with respect to the basis (f1, ..., fy, €1, ..., €g).
Thus, we get

exp (%Sz(x, x))e(x, Z) = e (T)(J')exp (%SZ'()C/, x’))e(x’, Z), (56.2)

where Z' = T(Z), x' = Z'(Ax| + Bx;) + (Cx; + Dx;). We are going to
express everything in terms of x’ and Z’. First, we have Z = (Z'B + D)~!
(Z'A + C). Next, we have

x'=(Z'A + C)x1 + (Z'B + D)x; =(Z'B + D)(Zx, + x2) =(Z'B + D)x,

hence x = (Z'B + D)~'x'. Also, ¢, (T)(J') = ¢ - det(Z'B + D)%, where
¢8 = 1. It remains to compute Sz/(x', x") — Sz(x, x). This is done in the
following lemma.

Lemma 5.7. One has

Sz (x',x") — Sz(x,x) =2i(x')' - B(ZB+ D)™ - x'.

Proof. First we claim that H, (x’, x") = Hz(x, x). Indeed, this follows from
equalities

H;(v,v) = E(Jv,v) = E(TJT)(Tv), Tv) = Hyj7-1(Tv, Tv).
Next, we observe that
(Sz — Hz)(x,x) = (Sz — Hy)(x, Zx1) = 2ix" - xy,
where x = Zx; + x;. Therefore,

Sz(x', x") = Sz(x, x) =2i - [(x") - x| —x" - x1].
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Note that 7~ ! = (_DC’, ‘Al?'). Hence, x; = D'x| — B'x}. On the other hand,
x = (Z'B + D)~'x'. Therefore,

x'xy = (&Y(B'Z' + D) \(D'x] — B'x})
=) (B'Z'+ D) '(B'Z' + D")x| — B'x)
=) -x} —()'(B'Z + D) 'B'x
=) -x{ —()B(Z'B+D)'x

and the result follows. O

Combining the above calculations and replacing (x’, Z) by (x, Z), we can
rewrite the equation (5.6.2) in the form

0((ZB + D) 'x,(ZB + D) (ZA + C))
= ¢ -det(ZB + D)? exp(wi[x' - B(ZB + D)™ - x])0(x, Z),
(5.6.3)

where ¢® = 1. This is the classical form of the functional equation for theta
series.

Remark. The above construction identifies the set of isomorphism classes of
data(V, H, T, ) where o> = 1 and @ is even, with the quotient of $, by Gy ,
(see Exercise 3). This quotient should be considered as an orbifold (roughly
speaking, this is an additional structure that remembers stabilizer subgroups of
points in §), under the action of Gy ,). The functional equation (5.6.3) implies
that 6(0, Z) defines a section of a line bundle L on $),/Gg, ;. Moreover, the
pull-back of this line bundle to §),, is trivial and (5.6.3) gives an expression for
the corresponding 1-cocycle of G4 , with values in O*($),). One can deduce
from this that L8 is isomorphic to *, where w is the determinant of the relative
cotangent bundle of the universal abelian variety over $,/Gg ¢ (see [90]).

Exercises

1. (a) Letq : (Z/2Z)* — p, be a nondegenerate quadratic form. Let
g~ '(1) be the set of vectors v € (Z/27)* such that g(v) = 1. Show
that

2¢~1(28 4 1), g iseven,

-1
| =
lg 267128 — 1), ¢ is odd.
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(b) Prove that y(q) = 1if g is even and y(q) = —1 if g is odd. Thus,
y(g) coincides with the Arf-invariant of g.

(c) Show that g is even if and only if there exists a subgroup I C
(Z,/27,)* of order 2¢ such that g|; = 1.

(a) For a pair of Lagrangians L, L’ C V there is a canonical orientation
of the space L @ L’ induced by the isomorphism

L/LNLY®L/(LNL)~(L+L)/(LNL"

and by the symplectic structure on the latter space. Thus, if L and
L’ are compatible with (T", &) then we can correctly define detrny
(' N L"). Show that

é-z — in—dim(LﬂL’) . C(L/, 1—1’ L)2

where ¢ is the root of unity in the functional equation (5.3.1).
(b) Deduce from (a) that (5.4.2) holds for arbitrary g, g» € G(T, ),
where

n—dim(LNgL)

s(g)=i -€(g),

(as before €(g) is the difference between two natural orientations on
L&gl).

(a) Show that isomorphism classes of data (V, H, T, &), where o = 1
and o is even, are in bijection with the quotient of §), by the action
of Fg’g.

(b) Write explicitly an isomorphism of two data

(C8,Hz,T'(Z), ap,z) = (C?, Hr(z), T(T(Z)), a0, 7(z))

forT = (é g) in g ,.
Show that every isomorphism class of data (V, H, T, «), where o® = 1
and « is odd, comes from some element Z € §), as follows: V = C§,
H=(>Um2)""\ T = ZZ8 + 7%, a(Zn| + ny) = (—1)yn"mHuitimn),
where ny, n, € Z8.
(a) LetI'; C C be the lattice Z + Zt, where T = « + if is an element
of the upper half-plane. For o = m 4+ nt € I'; let us denote x(w) =
(—1)™". Prove that there exists a constant ¢(t) such that

T
x(@)exp (——(o|* + 2ou + u*)) = c(1)0(u, 7).
2w (-3 )
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(b)

(©

(d)

Theta Functions II: Functional Equation

Show that on the other hand,
3 x(@)exp (—1(|w|2 +20u + u2)> —0 ((314 Lu> z)
vl 2p 2628

where Z is the following element in $;:

z= (")
26\ 7T 1

Prove that the decomposition of C? into the direct sum of the sub-
spaces (z; = 1zp) and (z; = —Tzp) is compatible with the lattice
7* + Z72. Then use the functional equation to deduce that

> x(@)exp (—lw) = ¢ -/2B6(0, 1)0(0, —7),

wel'; 2’3
where { = *£1. Considering the limit § — oo show that { = 1.
Combining this with (a) we get the equality

Z x(w)exp <_2n_ﬂ(|w|2 + 2ou + u2)> = /2B6(0, —D)f(u, 7).
wel’;

Prove the following identity (a particular case of Proposition 4.1 of

[125]):

> x(@)exp (—%(|w|2 + 2ou + 200 + v* 4 20u + u2)>

wel;

= /2B0(v, —T)0(u, 7).



6

Mirror Symmetry for Tori

In this chapter we describe a correspondence between symplectic tori and
complex tori that is a particular case of mirror symmetry (see Section 6.1
for some discussion of the relevant parts of mirror symmetry). We also con-
struct for such a dual pair (T, T’) (where T is a symplectic torus, T’ is a
complex torus) a correspondence between Lagrangian subspaces in 7 and
holomorphic vector bundles on T’. The natural context for these construc-
tions is the following situation. Let M be a symplectic manifold equipped
with a fibration p : M — B. We assume that every fiber of p is a Lagrangian
submanifold of M and is isomorphic to a torus (we also usually assume that a
Lagrangian section of p is fixed). Then the total space of the dual torus fibra-
tion p¥ : MY — B has a natural complex structure. Also, there is a natural
line bundle with connection (P, V) on M x5 MY, such that its restriction
to the fiber of the projection M xp MY — M over a point § € M is the
local system on the torus p~'(p"(£)) corresponding to &. To a Lagrangian
submanifold L C M that intersects all fibers of p transversally, we associate
a holomorphic vector bundle Four(L) on M (called the Fourier transform of
L) in the following way. Consider the restriction of (P, V) to L xp M", and
then take the push-forward of this line bundle to M. The (0, 1)-component
of the connection on this vector bundle induced by V is flat, so it defines a
holomorphic structure. The Dolbeault complex of Four(L) can be identified
with the complex of rapidly decreasing differential forms on an (infinite) un-
ramified covering of L with a modified de Rham differential. The construction
of Four(L) can be generalized to include an additional datum, a local system
on L. Also, the symplectic form on M can have a complex part (which is
a closed 2-form on M). The main example we are interested in is when M
is a torus T equipped with a constant symplectic form, p : T — T /Ly is
the fibration associated with a linear Lagrangian subtorus Ly C 7. Then the
dual manifold M is a complex torus. If we allow the symplectic form on
M = T to have a complex part, then we can obtain every complex torus in
this way. In the next chapter we will show how to compute in this situation
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the cohomology of Four(L) on M"Y, where L is a Lagrangian subtorus in T,
transversal to Ly.

It turns out that the mirror symmetry between symplectic and complex tori
is related to the usual duality of complex tori. Namely, we prove in Section 6.5
that dual complex tori are mirror dual to the same symplectic torus (with two
different Lagrangian fibrations). As is explained below, this fact provides a
link between Kontsevich’s homological mirror conjecture and the Fourier—
Mukai transform which will be considered in Chapter 11.

6.1. Categories behind Mirror Symmetry

This is a little digression providing a general context and motivation for what
we are doing. The reader may skip it without any harm for understanding the
other parts of this chapter.

Mirror symmetry is a many-facet correspondence between symplectic
and complex geometry developed to understand formulas for the numbers
of rational curves on some 3-dimensional Calabi—Yau manifolds (complex
algebraic manifolds with trivial canonical bundle) discovered by physicists,
see [134] and references therein. These formulas involve Hodge theory on
mirror dual Calabi—Yau manifolds. At present we do not have a precise
definition of the notion of a mirror dual pair of Calabi—Yau manifolds that
would encompass all the known examples of such pairs (for a definition in
the context of toric geometry, see [10]). Despite this fact, there has been a
remarkable progress on understanding the mirror symmetry phenomenon.
On the one hand, the problem of counting rational curves on Calabi—Yau
manifolds has been embedded in the general context of the theory of
Gromov—Witten invariants; see [72]. Then using the localization techniques,
many of these invariants were computed confirming the predictions made
by physicists; see [50, 71]. On the other hand, M. Kontsevich [70] presented
the idea of homological mirror symmetry which states that there should be
an equivalence of categories behind mirror duality, one category being the
derived category of coherent sheaves on a Calabi—Yau manifold, another — the
Fukaya category associated with a mirror dual manifold (which was invented
by K. Fukaya [43]). Roughly speaking, objects of the Fukaya category are
Lagrangian submanifolds equipped with some additional structure, while the
morphisms are given by the Floer homology. However, the complete details
of the definition of Fukaya category are very complicated (for example, it
is not really a category, but an A.-category). The most up-to-date version
of this definition can be found in [45]. Another important idea, proposed by
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A. Strominger, S.-T. Yau, and E. Zaslow [126], is that mirror-dual Calabi—Yau
manifolds should be fibered over the same base in such a way that generic
fibers are dual tori and each fiber of any of these two fibrations is a Lagrangian
submanifold. For generic Calabi—Yau hypersurfaces in toric varieties, such fi-
brations, called Lagrangian torus fibrations, were constructed by W.-D. Ruan
(see [120]). Their topology was extensively studied by M. Gross (see [53]).

In the case of abelian varieties there is a precise definition of mirror duality
(see [51], [87]) which agrees with the Strominger—Yau—Zaslow approach
via dual torus fibrations. In this case a version of Kontsevich’s homological
mirror conjecture was proven by M. Kontsevich and Y. Soibelman [73]. The
correspondence between Lagrangian submanifolds in the symplectic torus
and holomorphic vector bundles on the mirror dual complex torus considered
below is one of the building blocks of their proof.

Kontsevich’s homological mirror conjecture implies that Calabi—Yau
manifolds that have the same mirror, should have equivalent derived cate-
gories of coherent sheaves. This was indeed checked in some cases. The most
spectacular result in this direction is the proof by T. Bridgeland of the fact that
birational Calabi—Yau threefolds have equivalent derived categories; see [27].
Historically, the first example of an equivalence between derived categories
of coherent sheaves on different varieties was the Fourier-Mukai transform
which is an equivalence between derived categories for dual abelian varieties
(@it will be studied in Chapter 11). This equivalence fits nicely in the above
context, since as we prove in Section 6.5, complex dual tori have the same
mirror.

It will be more convenient for us to leave the category of algebraic man-
ifolds and to consider below more general mirror dual pairs consisting of a
complex torus and a symplectic torus. Furthermore, a large part of the theory
is carried out for an arbitrary Lagrangian torus fibration with smooth fibers.
However, the reader will not lose much by assuming that our manifolds are
tori themselves, since in the compact case this is the only interesting example
when such fibrations exist.

6.2. Mirror Dual to a Lagrangian Torus Fibration

Let (M, w) be a symplectic manifold, p : M — B be a smooth map such that
all fibers p~!(b) are Lagrangian tori (thus, the restriction of w to every fiber
is zero). We also always assume (except for Section 6.4) that there exists a
C*-section 0 : B — M of p, such that the submanifold o(B) C M is
Lagrangian. Examples of smooth Lagrangian torus fibrations without such a
section are presented in Exercise 1.
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Proposition 6.1. In the described situation, there is a natural symplectic iso-
morphism M ~ T*B/T', whereI" C T*B is a relative lattice in the cotangent
bundle to B, locally generated by closed 1-forms. Under this isomorphism
the section o (B) corresponds to the zero section in T*B.

Proof. Since T, p~'(b) is a Lagrangian subspace in T, M for x € p~!(b), we
have an isomorphism

T,B =TM/T,p~ (b)) ST p~'(b) : v > o(-, v).

This gives an action of 7, B on p~'(b). Since we have a marked point o (b) €
p~'(b), we can identify p~!(b) with the quotient of 7;* B by some lattice in
such a way that the action of 7,7 B becomes the usual action by translations
(and o (b) corresponds to zero in 7, B). This construction globalizes to an
isomorphism M =~ T*B/T for some relative lattice I' C T*B. Locally we
can choose a basis of 7* B consisting of closed forms. Since the corresponding
vector fields on M are hamiltonian, the constructed morphism 7*B — M
is compatible with symplectic structures. Therefore, translations by local
sections of the lattice I' preserve the canonical symplectic form on 7*B.
Equivalently, all local sections of I" are closed 1-forms. O

The isomorphism of the above proposition induces an identification of the
tangent sheaf®> T on B with R! p«R, such that the lattice I" is dual to the
lattice 'V = R'p,Z C R'p,R =~ Tp. There is a natural flat connection on
R'p.R with respect to which the lattice I'V is horizontal. It induces a flat
connection on 7. The fact that local sections of I are closed 1-forms implies
that this connection on T is symmetric (= torsion-free), i.e., it admits locally
a horizontal basis of commuting vector fields. Therefore, the induced flat
connection on Ty, is also symmetric.

From now on we assume that in addition M is equipped with a covariantly
constant 2-form & and we set 2 = w 4 i§ (€2 is automatically closed). We
will refer to 2 as complexified symplectic form on M.

Now we consider the family of dual tori

MY =TB/TV % B.

The connection on Ty gives an isomorphism T,M" = T, B & T, B for any
y € (p¥)~'(b), such that the map d,p* : TyM" — T,B coincides with the

5 We reserve the notation 7 B for the total space of the tangent bundle to B, while Tp denotes the
tangent sheaf.
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projection to the first summand. Now we define an isomorphism
T,B ® T, B Homg(Txp~'(0), C) : (v1, v2) k> Q. v1) + io(-, v2).

Using this isomorphism we obtain a complex structure J on the space 7, B @
T, B. Here is an explicit formula:

J(v1, v2) = (—v2 — Avy, v; + Avy + A%v)),

where A : T, B — T, B is the operator defined by the condition w(-, Av) =
&(-, v). Equivalently, this complex structure can be described by specifying
the antiholomorphic subspace P; C T, M " ¢.If weidentify T, M " with T, B®
T}, p~ ' (b), then P; = {(v, i, v)), v € TyBc}.

Proposition 6.2. The almost complex structure on M" defined above is
integrable.

Proof. This follows essentially from the fact that the connection on T is
symmetric and €2 is horizontal. The details are left to the reader. O

Definition. M considered as a complex manifold, is called mirror dual to
(M, Q).

Remarks. 1. The summands of the decomposition T\M = T,.)B @
T, p~'(p(x)) define integrable distributions on M, so we can decompose our 2-
form 2 into types with respect to this decomposition: 2 = Q) + Q57 + Q¢
(the subscript b stands for “base”, while f stands for “fiber””). The definition
of the complex structure on M " depends only on ¢, so we can assume from
the start that 2, = fo =0.

2. It is easy to see that the construction of M and the complex structure on
itdo not depend on a choice of a Lagrangian sectiono : B — M. This section
will play an important role below in the construction of the real analogue of
the Poincaré bundle.

6.3. Fourier Transform

There is a natural line bundle with connection (P, V) on M xz MY, which
comes from the interpretation of fibers of p“ as moduli spaces of unitary
rank-1 local systems on the fibers of p. Here is an explicit construction. Using
connections on 7*B and T B we can choose local isomorphisms M ~ X x B,
MY ~ XV x B,where X = V/T isatorus, X" is a dual torus, in such a way
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that o corresponds to 0 x B C X x B. By the definition, the pull-back of P
to V x XV x B is trivial, with the I"-equivariant structure given by

(), x", b) = exp(—2ri(x", y)) f(v —y,x",b),

where y € I', and with the connection d 4+ 27i{dx", v) (where (v, x, b) are
coordinates on V x XY x B). The claim is that these local data glue into a
global one (for this a choice of a section o is important). Note that V is not
flat although its restrictions to fibers of p and p“ are flat (and have unitary
monodromies).

Remark. Assume that the base B is a point and that the torus X = V/ T
has a complex structure. Then the dual torus X" can be identified with the
complex dual of X (see Chapter 1). Furthermore, in this case the 3-component
of V is integrable, so P can be considered as a holomorphic line bundle. It is
easy to see that in fact P coincides with the Poincaré line bundle defined in
Chapter 1.

Let L C M be a submanifold such that p|; : L — B is an unramified
covering, and let (£, V) be a complex vector bundle with connection on L.
We define the Fourier transform of (L, £) by the formula

Four(L, £) := (py):((i x id)*P ® pt L), 6.3.1)

where pyv 1 L xg MY — MY, (i xid): L xg MY — M xp MY, and
pr ¢ L xg MY — L are the natural maps. The map py~ is an unramified
covering, so Four(L, £) is a bundle with connection on M.

Theorem 6.3. The d-component of the connection on Four(L, L) is flat (so
Four(L, £) can be considered as a holomorphic vector bundle on M) if and
only if curvV, = 21 Q.

Proof. Let us denote L xg M = N. Since the map pyv:N — M" is an
unramified covering, we have the induced complex structure on N. Now
the (0, 1)-component of the connection on Four(L, £) is flat if and only if
the same is true for the connection V = (i xid)*V ®id + id ® pj V. on the
bundle (i x id)*P & (pL)*L over N. The subspace of antiholomorphic tan-
gent vectors in T, M >~ T, Bc & Ta*(b) p~'(b)c (where p¥(y) = b) consists of
vectors of the form (v, i€2(-, v)), where v € T, Bc. Similarly, for (I, y) € N
(where I € L,y € M) we can identify T; ,yN with ;L & Tj(b)p_l(b),
so that antiholomorphic tangent vectors in T ) Nc correspond to vectors of
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the form (v, iQ(-, dp(v))), where v € TjLc. Note that 4*Y is the skew-
symmetric bilinear form on T(M x g M") obtained as the pull-back under
the map

T(M xy MY)— Tp~'(b)® T*p~'(b)

of the natural symplectic form on the latter space. Therefore, the restriction
of curv(V)/2mi to the space of antiholomorphic tangent vectors (identified
with T;L¢) is equal to i 2|, . Hence, the restriction of curv(%) to this space is
equal to =27 Q| + curv(Vp). O

In particular, if 2|, = 0 and the connection V/ is flat then Four(L, £) is
a holomorphic vector bundle on M.

6.4. Twisted Case

As we have already remarked, Lagrangian torus fibrations do not always
admit a Lagrangian section. In general, such a section exists only locally. Let
us choose a covering (U;);¢; of B and Lagrangians sections o; : U; — M of p
over U;. Although the construction of the mirror dual M does not depend on
a choice of Lagrangian section, the Poincare bundle P does depend on such a
choice (since we trivialize P along this section). Let P; be the Poincare bundle
over p~1(U;) xy, (p¥)~!(U;), then for any open subset V C U; we denote by
Four!" the corresponding Fourier transform over V. Now let U;; = U; N U;.
Then we can define a holomorphic line bundle P;; on ( )~ N(U; ;) as follows:

U,',‘
Pij = FOlll"l- ’ (O’j(U,‘j)).

One can check that there are canonical isomorphisms o;jx: P;j @ Pjx =
P;; over (pV)"NU; NU ;i N Uy), which are compatible over quadruple inter-
sections. Using these data we can define the following category C of twisted
coherent sheaves on M. An object of C is a collection of coherent sheaves
Q; over (p¥)~'(U;) and a collection of isomorphisms Q; ® P;; >~ Q; over
(pv)_l(Ul-_,-) that are compatible with isomorphisms «;j; over U; N U; N Uy.
Now if L C M isalagrangian submanifold, étale over B, then its local Fourier
transforms Four;(L|,-1y,)) glue into a locally free object of C.

Remark. The reader familiar with the language of gerbes may notice that our
data define a gerbe on M with the band O* (see [49]). It represents certain co-
homology class e € H*(M", O*). The category C is the standard twist of the
category of coherent sheaves by an O*-gerbe. Its objects can be alternatively
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described using a sufficiently fine covering (V;) as collections of sheaves Q; on
Vi equipped with isomorphisms on intersections V; N V;, which are not com-
patible on triple intersections, but differ by a Cech 2-cocycle representing e.

6.5. Mirror Duality between Symplectic and Complex Tori

In this section we specialize to the case when M = V/T is a real torus,
Q = w + i& is a complexified (constant) symplectic formon V.Let L C V
be an 2-Lagrangian subspace, i.e., a linear subspace of dimension dim V /2
such that 2|, = 0. We assume also that L is generated over R by I' N L.
In this situation we can consider the Lagrangian torus fibration p : V/T" —
V/(L + I'). It does not necessarily admits a Lagrangian section. However,
as we observed in Section 6.4, the construction of the mirror dual complex
manifold M"Y can still be carried out. Furthermore, in this case MV turns out
to be a complex torus that we are going to describe explicitly. First, we note
that the natural map

a:Ve®V*— Homp(V,C): (v,v") = (x = Q(x,v) +iv*(x))

is an isomoprhism of real vector spaces. Indeed, if a(v,v*) = 0 then
Rea(v, v™)(x) = w(x, v) = 0 for any x € V, hence v = 0. Then a(v, v*) =
iv* = 0.Let LT C V* be the orthogonal complement to L. Then o maps the
subspace L OLt Cc Vo V*tothe subspace Homg(V /L, C) C Homg(V, C).
Passing to quotient-spaces we get an isomorphism

ar - V/L & L* - Homg(L, C), (6.5.1)

which induces a complex structure Jo on W = V/L @ L*. Also, we have
the lattice A =T'/T' N L & (' N L)* in W. Now it is easy to check that the
complex torus W/ A is mirror dual to (V/ T, Q2).

Let us denote V? = L @ V/L. Then there is a complexified symplectic
structure Q° on VO such that L and V/L are Lagrangian subspaces and
Q°%I, vmod L) = Q(I, v). Also we have the lattice T =T'NL T /T NL
in V0. Itis clear that the mirror of (V?/ T'°, Q°, L) is the same complex torus
W/A.

Theorem 6.4. The above construction induces a bijective correspondence
between the following two kinds of data.

Data 1. A real torus V /T of dimension 2n, a complexified symplectic
form Q on V, a decomposition V. = L @ L', where L and L’ are
Lagrangian subspaces for Q, suchthat I =T NL@ T NL.
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Data II. A complex torus W /A of complex dimension n, a decomposition
A = Ay ®iA, into sublattices of rank n, such that CA, = W.

Proof. In the above constructionwehave W = V/LBL*, Ay =T/T'NL C
V/L, A, = (I' N L)+ C L*. Since a; maps RA; onto i L* C Homg(L, C)
it follows that A, generates W over C.

To go from Data II to Data I we set L = (RAy)*, L’ = RA;, 'y, =
(At c L, Ty =A, CcL.Thus, =T, @l isalatticeinV =L L’
Let

V:RA| > W>RA, @ C

be the natural embedding. Then we define Q by requiring that L and L’ are
Lagrangian and by setting Q(/, ") = (v(l"),l) forl € L,I' € L'. O

There is a natural duality functor on the category of symplectic tori: a sym-
plectic structure on a real torus V /T induces a symplectic structure on the
dual torus V*/T't. One has to be more careful when extending this duality
to complexified symplectic structures. Let 2 be a complexified symplectic
structure on atorus V/ I'. We say that Q2 is nondegenerate if the corresponding
symplectic form on V ®g C is nondegenerate. In this case there is a natu-
ral symplectic form on the dual complex space V* ®g C, which induces a
complexified symplectic structure * on the dual torus V*/ L.

Proposition 6.5. 1. Let (V/T',Q, L, L’) be data 1. Then the mirror dual
complex torus to (V) T, @, L") is complex dual to the mirror of (V/ T, Q, L).

2. Let (W/A, Ay, Ay) be data Il such that CAy = W. Then the symplectic
torus corresponding to (W /A, A1, Ay) is symplectic dual to the symplectic
torus corresponding to (W/A, i Ny, i Ay).

Proof. 1. Recall that the dual complex torus to a complex torus W/A is
Homg_ g, (W, C)/ A+ where AL = {¢ : Im(¢(A)) C Z}. By the definition,
the mirror dual torus to V/ T associated with Lis L' @ L*/(I'NL' @ (T NL)Y),
where the complex structure is induced by the isomorphism (6.5.1). Now the
real vector spaces L' @ L* and L & (L')* are naturally dual to each in a way
compatible with lattices, so it remains to check that this isomorphism is an
imaginary part of a Hermitian pairing between Hom(L, C) and Hom(L', C).
Let us choose a basis (¢;) in L and let (e}) be the corresponding basis in
L’ defined by the condition w(e;, ¢;) = §;;. Then we define the required
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Hermitian pairing by the formula
(0. ¢)) =D led/ (e,

where ¢ € Hom(L, C), ¢’ € Hom(L', C). We claim that the imaginary part
of this pairing is a canonical real pairing between L' @ L* and L & (L')*. We
will only check that Im(L’, L) = 0 and leave the remaining part of the proof
to the reader. Indeed, for any i we have

Im(Q(, ¢}), Q(-, ¢;))
= ImZ Qex, €)S2ex, €;) = Im Q(e;, ))e;, €;) = 0,
k

whereas for i £ j we have
Im(Q(.v e;)5 Q(? e]))
=1Im ) Qer, €)Qex. ¢)) = Im(QAe;. €)RAel. ;) + Qe )RA]. €))
k

=£&(¢;,ej) +E(ej, €;) =0.

2. The proof is straightforward. O

6.6. Fourier Coefficients

Let p:M — B, p¥: MY — B be as in Section 6.2, i : L — M be a sub-
manifold of dimension dim B transversal to all fibers, (L, V) be a com-
plex vector bundle with connection on L such that curv(V,) = 27Q]|;.
Then by Theorem 6.3 we have the corresponding holomorphic vector bundle
Four(L, £) on MY. We want to interpret sections of Four(L, £) in terms of
(L, L£). First of all, by the definition, a global section of Four(L, £) is the
same as a global section s of (i x id)*P x pj L on L xz M". For every point
[ € L lets; be the restriction of s to the fiber of the projection L x g MY — L
over [. Then s; is a section of £; ® P|;xxv, where XV is the dual torus to
X = p~'(p(])). Now the idea is that P|;, xv is a trivial bundle on a torus
XV so we can consider Fourier coefficients of a section s;. However, we have
to be careful: to get a canonical trivialization of P|;. xv we have to choose a
lifting of / to the universal covering u : V — X. Then the Fourier coefficients
are numbered by the lattice I' C V. The invariant way to say this is that the
Fourier coefficients of s; constitute a function on 7 ~! (/) with values in £;. Let
L be the preimage of L under the fiberwise universal coveringu : T*B — M.
Then the Fourier coefficients of s give us a C*-section F'C(s) of u*L. Since
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the Fourier coefficients of a C*°-function are rapidly decreasing we obtain
that F'C(s) is rapidly decreasing along each fiber of u. However, we only used
the fact that s is smooth along fibers of p". Differentiating along the base B
(note that we can differentiate sections of £ along vector fields on B since
L — B is unramified) we get that all higher derivatives of F C(s) are rapidly
decreasing along fibers of u. Thus, the map s — F C(s) gives an isomorphism
of C*(M", Four(L, £)) with the subspace S(T*B, u*L) C C>®(T*B, u*L)
consisting of sections f such that for every differential operator D on the
base the section Df rapidly descreases along every fiber of u. Similarly, we
can identify smooth k-forms with values in Four(L, £) with the similar space
S(T*B, Q@ u*L). Now the direct computation shows that the operator d on
C*® (MY, Four(L, L)) corresponds to the differential on S(T*B, Q°* ® u*L)
given by the following connection V on u*L. First, let us define a complex
1-form 1** on T* B with the property that dn® is the pull-back of Q. Namely,
for a point x € T,”B we have a natural linear form v, on T, B defined as
follows: identify 7, B with T, p~'(b) using @ and set v,(8b) = Q(x, 8b) for
b € T, B. Now nff is a composition of the projection 7,,(T*B) — T, B with
v,. Note that Re n®* is the canonical 1-form on 7*B. Now we have

V =u*V; —21%;.

Note that V is flat since curv Ve =27 Q2|.. Thus, we arrive to the following
result.

Theorem 6.6. The Dolbeault complex of Four(L, L) is isomorphic to
S(T*B, Q2* ® u*L) with differential induced by the connection V.

In the case when M is compact one can consider an analogue of Hodge
theory for our complex (S(T*B, Q* @ u*L), %) (henceforward, we will call
elements of this complex “rapidly decreasing” sections). The idea is that since
Re 1% grows linearly at infinity, the corresponding Laplace operator will look
like —A + F, where F is some potential with quadratic growth at infinity.
Such an operator behaves similarly to the Laplace operator on a compact
manifold. In particular, one can replace the spaces S(T*B, Q* ® u*L) with
the corresponding L2-spaces. In the next chapter we will apply this result to
compute cohomology of holomorphic line bundles on complex tori.

Exercises
1. Let V be an R-vector space with the basis ey, ..., e,, fi,..., fu, ®
be a symplectic form on V such that w(e;, e;) = w(fi, f;) = 0 and
w(fi, ej) = x;; for some non-degenerate n x n matrix X = (x;;). Let



88

Mirror Symmetry for Tori
L C V be the R-linear (Lagrangian) subspace generated by ey, ..., ¢,,
I' C V be a lattice spanned by the vectors (e¢;,i = 1,...,n) and
(f; + Zi ajje;, j =1,...,n) for some n x n matrix A = (a;;). Prove

that the projection V/I" — V /(L 4+ I') admits a Lagrangian C*°-section

if and only if A is a sum of a Z-valued matrix with the matrix of the form

X~!'D, where D is a symmetric n x n matrix. Show also that when such

a section exists it can be chosen to be linear. [Hint: Such a section should

be induced by some C*-map ¢ : V/L — L such that its differential

at every point is symmetric (with respect to the duality between V /L

and L) and such that ¢ is a sum of I'/ " N L-periodic map and a linear

map sending f; to ) ,(a;; + n;j)e; with some integer n;;’s. Now one has
to use the fact that a nonzero constant 2-form on a torus has a nontrivial
de Rham cohomology class.]

Let M = R?/Z? be the 2-dimensional torus equipped with the complex-

ified symplectic form 2 = —2mitdx A dy, where 7 is an element of the

upper half-plane. Consider the Lagrangian circles fibration M — R/Z

given by the projection (x, y) — x.

(a) Show that the dual complex torus M" is isomorphic to the elliptic
curve C/(Z + t7).

(b) Let L c R%bealine of rational slope d /r where d and r are relatively
prime integers, r > 0, L C M be the image of L under the natural
projection. Prove that Four(L) (L is equipped with the trivial local
system) is a holomorphic vector bundle of rank r and degree d on
MY . [Hint: Reduce to the case r = 1 and then compute ¢ (Four(L)).]
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Cohomology of a Line Bundle on a Complex

Torus: Mirror Symmetry Approach

In this chapter we compute cohomology of a holomorphic line bundle on a
complex torus W/A with nondegenerate first Chern class E (recall that we
can identify H*(W /A, Z) with the group of skew-symmetric bilinear forms
A x A — 7). The main result is that this cohomology is always concentrated
in one degree, which is equal to the number of negative eigenvalues of H, the
Hermitian form on W such that E = Im H. Furthermore, in the case when E
is unimodular, the cohomology is 1-dimensional. First, we consider the case
when our complex torus is mirror dual to some symplectic torus T (with real
symplectic form) and the holomorphic line bundle is the Fourier transform
of some Lagrangian subtorus of 7 (as defined in the previous chapter). In
this case, we can identify the Dolbeualt complex of our line bundle with the
complex of rapidly decreasing differential forms on R¢ equipped with the
differential d + dQ, where Q is a nondegenerate quadratic form having
the same number of negative squares as H. This immediately implies the
result. In order to generalize this computation to an arbitrary holomorphic
line bundle on W/A, one can try to present W/A as the mirror dual to a
complexified symplectic torus and the line bundle as the Fourier transform
of some Lagrangian subtorus. However, we proceed in a more direct way
(inspired by this idea): we choose an E-Lagrangian subtorus U/A NU C
W/A and make the partial Fourier transform of sections of the Dolbeault
complex of our line bundle along the translations of U/A N U. In this manner
we again reduce the problem to the calculation of cohomology of the complex
of rapidly decreasing forms on R$ with the differential d +d Q as in the above
particular case.

7.1. Lagrangian Subtori and Holomorphic Line Bundles

Let us consider areal torus V/ I" equipped with a (real) symplectic form w on
V and an isotropic decomposition V. = L@ L' suchthatI' = I'NL T NL".

89
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Then we have a Lagrangian torus fibration p : V/T" — V/(L 4+ 1) =~
L'/T N L' and the natural section o : L'/T N L' — V/T. The mirror-
dual complex torus is W/A, where W = L' @ L*, A = A; & A, with
Ay =T NL,A, = (N L) . Assume that we have a homomorphism of
lattices f : T N L' — I' N L. It extends to an R-linear map f : L' — L
and we denote L, = {f(’) +1I',l' € L'} C V. Note that » induces an
isomorphism v : L' — L* : I’ = (-, 1) and L is Lagrangian if and only
if f considered as a map from L* to L is symmetric. Moreover, in this case
L; = L;/T N LyisaLagrangian torus in V/T intersecting each fiber of
p in one point. It follows that the corresponding Fourier transform Four(L ;)
(where we equip L_f with a trivial rank-1 local system) is a holomorphic line
bundle. Letus denote by 7 : L'/ T NL’ x L* — W/A the natural projection.
By definition 7 * Four(L_f) is the trivial line bundle on L'/ T N L' x L* with
the connection d + 2i (df ('), I*) and the following action of (I' N L)*:

y o', ") = exp(=2mi(f), y" NP I" — y™),

where y* € (T N L)Y, [* € L*,I' € L'. In order to represent Four(L_f) in a
more standard form we have to find a global nowhere vanishing holomorphic
section of 7* Four(L_f).

Lemma 7.1. Let us define the quadratic form on L* by setting Q(I*) =
(I*, f(v(;](l*))). Then s(l',1*)= exp(—m Q(*)) is a global holomorphic
section of m* Four(L_f).

Proof. Recall that the complex structure on L’ @ L* is induced by the iso-
morphism

L®L - L QgC:{ 1" I'+ivI({".

In other words, if we choose coordinates (/;) and (/) on L’ and L* which
correspond to each other via v then z; = I/ 4 il are complex coordinates
on L' @ L*. If the map f is given by some symmetric matrix ( f;;) then the
connection on 7 * Four(L_f) has the form

: , i _ _
V =d+2mni ;lfﬁjdlj =d+ 5 le:ﬁj(Zi —z(dz; +dz)).
Hence, its (0, 1)-component is

_ T o
V=943 X,: fij(zi —7dz;.
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On the other hand, we have

s =exp (% D fil =7 - z—j)) :
ij

Therefore,
s = —% Zj Filz) = Z)dT + (2 — )T s
= =22 Fila — T,
ij
or equivalently, V%!(s) = 0. =

Multiplying a trivialization of 7 * Four(L_f) by exp(r Q(I*)) we obtain the
standard description of Four(L_f) as the descent of the trivial line bundle with
a holomorphic group action (see Section 1.2). Namely, the action of the group
(I' N L)* in the new trivialization takes form

Y o) = exp(=m Q(y*) = 2mi(y*, fFNpw — iv™' (y*),

where v = I' +iv=!(I*), f extends to L’ ®g C by C-linearity.
It follows easily that the skew-symmetric form E on L’ @ L* representing
c1(Four(L ;)) is given by

E(U5. 1), (1. 1)) = (15, fAD) = (If, f().

The corresponding Hermitian form H is recovered from its restriction to L’
which is given by

H(l}, ly) = E@l}, 1) = EQU), 1) = — (), f5)).

7.2. Computation of Cohomology

Let us assume now that f : T N L’ — ' N L is an isomorphism. Then the
form E|, is unimodular. On the other hand, in this case the preimage of L_f
under the coveringu : V/I'N L’ — V /T has one component isomorphic to
L ¢, so the cohomology of Four(L ;) can be computed as the cohomology of
the “rapidly decreasing” de Rham complex corresponding to the connection
d — 27n|.,, where 7 is the canonical 1-form on L & L’ considered as a
cotangent bundle to L’ (see Theorem 6.6). Thus, n|., = (dv(l), f(1)), so if
we identify Ly with L’ then we are reduced to considering the connection
d + ndH|p . Note that H|;  is a nondegenerate quadratic form. We claim
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that the cohomology of the complex of “rapidly decreasing” forms on L’
with the differential d + wd H|;  is 1-dimensional and has degree equal to
the number of negative squares in H|;/. Let us give a proof of this statement
in the case dim L’ = 1 (in general the proof is similar). We have to calculate
the cohomology of the differential

d: fr (f +exf)dx

on “rapidly decreasing” forms on R, where € = +1. We claim that exp(— %2)

generates the kernel of d if € = 1 while exp(— %)dx generates the cokernel
of d if ¢ = —1. To prove this one has to use an analogue of Hodge theory
in this case. Namely, consider the conjugate operator d* (on L*-spaces). It is
easy to see that

d*(fdx) = — f' + exf.

Thus, the corresponding deformed Laplace operator A = dd* +d*d is given
by
A(f)=—f"+ (= f.
A(fdx) = (—f" + (% + ) f)dx.
The spectrum of the operator f > —f” + x%f on L*(R) is well-known.

Namely, its eigenfunctions are H,(x) exp(— "—22) with eigenvalues 2n + 1, n =
0,1,2,..., where

d" )
—(exp(—x?))

Hy(x) = (=1)" exp(xz)dx

are Hermite polynomials. It follows that for € = 1 the operator A has 1-
dimensional kernel on §° and no kernel on Q!, while for e = —1 it’s the
other way round.

7.3. General Case

The above argument works for line bundles with unimodular Chern classes
on complex tori that are mirror dual to tori with real symplectic form. It is
possible to modify it in order to deal with complexified symplectic forms.
Below we give a more direct calculation of the cohomology of line bundles
on complex tori which uses the same main idea. The answer turns out to be
the same as in the particular case considered above.
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Theorem 7.2. Let T = W/A be a complex torus, H be a nondegenerate
Hermitian form on W such that E = Im H takes integer values on A and
E| A is unimodular. Let L be a holomorphic line bundle on T with the first
Chern class E. Let m be the number of negative eigenvalues of H. Then
H(T, L) =0 fori # m while H™(T, L) is 1-dimensional.

Proof. Recall that according to the Appell-Humbert theorem the line bundle
L corresponds to the trivial line bundle on W with a holomorphic action of
A so that sections of L correspond to functions f on W satisfying equation

Fx+2) = a()exp (%H(A, A+ T H(x, x)) F0)

forx € W, A € A, where « : A — C7 is some quadratic map such that
a(A; + X)) =a(r))a(ry) exp(wi E(A, Ay)). Furthermore, translating L if nec-
essary we can assume that there exists an E-Lagrangian subspace U C W such
that U = R(ANU) and a|pny = 1 (this follows, e.g., from Theorem 5.1).
Let us define a symmetric C-linear form S on W by the condition
Sluxu = Hlyxy. Then for any section f of L the function f(x) =
exp(—%S(x, x)) f(x)is A N U-periodic. Indeed, for A € A N U we have

Flx + 1)

T T ~ ~
— exp (511(/\, 1)+ TH(x 2) = S0 2) = 7S(, x)) Foo = Foo

since H|wxy = S|lwxuv- Letus denote U’ = iU, so that we have an isotropic
decomposition W = U @ U’. Then we can write

f@= Y ¢ux)expQmi(A*,x1))

A*e(ANU)*

where x = x| + x2, x; € U, x5 € U’. The quasi-periodicity equation on f is
equivalent to the following equation on f:

Fx +2) = @) exp(r H(ha, Ay) + 27 H(x, 12)) f (%),
where A = Ay + Ay, Ay € U, Ay € U/,
a(A) = a(A) - exp(mwi E(Aq, X2)).

It is easy to check that o descends to a well-defined quadratic function on
A/A NU (i.e., it depends only on A,). Notice that we have a natural lattice
in U’ via the inclusion A/A NU — W/U =~ U’. Now the quasi-periodicity
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equation above is equivalent to the following condition on the Fourier coef-
ficients ¢y:

¢ (X2 + A2) exp(27i (A%, A1) = @(h) exp(w H (A2, A7)
+ 27 H(x2, 22))@ix vy (X2)

foranyx, e U, Ay € A/JANU C U',wherev: A/JANU — (ANU)*isa
homomorphism induced by E, namely, (v(A), ) = E(A, 1), A, e U/ANU
is defined by the condition A; + A, € A. Since v is surjective it follows that all
the functions ¢, can be expressed via ¢. On the other hand, from the above
equation we deduce that ¢g(x;) exp(—m H(x7, x»)) is “rapidly decreasing.”

The above Fourier decomposition can be applied also to (0, p)-forms with
coefficients in L. More precisely, the restriction map

Homc_ i (W, C) — Homg(U', C)

is an isomorphism, so we can consider (0, p)-forms on W as functions on U
with values in complex p-forms on U’. Thus, we can associate to a (0, p)-
form w with values in L a sequence ¢, of the Fourier coefficients which are
complex p-forms on U'. It is easy to see that the Fourier coefficients of dw
are dqu* — (A*, ixy) (it is important here that we have chosen U’ = iU).
Thus the operator d corresponds to the operator 5 1d on ¢y. Now we write
¢o = exp(w H(x,, x3)), where ¢ is “rapidly decreasmg and we reduce
the problem to calculating cohomology of “rapidly decreasing” forms with
differential d + wd H considered earlier. O

Corollary 7.3. Let L = L(H, @) be a line bundle on a complex torus T =
W /A such that the Hermitian H is nondegenerate. Then H'(T, L) = 0 for
i # m, where m is the number of negative eigenvalues of H, while H"(T, L)
is the Schridinger representation of the Heisenberg group G(E, A, a™").
In particular, the dimension of H™(T, L) is equal to \/det(E(e;, e;)) where
E =1ImH, (e¢;) is a basis of A compatible with the orientation of W.

Proof. Let A+ C W be the lattice of x € W such that E(x, A) C Z. Then
A+/A is the finite abelian group of order d”= det(E(e;, e e;)) and the
Heisenberg group G(E, A,a™') of A+/A by U(l). Let us choose a
Lagrangian subgroup I C A*+/A and its lifting to G(E, A, @~ "). Then we
have the corresponding self-dual lattice A’=1+ A C A+ C W and its lift-
ing to H(W), extending the lifting of A given by a~!. In other words, we
obtain a map &’ : A’ — U(1) satisfying (1.2.2) and such that &’| = «. It fol-
lows that our line bundle L = L(H, «) is a pull-back of the line bundle
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L' = L(H,da) on W/A’ under the finite unramified covering of com-
plex tori g : W/A — W/A'. Note that ¢;(L') = E|, is unimodular, so
by Theorem 7.2 H{(W/A', L) = 0 fori # m and H™(W/A’,L') is 1-
dimensional. But H'(W/A’, L") ~ H(W/A, L)', where the action of I on
cohomology groups of L is induced by the action of the Heisenberg group
G(E, A, a~ ") onit. Hence, Hi(W/A, L) = 0fori # m,while H"(W/A, L)
is the Schrodinger representation. O

1. (a)

(b)

(©)

Exercises

In the context of the proof of Theorem 7.2 prove the following for-
mula:

Do) (12) = A(Xp) exp(—m H (Aa, A2) + 27 H(x2, A2))o(x2 — A2),
where
a(h2) = a(h)exp(—=mi E(A1, X2))

is a well-defined quadratic functionon A/ANU.
Consider the following hermitian metric on the space of sections of
L:

i) = f (800 exp(—m H(x, x))dx,
WA

where the Haar measure dx is normalized by the condition that the
covolume of A is equal to 1. Let (¢,+) and (V) be the Fourier
coefficients of f and g respectively. Prove that

(f.g) = / Po(x2)Wo(x2) exp(—2m H (x2, x2))dx,
U J(AJAND)

where the Haar measure dx; is normalized by the condition that the
covolume of A/ANU isequal to 1.

Choosing a metric on U find a harmonic representative for the unique
(up to a scalar) cohomology class of L.

2. Assume that the Hermitian form H is positive definite. Check that the
global section of the line bundle L in the proof of Theorem 7.2 corre-
sponding to ¢ = 1 is the theta function 6 , ;.

3. Using a similar approach compute the cohomology of the structure sheaf
on a complex torus.
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8
Abelian Varieties and Theorem of the Cube

Starting from this chapter we always work over an algebraically closed field
k. For schemes S| and S, over k we denote S| X S := S1 X $2. A variety is
a reduced and irreducible scheme of finite type over k.

The algebraic definition of an abelian variety is very simple: it is a com-
mutative group object in the category of complete varieties over k. The con-
dition of completeness makes the geometry of abelian varieties much more
rigid than that of arbitrary commutative group varieties over k. For example,
any morphism between abelian varieties is a composition of a homomor-
phism with a translation. Another manifestation of this rigidity is the fact
that line bundles on abelian varieties behave similarly to quadratic functions
on abelian groups. Namely, for every line bundle L on an abelian variety
A the line By = L|, ® L|yy ® L™'|; ® L™"|, depends “bilinearly” on
(x,y) € A x A, where e € A is the neutral element (this means that there is
a canonical isomorphism By, > B, , ® By , etc.) This is a consequence
of the theorem of the cube stating (in its simplest version) that a line bundle
on the product X x Y x Z of three complete varieties is uniquely determined
up to an isomorphism by its restrictions to {x} x ¥ x Z, X x {y} x Z and
X xY x {z},where x € X,y € Y and z € Z are arbitrary points. It follows
that the map ¢, : A(k) - Pic(A) : x — t]L ® L~ associated with a line
bundle L on A, is a homomorphism. We denote by Pic’(A) the subgroup of
Pic(A) consisting of L with ¢, = 0. Line bundles in Pic’(A) behave similarly
to characters of abelian group. For example, for every nontrivial L € Pic’(A)
one has H*(A, L) = 0 (this is an analogue of the orthogonality of characters).
The theorem of the cube implies that for every line bundle L the image of ¢;,
belongs to Pic’(A). In the next chapter we will show that there is an abelian
variety A (called dual to A), such that Pic’(A) = A(k) and the map ¢y, is
induced by a homomorphism of abelian varieties A — A.

We use the results of our study of line bundles to prove that every abelian
variety is projective. First, we prove the following criterion of ampleness
for a line bundle L on an abelian variety A: if ¢; has finite kernel and
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HOY(A, L) # 0 then L is ample. Then we check that these conditions are sat-
isfied for L = O4(D), where D is an effective divisor in A such that A \ D is
affine.

8.1. Group Schemes and Abelian Varieties

A group scheme G over k is a group object in the category of schemes over k.
This means that we have a group law morphismm : G x G — G, amorphism
[-1]lg : G — G of passing to inverse, and a neutral element e € G(k),
satisfying the usual axioms. One can also easily formulate what it means that
a group scheme is commutative. By a homomorphism of group schemes we
mean a morphism f : G — H which sends eg to ey, respects the group laws
and passing to inverse on G and H. A subgroup scheme in a group scheme
G is a subscheme H C G equipped with a group scheme structure such
that the natural embedding is a homomorphism. For every homomorphism
of group schemes f : G — H the kernel ker(f) = f~!(ey) is a subgroup
scheme in G. A homomorphism f : G — H is called an epimorphism if f
is surjective and the natural morphism of sheaves Oy — f.Og is injective
(in other words, this is an epimorphism in the category of group schemes —
see [54], Section 1.1 for a general concept of epimorphism in a category). If
f : G — H is an epimorphism then for every group scheme G’ the subset
Hom(H, G') € Hom(G, G’) consists of homomorphisms ¢ : G — G’, such
that ker( f) is a subscheme of ker(¢).

An abelian variety A over k is a group scheme which is a complete variety
over k. As we will see below in this case A is automatically a commutative
group scheme. The group law on abelian varieties will be usually denoted
additively. Sometimes, we will denote the neutral element in A simply by e
or by 0. For every point x € A(k) we denote by 7, : A — A the morphism
of translation by x, so that #,(y) = x + y. For an integer n we have the
corresponding endomorphism [n]4 : A = A : x — nx.

Other important examples of commutative group schemes are the multi-
plicative group G,, and the additive group G,. By definition G,, = A} \ {0}
with the group law (x,y) — x -y while G, = A} with the group law
x,y) > x+y.

When considering subgroup schemes of abelian varieties we will encounter
commutative group schemes that are not necessarily connected. For such a
group scheme G the connected component of zero is denoted by G°. If G is
Noetherian (e.g., if G is a subgroup scheme of an abelian variety) then G/ G°
is finite.
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8.2. Rigidity Lemma

Here it is.

Lemma 8.1. Let X be a complete variety, Y and Z be aribitrary varieties.
Assume that a morphism f : X x Y — Z contracts X x {y} for somey € Y
to a point in Z. Then f is a composition of the projection p, : X X Y — Y
and a morphismY — Z.

Proof. Let us consider the subset S C Y consisting of y € Y such that
f(X x {y}) is a point. Clearly, S is closed. We claim that S is also open. In-
deed, assumethaty € S.LetU;z C Z be an affine open containing f (X x {y}).
It suffices to prove that there exists an open neighborhood Uy of y in Y such
that f(X x Uy) C Uyg. Indeed, then for every function ¢ on U the function
f*¢ on X x Uy is a pull-back of some function on Uy due to completeness of
X. Thus, f(x, y) does not depend on x for y € Uy. To find the neighborhood
Uy as above let us denote by T C X x Y the complement to f~!(Uy). Then
T is closed and does not intersect X x {y}, hence p,(T) C Y is closed and we
cantake Uy = Y \ po(T). Thus, S C Y is open and closed. By the assumption
of the lemma, S is non-empty, hence S = Y. Therefore, forallx € X,y € ¥
we have f(x, y) = f(xo, y) where xo € X is a fixed point. O

Proposition 8.2. (i) A morphism between abelian varieties f : A — B such
that f(es) = f(ep), is a homomorphism.
(ii) The group law on an abelian variety is commutative.

Proof. (i) This follows from the rigidity lemma applied to the morphism

AXA—B:(x,y)= fx+y)— fx)—=f).
(i1) Apply (i) to the inversion morphism [—1]4 : A — A. O

8.3. Theorem of the Cube

We present this theorem here in its simplest form (for a more general statement
of this kind see [95]).

Theorem 8.3. Let X and Y be complete varieties, Z be arbitrary variety, X,
Yo, 20 be k-points of X, Y and Z, respectively. Assume that a line bundle L
on X x Y x Z has trivial restrictions to {xo} X Y x Z, X X {yo} X Z and
X x Y x {zo}. Then L is trivial.



102 Abelian Varieties and Theorem of the Cube

Proof. The proof consists of two steps.

Step 1. Reduction to the case when X is a smooth curve. For every point
x € X there exists an irreducible curve C C X passing through x and xo.
Assuming that the theorem is true for line bundles on C x Y x Z where
6’ — C is the normalization of C, we deduce that the pull-back of L to
C x Y x Z is trivial. In particular, L|{y}xyxz is trivial. Thus, we have showed
that for every (x, z) € X x Z the restriction L[ xyx(z} 18 trivial. Since Y is
complete this implies that L is a pull-back of a line bundle L' on X x Z. But
then L’ > L|xx{y,xz, 50 it is trivial.

Step 2. Proof in the case when X is a curve. Now we assume that X is a
smooth complete curve. The idea is to consider L as a family of line bundles
L, . on X parametrized by ¥ x Z. These bundles are trivialized at the point
Xo € X. On the other hand, for y = yg or z = zo the bundle L, ; is trivial.
In particular, all line bundles L, . have degree zero so our family gives a
morphism f : Y x Z — J, where J is the Jacobian of X (the moduli space
of line bundles of degree zero on X; see Chapter 16). Since f({yo} x Z)
is a point, the rigidity lemma implies that f(y,z) = f(y,20) = 0, so f
maps everything to the zero point in J, hence, L is trivial (here we use the
trivialization at xy € X). O

8.4. Line Bundles on Abelian Varieties

The general theorem of the cube implies the following “quadratic behavior” of
line bundles on abelian varieties. From now on we denote by A" the cartesian
product A x A x --- A (n times).

Theorem 8.4. Let L be a line bundle on abelian variety A and let p; :
A3 — A, i =1,2,3 be projections. Then the line bundle

(p1+ P2+ p3)'L ® (p1+ p) L™ ® (p2 + p3)*L~"
® (p1+p3)'L™' ® p{L ® p5L @ piL

on A3 is trivial.

Proof. Apply Theorem 8.3 to the line bundle in question taking e4 as a marked
point in A. O

Remarks. 1. The isomorphism of the above theorem depends on a choice
of trivialization of the fiber L|y, where 0 € A is the neutral element. In other
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words, there is a canonical isomorphism

(P1+ P2+ )L ®(p1+p) L' ®(pa+ p3)' L™ @ (p1 + p3) L7
® piIL ® p;L ® p3L == Lo ® Oa (8.4.1)

2. One can restate Theorem 8.4 as some kind of bilinearity of the line
bundle

A(L)=m*L® pjL™" ® p;L~" (8.4.2)

on A x A, see (9.3.3). The general context for the study of such bilinearity
conditions is provided by the notion of biextension that will be considered in
Chapter 10.

Corollary 8.5. Forevery line bundle L on abelian variety A andn € Z there
is an isomorphism

2
n2

)12 n —n
[niL ~ L @ [-1],L°7",

where [n]4 : A — A is the morphism of multiplication by n.
The proof is similar to that of Lemma 4.11.

Corollary 8.6. Let L be a line bundle on an abelian variety A. Let us define
the map

ér : A(k) — Pic(A): x > 'L L',

where t, : A — A is the translation by x. Then ¢y, is a homomorphism. Fur-
thermore, for every point y € A we have ¢+ = ¢.

We denote by Pic’(A) C Pic(A) the subgroup consisting of such L
that ¢, =0. By definition L € Pic’(A) if and only if L is homogeneous,
ie, t}L~L for all x € A(k). As we will see later, there exists an abelian
variety A such that Pic®(A)=A(k) (A is called the dual abelian variety
to A). One checks immediately that for every L € Pic’(A) the line bundle
A(L) on A? defined by (8.4.2) is trivial. Note also that the map L + ¢ is
a homomorphism, that is,

bLom = dL + Py

It follows that ¢;s7 g -1 = 0, i.e., the image of ¢, is always contained in
Pic’(A). The following proposition shows that the invariant ¢, is stable
under deformations of a line bundle L.
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Proposition 8.7. Let L be a line bundle on A x S where S is an arbitrary
variety. Assume that L| s (s,) € PiCO(A)forsomepointso € S.Then L] sxys) €
Pic’(A) for every point s € S.

Proof. Consider the line bundle M = (p; + p2)*L ® piL™' ® p5L~"' on
A x A x S. By assumption, M|sxaxis,) 1S trivial. On the other hand, the
restrictions M |(¢,1xaxs and M| s e, xs are also trivial. Thus, by the theorem
of the cube we conclude that M is trivial. Now triviality of M| 4x (s for a
point s € S means that L] lies in Pic’(A). O

The triviality of the line bundle (8.4.2) on A x A for L € Pic’(A) suggests
that we can consider a line bundle in Pic’(A) as a categorification of the
character of an abelian group. The following theorem can be considered as
an analogue of the orthogonality relation for characters.

Theorem 8.8. For a nontrivial line bundle L € Pic’%(A) one has
H*(A,L)=0.

Proof. For L € Pic’(A) we have an isomorphism
H*(A,L)® H*(A, L) ~ H*(A?, piL ® p5L) ~ H*(A*, m*L)
~ H*(A,O)® H*(A, L).

If H°(A, L) = 0 this immediately implies that H*(A, L) = 0. Now assume
that H%(A, L) # 0. Since we have an isomorphism

H%A,L)® H%A, L)~ H%(A, 0) ® H*(A, L)

the dimension of H%(A, L) should be equal to 1. On the other hand, since L
is homogeneous, it is generated by global sections, hence, it is trivial. O

8.5. Ampleness

Foraline bundle L on an abelian variety we denote by K (L) C A(k) the kernel
of ¢,. Lemma 8.9 below implies that K (L) is a Zariski closed subgroup
of A. In Chapter 9 we will refine this definition and construct a subgroup
scheme supported on K (L) but for the rest of this chapter we will equip K (L)
with the reduced scheme structure. By definition, K(L) = A if and only if
L € Pic’(A).

Lemma 8.9. Let X be a complete variety, T be an arbitrary variety, L be a
line bundle on X x T. Then the subset T\ C T consisting of t € T such that
the restriction Ly is trivial, is closed.
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Proof. T is the intersection of the closed subset consisting of ¢ such that
H °(L| xxiy) # 0 with the closed subset consisting of ¢ such that
HOL Y xxq) # 0. O

If f: B — Aisahomomorphism of abelian varieties then the homomor-
phism ¢ s+, is equal to the composition

B L A% picd(A) L Picd(B).

In particular, we have the inclusion f~'(K(L)) C K(f*L). This simple
remark is used in the proof of the following result.

Proposition 8.10. Ler L be a line bundle on an abelian variety A such that
HY(A, L) # 0. Then the restriction Lk is trivial.

Proof. Let B C A be the connected component of K(L) containing zero.
Then B is an abelian subvariety of A. For every x € A we have the inclusion
B =K@;L)NB C K(t;L|g). Hence, t{L|p € Pic’(B) for all x € A. Let
s be a nonzero section of L. For generic x € A the section #'s of ¢} L does
not vanish on B. Therefore, ¢} L|p (being homogeneous) is trivial for such x.
Now Lemma 8.9 implies that ¢{ L|p is trivial for all x € A. ad

Theorem 8.11. Let L be a line bundle on an abelian variety A. Then L is
ample if and only if there exists n > 0 such that H°(A, L") # 0 and K(L")
is finite.

Proof. Assume that L is ample. Then L" is very ample for n > 0, hence,
H°(A, L™) # 0. Now Proposition 8.10 implies that K (L") is finite.
Conversely, assume that L = O4(D) where D is an effective divisor, such
that K (L) is finite. We claim that the linear system |2D] is base-point free
and does not contract any curves. Indeed, since for all x € A the divisor
t¥D + t* D is rationally equivalent to 2D there are no base points. Now
assume that the morphism corresponding to |2D| contracts an irreducible
curve C C A.Let f: C — Abethe (finite) morphism from the normalization
of C to A. Then for generic x € A the pull-backs of the divisors ¢ D and
t*.D by f are effective divisors on C. Since their sum should be rationally
equivalent to zero, we obtain that for generic x the divisor #; D does not
intersect C. Changing D by ¢ D if necessary we can assume that D N C = §.
Let D = > n; D; where D; are irreducible. Since the line bundle f*O4(D;)is
trivial, this implies that forevery x € Athelinebundle f*O4 (¢} D;) has degree
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zero. Therefore, for every x € A the divisor ¢} D; either contains C or does not
intersect it. We claim that this implies that D; is invariant under translations
by x; — x5, where x;, x, € C. Indeed, let y be a point D;. Then for every
x2 € C the intersection C N t;fz_ y D; contains x,, hence, it contains the entire
curve C, Therefore, x; — x, + y € D, forevery y € D; andevery x|, x, € C,
ie., t;‘l . D; = D;. Hence, we obtain that D is invariant under translations

by x; — x; for all x;, x, € C. This contradicts to finiteness of K(L). O
Theorem 8.12. Every abelian variety is projective.

Proof. We want to find an effective divisor D € A such that the complement
U = A\ D is affine. This can be done as follows. First, choose an affine
open U’ C A and an effective divisor D’ such that A = U’ U D’. Then take
anonzero f € O(U’) that vanisheson D' N U’ and set D = D' U Z_f, where
Zy C U’ is the zero divisor of f, Z_f C A isits closure in A. We claim that
L = O4(D)is ample. Indeed, by the previous theorem it suffices to check that
K (L)is finite. Translating D if necessary we can assume that U contains zero.
Let B C K (L) be the connected component of zero. By Proposition 8.10, the
restriction of O(D) to B is trivial. Since B is not contained in D this implies
that B does not intersect D. So the complete variety B is contained in the
affine variety U. Therefore, B is a point. O

Corollary 8.13. For every n > 0 the subgroup A, = ker([n]a : A —> A)is
finite.

Proof. Let L be an ample line bundle on A. Then [n]} L is also ample by
Corollary 8.5. Hence, A, C K([n]} L) is finite. O

8.6. Complex Tori Case

Most of the results of this chapter can be transferred to the category of complex
tori (not necessarily algebraic).

For example, the analogue of Theorem 8.4 holds for holomorphic line
bundles on a complex torus V/T'. Indeed, this follows immediately from
Appell-Humbert’s description of line bundles by pairs (H, «) (where H is a
Hermitian form on V, « is a quadratic function I' — U(1) compatible with
the symplectic form £ = Im H) and from Exercise 1 of Chapter 1.

The definitions and properties of ¢, and K (L) also work perfectly in the
context of complex tori. The homomorphism ¢; for L = L(H, «) can be



Exercises 107

computed using Exercise 2 of Chapter 1. Namely, one has

¢r(v) = L0, v),

where v,(y) = expriE(v, y)),y € I',v € V/T'. This implies that ¢, = 0
if and only if L has form L(0, «), i.e., when it is topologically trivial. Thus, for
acomplex torus 7', the group Pic’(T) of holomorphic line bundles with ¢, = 0
can be identified with the dual complex torus 7. We also derive that the
subgroup K(L) C V/Tisequal to 't/ where '* = {v e V : E(v,T) C

Z}. In particular, K (L(H, o)) is finite if and only if the symplectic form E (or
equivalently, the Hermitian form H) is nondegenerate, K (L(H, o)) is trivial
if and only if E is unimodular on I'. In view of Corollary 7.3, the analogue of
Theorem 8.11 for complex tori is equivalent to the Lefschetz theorem stating
that a line bundle L(H, «) is ample if and only if H is positive-definite (see
Section 3.4). Finally, the proof of Theorem 8.8 works literally in the context
of complex tori.

Exercises

1. Letf:A — Bbea homomorphism of abelian varieties. Consider its
Stein decomposition A L B2 B where the morphism p is finite,
while the morphism f has the property f . 7.0 4 =~ Og. Prove that Bhasa
structure of an abelian variety such that f is a homomorphism and that
ker(f) is an abelian subvariety of A.

2. Let A and B be abelian varieties. Show that the Z-module Hom(A, B)
has no torsion.

3. Let C be an elliptic curve and let L be a line bundle on C.

(a) Show that ¢, depends only on the degree of L.

(b) Assume that deg L = 1. Show that for all p € C the line bundle
¢ (p) is isomorphic to O¢(e — p), where e € C is a neutral element.

(c) Let d=deg(L). Show that K(L) coincides with E;=
{x e E:dx=e}.

4. Let L be aline bundle on an abelian variety A.

(a) Show that one has the following isomorphism of line bundles on A*:

(P1+p2+p3+p)' L (p1+ pa)* L@ (p2+ pa)'L ®(p3+ pa)'L
~(p1+p2+pa) L (p1+ p3+ pa)'L®(p2+ p3+ psa)*'L @ pyL

As we will see in Chapter 12 this isomorphism is at the core of
Riemann’s quartic theta relation.
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(b) Assume that L is equipped with an isomorphism [—1]3L =~ L (in
this case L is called symmetric), Show that there is an isomorphism
on A?

(p1+ p)'L®(pr — p2)'L ~ L*RK L.

Let C be an elliptic curve. For every point x € C we denote by A, C

C x C the graph of the translation by x, i.e., the set of points of the form

(v, x + y) where y € C. In particular, Ay = A is the usual diagonal.

(a) Express the line bundle O¢y (A, — A) in the form L X M where L
and M are some line bundles on C.

(b) Show thatforallx € C and allline bundles L on C the line bundle LK
t!L(—A)on C x C can be obtained from L X L(—A) by translation.

Check that for L = L(H, «) the isomorphism (8.4.1) is compatible with

canonical hermitian metrics on both sides.

Show that for a line bundle L on an abelian variety A and an integer

n # 0 one has [n]} L ~ L™ ® M for some M € Pic’(A).
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Dual Abelian Variety

In this chapter we sketch a construction of the dual abelian variety A to a
given abelian variety A, parametrizing line bundles in PicO(A). The idea of
the construction is to use the map ¢; : A(k) — Pic’(A) associated with an
ample line bundle L. We show that this map is surjective and that its kernel
is the set of k-points of a closed subgroup scheme K(L) C A. Furthermore,
since L is ample, K(L) is finite. The variety A is obtained by taking the
quotient of A by the action of K(L): A = A/K(L). By construction, we have
A(k) = Pic’(A). Moreover, using the descent theory we can define a line
bundle P on A x A (called the Poincaré bundle), such that the restriction
of P to A x {&} is the line bundle in Pic’(4) corresponding to & & A(k).
In fact, the variety A represents the functor that associates to a k-scheme S
the set of families of line bundles on A parametrized by S (trivialized along
{0} x § C A xS),such that each line bundle of this family belongs to Pic’(A),
and P is the corresponding universal family. However, we postpone the proof
of this theorem until Chapter 11, where we will introduce the Fourier—Mukai
transform (which is a functor between derived categories D?(A) and D? (A)
defined using P). We will see that this theorem is closely related to the
involutivity of the Fourier—Mukai transform.

In 1-dimensional case we show that A ~ A, that is, every elliptic curve is
self-dual. In Section 9.5, as an application of duality, we show how to construct
the quotient of an abelian variety by an abelian subvariety. Also, we prove
Poincaré’s complete reducibility theorem asserting that every abelian subvari-
ety B C A admits a complementary abelian subvariety C C A, suchthat A =
B + C and B N C is finite. Finally, in the case k = C we identify the duality
of abelian varieties with the duality of complex tori considered in Section 1.4.

9.1. Quotient by the Action of a Finite Group

Let X be a variety equipped with an action of a finite group G. We want to
define the quotient variety X /G together with a projection p : X — X/G.

109
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The universal property characterizing the pair (p, X/G) should be the fol-
lowing: for every G-equivariant morphism of varieties f : X — Y where
G acts trivially on Y, there is a unique morphism f : X/G — Y such that
f = f o p. The uniqueness of a quotient with this property is clear. The
existence is easy to establish in the affine case. Namely, if X = Spec(A), then
we set X/G = Spec(AY) where A® C A is the ring of invariants of G in A.
Let B C A“ be the subalgebra generated over k by elementary symmetric
functions of all the collections (g(a))gecc Where a € A. Then B is finitely gen-
erated and A is integral over B. In particular, A is finite B-module. Hence, AC
is a finite B-module. It follows that A is finitely generated and A is a finite
A%-module. It is clear that the universal property holds for morphisms into
affine varieties. It remains to notice that the construction is compatible with
localization of the following kind. Let f C A® be a nonzero element. Then
we have (Af)G = (AG)f. Using this localization one can easily prove the
universal property in general. Note that our argument implies that the quotient
morphism p : X — X/G is finite and surjective. We claim that the fibers
of p are precisely G-orbits in X. Indeed, assume that two points x,x” € X
have distinct orbits: Gx # Gx’. Then by the Chinese remainder theorem
there exists a function a € A such that al|g, = 1 while a|g,» = 0. Now the
function [ | ¢eG 8(a) is a G-invariant function separating G.x from Gx'.

To define X/G in the case when X is not affine, the natural idea is to
cover X by G-invariant open affine subsets X; and then glue together the
quotients X;/G. This is possible under the additional assumption that X
is quasi-projective. Indeed, in this case every G-orbit Gx (being finite) is
contained in some open affine subset U C X. Then NyeggU is a G-invariant
open affine neighborhood of x. Thus, X admits a covering by G-invariant open
affine subsets X;. So we can define X/ G by gluing the open pieces X;/G. The
remaining problem is to show that the obtained scheme X /G is separated,
i.e., that the diagonal Ay, is closed in X/G x X/G. It suffices to prove that
for every i, j the set Ax,c N (X;/G x X;/G)isclosedin X;/G x X;/G.
But this set is the image of the closed subset Ax;c N X; x X; C X; x X
under the quotient morphism X; x X; — X;/G x X;/G. It remains to use
the fact that the quotient morphism is finite and therefore closed.

9.2. Quotient by the Action of a Finite Group Scheme

By a finite group scheme we mean a group scheme G over k such that the
canonical morphism G — Spec(k) is finite. The degree of this morphism
is called the order of G. In characteristic p there exist nonreduced finite
group schemes, e.g., the kernel of the homomorphism [plg, : G, — G,,.

m
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Furthermore, nonreduced finite group schemes appear naturally as subgroup
schemes in abelian varieties. We want to be able to define a quotient of
an abelian variety by such a subgroup scheme. More generally, one can
define a quotient of a scheme X by the action of a finite group scheme G
assuming that every orbit is contained in an open affine subset (e.g., when X
is quasi-projective). Here, by an action of a group scheme G on a scheme X
we mean a morphism a : G x X — X compatible with the group law and
with the neutral element in an obvious way.

In the case when X is affine, following the same approach as in Section 9.1
we have to define the ring of G-invariant functions on X . The correct definition
is the following: consider the action morphism a : G x X — X, let also
p2 © G x X — X be the projection. Then a function f € O(X) is called
G-invariantifa* f = pj f in O(G x X). G-invariant functions form a subring
OX)® Cc O(X) and we set X/G = Spec(O(X)Y). One can check that this
construction is compatible with G-invariant localization. In the nonaffine case
we glue X/G from open pieces corresponding to G-invariant open affine
covering of X. The quotient morphism p : X — X/G is finite and surjective.
Asatopological space X/ G is the quotient of the topological space underlying
X by the action of the finite group underlying G, while the structure sheaf on
X /G coincides with the subsheaf of G-invariants in p,(Oy). Furthermore, in
the case when the action of G on X is free, i.e., the natural morphism (a, p;) :
G x X — X x X isaclosed embedding, the image of this morphism coincides
with the fibered product X x x,¢ X and the quotient morphism p : X — X/G
is flat of degree equal to the order of G. We skip the proofs of these facts (see
[95], 12).

The general construction of the quotient can be applied to construct the
quotient of an abelian variety A by a finite subgroup scheme K C A. Namely,
the restriction of the group law morphismm : A x A — A gives a free action
of K on A. Furthermore, since A is projective, there exists a quotient A/K
which is a complete variety. Since A/K x A/K can be identified with the
quotient of A x A by K x K, we can easily define the group law on A/K
such that the natural projection p : A — A/K is a homomorphism. Thus,
A/K acquires the structure of abelian variety. Furthermore, in this case K
coincides with ker(p).

9.3. Construction of the Dual Abelian Variety

The idea is that in order to introduce a structure of variety on Pic’(A) we can
use the map ¢, : A(k) — Pic’(A) for an ample line bundle L. Our first claim
is the following.
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Theorem 9.1. Let L be a line bundle on A such that K(L) is finite. Then ¢
is surjective.

Proof. Consider the line bundle
AL)=m*L® p{L™' @ psL~" (9.3.1)

on A x A. For every M e Pic’(A) we can compute cohomology of A(L) ®
piM in two ways using Leray spectral sequences associated with p; and p.
We have:

A(L) ® piMlxxa ~ ;L@ L™
AL) ® piMlaxy 2t} LQL"' @M.

Assume that M does not lie in the image of ¢,.. Then H*(A, A(L)® pi M | axx)
for every x € A, hence, H*(A x A, A(L) ® pfM) = 0. On the other hand,
since H*(A, A(L) ® piM|x4) # 0 for a finite number of x we deduce that
Rp1.(A(L) ® piM) >~ Rp1.(A(L)) ® M is supported at a finite number of
points. Hence, the Leray spectral sequence for p; degenerates and we should
have Rp.(A(L)) = 0 which is obviously a contradiction (it has a nonzero
restriction to the neutral element 0 € A since A(L)|jo}x4 is trivial). O

Line bundles L and L, on a variety X are called algebraically equivalent
if there exists a variety S, two points 51, s, € S and a line bundle Lgon X x S
such that Lg|x (s} =~ L; fori =1, 2.

Corollary 9.2. Two line bundles L and M on an abelian variety A are alge-
braically equivalent if and only if ¢ = ¢u.

Proof. The “only if” part follows from Proposition 8.7 of Chapter 8. To prove
the “if”” part we notice that the equality ¢; = ¢y, means that L @ M~! €
Pic’(A). Thus, it suffices to prove that every element of Pic’(A) is algebraically
equivalent to the trivial bundle. But this follows from Theorem 9.1. O

Next we are going to introduce the structure of a subscheme on K (L) for
any line bundle L on A. This is done using the following general construction.

Proposition 9.3. Let X be a complete variety, Y be an arbitrary scheme, L
be a line bundle on X x Y. Then there exists a closed subscheme Y, C Y such
that for every scheme Z amorphism f : Z — Y factors through Y, if and only
if there exists a line bundle K on Z and an isomorphism p5K >~ (id x f)*L.
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Proof. Let S C Y be the subset consisting of points y € Y such that L[y,
is trivial. According to Lemma 8.9, S is closed, so our task is to equip S with
the subscheme structure and then to prove the universal property. The idea is
that the line bundle L; on X x Z has form p3 K for some line bundle K on
Z if and only if p,.(L) is locally free of rank 1 and the natural morphism
p5P2(L1) — Ly is an isomorphism. The problem is local in Y, so we can
replace Y by a sufficienly small affine open neighborhood of a pointy € Y.
Clearly, it suffices to consider the case when y € S. In this case the morphism
D5 P2l — L is an isomorphism over X x y. Since X is complete, shrinking
Y to a smaller affine neighborhood of y we can assume that the morphism
D3 P2l — L is an isomorphism over the entire X x Y. Let ¥ = Spec A.
Applying the proper base change (see Appendix C) to the projection p, : X x
Y — Y and L we see that there exists a finite complex Py AP —>...> P,
of finitely generated projective A-modules and an isomorphism of functors

H'(X x Spec(B), L ®4 B) ~ H'(P, ®4 B)

on the category of A-algebras B. Let us consider the A-module M :=
coker(d," : Py’ — P;’) (where for a projective A-module P we denote
PY = Homy (P, A)). Then for any A-algebra B we have

HOHIA(M, B) ~ HomB(M ®a B, B) ~ ker(Po ®a B — P1 ®a B)
~ HX x Spec(B), L ®,4 B). (9.3.2)

Let m C A be the maximal ideal corresponding to y. Then we have dim
Homy (M, A/m) = dim H°(X x y, L|xxy) = 1since L|x, is trivial. Hence,
M /mM is 1-dimensional. Shrinking Y if necessary we can assume that M is a
cyclic A-module, i.e., M = A/I for some ideal / C m. Now we define Y; C Y
to be the subscheme corresponding to the ideal /. Using the isomorphism
(9.3.2) one can easily check that the universal property is satisfied. O

We define the subscheme structure on K(L) C A by applying the above
proposition to the line bundle A(L) on A x A given by (9.3.1). Clearly, the
underlying closed subset is precisely the subgroup we defined earlier. The
proof of the fact that K(L) C A is a subgroup scheme can be derived from
the universal property in Proposition 9.3 and from the following isomorphism
of line bundleson A x A x A:

(p1, P2+ p3)" A(L) = (p1, p2)"A(L) ® (p1, p3)*A(L), (9.3.3)

which in turn follows easily from the theorem of the cube.
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By definition, the restriction of A(L) to A x K (L) is of the form p3 N for
some line bundle N on K(L). Restricting an isomorphism A(L)|axx () =
P3N to 0 x K(L) we see that, in fact, N >~ A(L)|oxk () is trivial (since
A(L)|oxa 1is trivial). Thus, the line bundle A(L)|axk(r) is trivial. More-
over, we have a canonical (up to a nonzero constant factor) trivialization
of A(L)|axkr) associated with a trivialization of L, the stalk of L at 0 € A.
Namely, a trivialization of L, induces a trivialization of A(L)|px4, hence, a
trivialization of A(L)|ox k(). Since O*(A x K(L)) = O*(K (L)), the latter
trivialization extends uniquely to a trivialization of A(L)|axkL)-

We define the dual abelian variety to A as the quotient-scheme A =
A/K(L) where L is an ample line bundle on L. We are going to construct
a certain line bundle P on A x A (the universal family) as follows. Let us
denote by p : A — A/K(L) the natural projection. The idea is to start with
the bundle A(L) on A x A and then equip it with descent data for the flat mor-
phismidxp: Ax A — A x A/K(L) (See Appendix C.) These data would
define uniquely a line bundle P on A x A such that (id x p)*P ~ A(L).
Note that since K (L) acts on A freely, we have a natural identification of
A X 4/k) A with A x K (L), so that the two projections to A are given by
p1+pr: Ax K(L) - Aandby p; : A x K(L) — A. Thus, the descent
data should be given by an isomorphism

a:(pi, p2+ p3) AL axaxkw) = (P1, P2 AL | axaxkw) (9.3.4)

satisfying the natural cocycle conditionon A x A x K (L) x K (L). The input for
our descent data will be a trivialization of L. Starting with such a trivialization
we get a canonical trivialization of A(L)|sxk ) as explained above. On the
other hand, we get a canonical isomorphism (9.3.3) which restricts to a given
trivialization of L over 0 x 0 x 0. Now we can define an isomorphism (9.3.4)
as the composition of this isomorphism with the trivialization of A(L)|Ax k(z)-
Note that the restriction of a to 0 x A x K(L) coincides with the natural
isomorphism induced by the trivialization of A(L)|ox k(z)- Using this property
one can easily check that the cocycle condition for the descent data is satisfied.

Theorem 9.4. The variety A represents the functor
S+ {L € Pic(A x S) | Llax(s} € Pic’(A) forall s € S, L|oxs =~ Os)}

so that P € Pic(A x A) corresponds to the identity morphism A — A.

We postpone the proof of this theorem until Chapter 11. The universal
family P on A x A is called the Poincaré bundle. We always normalize it
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by requiring that the bundles P, 4 and P|4xo are trivial. For a point x € A
we denote by P, the corresponding line bundle in Pic’(A) (the restriction of
P to A x {x}). Considering P as a family of line bundles on A parametrized
by A we get a morphism cany : A — A. It is easy to see that cany is
surjective (exercise!). Later we will prove that cany is an isomorphism (see
Section 10.4).

From the above construction and from Theorem 9.4 (that shows that A
depends only on A) we immediately get that for every line bundle L such that
K (L) finite, the map ¢, : A — Aisa homomorphism of abelian varieties
and K (L) is its scheme-theoretic kernel.

Now assume that L is an arbitrary line bundle on A (so that K(L) is not
necessarily finite). Then we can consider A(L) as a family of line bundles
on A parametrized by A, so by Theorem 9.4 it corresponds to a morphism
¢ : A — A which was previously defined only on the level of k-points. By
definition we have the following isomorphism of line bundles on A x A:

(id x ¢L)*P ~ A(L). (9.3.5)

Let f: A— B be a homomorphism of abelian varieties. We can consider
the line bundle (id3 x f)*Pp, where Py is the (normalized) Poincaré bundle
on B x B, as a family of line bundles on A parametrized by B. Furthermore,
these line bundles are trivialized at 0 € A and over 0 € B we have the trivial
bundle. Hence, by Theorem 9.4 this family defines a morphism f : B — A
such that

(idg x f)*Pg = (f x ida)*Pa,

where P, is the Poincaré bundle on A x A.

Definition. The morphism f constructed above is called the dual morphism

to f.
On the level of points we have f(é) = f*& for £ € Pic’(B) = B(k).

Proposition 9.5. In the above situation for every line bundle L on B one has

¢ =FfogLof.
The proof is left to the reader.

Definition. A morphism ¢ : A — A is called symmetric if ¢ = ¢ o cany
where cany : A — A is the canonical identification.
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Itis easy to see that for every line bundle L on A the morphism ¢, : A — A
is symmetric (this follows essentially from the symmetry of the line bundle
A(L) with respect to switching two factors of the product A x A). Moreover,
we will see in Theorem 13.7 that every symmetric morphism A — A has
form ¢, for some line bundle L on A.

Definition. A polarization of A is a symmetric isomorphism ¢ : A — A
such that ¢ = ¢, for some ample line bundle L on A (however, L is not part
of the data). A principal polarization of A is a polarization ¢ : A — A which
is an isomorphism.

Note that an ample line bundle L defines a principal polarization if and
only if K(L) = 0. In the case k = C a polarization on abelian variety V/I" is
the same as a choice of a positive-definite Hermitian form H on V such that
Im H takes integer values on I'. Thus, the above definition of polarization
agrees with the one given in Section 3.4.

9.4. Case of Elliptic Curve

Let E be an elliptic curve. It is easy to see that every line bundle of degree zero
on E has form Og(p — e) for unique point p € E (here e € E is the neutral
element). An easy generalization of this fact is that E together with the family
P = Opxp(A — pfl(e) - p; 1(e)) represents the functor of families of line
bundles of degree zero on E considered in Theorem 9.4. Indeed, let L be any
such family parametrized by a variety S. In other words, L is a line bundle
on S x E, trivialized along S X e, such that deg(L|;xg) = O forall s € S.
Let us denote by pg, ps the projections from S x E to E and S respectively.
Consider the line bundle L( pgl(e)). This line bundle has degree 1 on every
fiber s x E. Hence, M = RpS*(L(pgl(e))) is a line bundle concentrated in
degree zero. Thus, the line bundle L' = L( pgl(e)) ® psM ~! has a canonical
sections : @ — L’ which doesnot vanishonevery fibers x E.LetD C Sx E
be the divisor of zeroes of s. Then the scheme-theoretic intersection of D with
every fiber s x E is a point in E. Hence, the projection pgs|p : D — Sis an
isomorphism. Thus, D is the graph of a morphism § — E. Itis easy to check
that our family is induced by the universal one via this morphism.

Let us compare this construction with the one given in Section 9.3. We
can start with the line bundle L = Og(e). Then by definition E=E /K(L)
with the universal family induced by A(L). We claim that K (L) is the trivial
subgroup of E (taking into account the scheme structure). Indeed, let S be a
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scheme equipped with a line bundle K and a morphism f : § — E such that
p3K ~ (id x f)*A(L) on E x S. This means that

Okxs((p1 + fr2) " (e)) = p3K'(py ' (o))

for some K’ € Pic(S). Considering the push-forward of this isomorphism to
S we see that K is trivial, so we have an isomorphism

M = Opxs((p1 + fp2) () = Opxs(py ' (e)).

Thus, we get two sections sy, s, of M vanishing on divisors (p; + fp2)~'(e)
and pfl(e), resp. The corresponding sections 51, 53 of p2.(M) >~ Os do not
vanish anywhere on S. It follows that s; = ¢s; for some invertible function
¢ on S. But this implies that zero loci of s; and s, coincide (as subschemes
of E x S), therefore f factors throughe € E.

By definition, we have an isomorphism

A(Og(e) = Opxi(m™'(e) — py'(e) — p3'(e))

on E x E. Hence, A(Ofg(e)) differs from O g(A — pfl(e) — p;l(e)) by
the automorphism id x [—1]g : E? — EZ.

9.5. Quotient by an Abelian Subvariety

Let A be an abelian variety, B C A an abelian subvariety. We claim that there
exists a surjective homomorphism of abelian varieties p : A — C such that
B = ker(p). In this situation we will say that there is an exact sequence of
abelian varieties

0—-B—-A—-C—=0.

For the proof we can obviously assume that dim B < dim A.Leti : B — A
be the embedding. Consider the dual morphism i : A — B. We claim that
i is surjective. Indeed, let us choose an ample line bundle L on A. Then we
have the following commutative diagram:

PLy

[soN

B

i i 9.5.1)

3

2>
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in which horisontal arrows are surjective by Theorem 9.1. This immediately
implies our claim. Now let C’ be the abelian variety dual to the connected
component of zero of ker ;. Composing the dual morphlsm to the embeddlng
(keri)’ < A with the canonical map A — A we get a morphism p’
A — (C’. The same argument as above shows that p’ is surjective. Also,
by construction we have B C ker(p’). Let A & € — (' be the Stein
factorization of p’, so that p has connected fibers while C — C’ is finite.
Then according to Exercise 1 of Chapter 8, C has a structure of an abelian
variety, such that p is a homomorphism and its kernel is an abelian subvariety
of A. Now we have an inclusion B C ker(p) of abelian subvarieties of the
same dimension. Hence, B = ker(p).

Proposition 9.6. Leti : B < A be an embedding of abelian varieties. Then
there exists a homomorphism p : A — B such that p oi = [n]p for some
integer n > Q.

Proof. The diagram (9.5.1) provides us with a homomorphism p’' : A — B
such that p’ o i = ¢, for some ample line bundle M on B. Since the kernel
K (M) of ¢y is finite, it is annihilated by some integer n > 0. In other words,
K(M) C B, forsomen > 0. This means that there is a morphism 7 : B— B
such that 7 o ¢y = [n]p. Now we set p =7 o p'. O

The following statement is called Poincaré’s complete reducibility
theorem.

Corollary 9.7. Let B be an abelian subvariety in an abelian variety A. Then
there exists an abelian subvariety C C A such that B + C = A and the inter-
section B N C is finite.

Proof. Take C to be the connected component of 0 in ker(p) where p is
constructed in the above proposition. O

Remark. Note that the category AV of abelian varieties is additive, i.e., there
is a natural structure of an abelian group on every set Hom(A, B), where A, B
are abelian varieties. Using the notion of an exact sequence introduced above
we can consider .4) as an exact category (i.e., a full subcategory of some
abelian category). In particular, it makes sense to consider the K -theory of
abelian varieties (over a given ground field k). For example, the corresponding
group Ko(AV) is generated by classes [A] of simple abelian varieties, i.e.,
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varieties with no proper nontrivial abelian subvarieties. It is an interesting
question whether the equality [A] = [B] in K for simple abelian varieties A
and B implies that they are isomorphic.

9.6. Comparison with the Transcendental Picture

Recall that in Section 1.4 we have defined a dual complex torus TV to a
complex torus T and the Poincaré bundle P"*' on T x TV such that the re-
strictions P! () Tun through all holomorphic line bundles on 7" which are
topologically trivial. It is easy to see that in the case when 7" is a complex
abelian variety, T is isomorphic to the dual abelian variety 7. One way to
see this is to use Theorem 9.4: since TV is the base of the family of line
bundles on 7 given by P"°! and since by the GAGA principle these objects
are algebraic (see [124]), we have a morphism 7V — 7. Since this map is a
bijection, it is an isomorphism. A more direct way is to use the construction of
the dual abelian variety we gave earlier. Let L = L(H, «) be a line bundle on
T = V/T, such that the Hermitian form H is nondegenerate. Then we have
T =V/T+ whereTt = {x € V: E(x,T") C Z} (as usual, E = Im H).
Now the Hermitian form H induces a complex-linear map ¢y : V — v,
which descends to a holomorphic isomorphism 7= TV. Note that under
this identification, for every line bundle L’ = L(H’, &) the symmetric mor-
phism ¢, : T — T ~T" corresponds to the map induced by the Hermitian
form H'.

Now let us specialize to the case of elliptic curve T = C/T" where I' =
I'; = Z+ Zt, T is an element of the upper half-plane. We have T¥ = C/ TV
where 'V = {z € C : Im(zT") C Z}. The perfect pairing between I'V and T
is given by

(¥, y)=Im@y" 7).

It is easy to see that I'V = Iml(r)F. Hence, we have a natural isomorphism
o:T—>T":z— Imzm. The pull-back of the Poincaré line bundle P under

id x ¢ is the line bundle L(H®,a®)on T x T = C x C/T" x I" where
Zlg + ZZZ
Im(7)

a(z)(m + nr, m/ + I’l/f) — (_l)mn’-i—m/n.

’

HP((z21,22), (7}, 7)) =

We claim that the line bundle L(H®, «?) is isomorphic to the line bun-
dle A(Or(0)) = Or(m~"(0) — p;'(0) — p,'(0)) considered earlier. Indeed,
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let L = L(H, «) be the line bundle on T corresponding to the Hermitian
form H(zy, z2) = Ifr‘lg) and some compatible homomorphism « : " — U(1).
Then it is easy to see that ¢ = ¢, (e.g., using Exercise 2 of Chapter 1). The
line bundle L has degree 1 (see Exercise 5 of Chapter 3), hence, it is alge-
braically equivalent to O7(0). Now our claim follows from the isomorphism

(9.3.5).

Exercises

1. Let X be a quasiprojective variety, G be a finite group acting on X,
H C G be a subgroup. Show that there is a natural isomorphism

X/H xx/6 X = |_| X.
G/H

2. Show that a commutative diagram of homomorphisms between abelian

varieties
f
A B
8 h 9.6.1)
k
C D
is cartesian if and only if the sequence
(f:8) (h,—k)

0—>A = BxC =>"D—0

is exact.

3. Let G be a group scheme acting on a scheme X, a : G x X — X be the

morphism defining the action. Let F be a coherent sheaf on X.

(a) Give a definition of an action of G on a sheaf F compatible with
the action of G on X (informally it should be given by a system of
isomorphisms g : Fy = F,., where g € G, x € X, satisfying a
cocycle condition). Sheaves equipped with such an action are called
G-equivariant sheaves.

(b) Let Y be another scheme with G-action and let f : X — Y be a
G-morphism. Show that an action of G on F induces an action of G

on f(F).
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(c) Construct the canonical action of G,, on any coherent sheaf F over
X, where G, acts trivially on X such that t € k* = G,,(k) acts on
F via the embedding k* C Oy.

Let f : A — B be an isogeny of abelian varieties, i.e., a surjective

morphism with finite kernel. Show that there exists anisogeny g : B — A

such that f o g = [n]p, g o f = [n]a for some n > 0.
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Extensions, Biextensions, and Duality

In this chapter we study the relation between the duality of abelian vari-
eties and Cartier duality of finite commutative group schemes (the latter is
induced by the natural notion of duality for finite-dimensional commutative
and cocommutative Hopf algebras). The main result is that the kernels of dual
isogenies of abelian varieties are Cartier dual. The proof is based on the inter-
pretation of the functor A — A on abelian varieties in terms of Ext'(?, G,,).
Similarly, Cartier duality functor on finite commutative group schemes can be
interpreted in terms of Hom(?, G,,). Then the above result follows from the
consideration of the long exact sequence connecting Ext*(?, G,,). As a corol-
lary we get a canonical perfect pairing A, x A, — G,, between groups of
points of order n in an abelian variety A and the dual abelian variety A called
the Weil pairing. Another corollary is that the canonical map cany : A — A
is an isomorphism (for the proof one has to choose a symmetric isogeny
f : A — A and use the fact that the orders of finite group schemes ker( f)
and ker( f) are equal).

A convenient tool in the theory of duality of abelian varieties is the notion
of biextension which we consider as a categorification of the notion of bilinear
pairing. A biextension of G| x G, by G,,, where G| and G, are commutative
group schemes, is a line bundle B on G; x G, equipped with isomorphisms
Bytx,y = By,y ® By,y and By y4y = By, ® B,y satisfying some natural
compatibilities. For example, the theorem of the cube proved in Chapter 8
implies that for a line bundle L on an abelian variety A, the line bundle
A(L) = m*L ® pfL™' ® p5L~' is a biextension on A x A. This notion
is related to duality as follows: a biextension on A x B, where A and B
are abelian varieties, is the same as a morphism A — B. On the other
hand, every biextension 5 on A x B has the left and right kernels which
are the maximal subgroup schemes ker/(B) C A and ker’(B) C B, such
that B restricts to trivial biextensions of ker!(8) x B and A x ker’(53). The
difference between trivializations of these two biextensions gives a pairing
ker!(B) x ker"(B) — G,,. In the case when B corresponds to an isogeny

122
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A — B, this pairing induces Cartier duality between the left and right kernels
(as kernels of dual isogenies) discussed above. If we further specialize to the
case B = A(L), where L is a line bundle on A (and B = A), then both left
and right kernels coincide with the subgroup scheme K (L) C A considered
in the previous chapter. The corresponding pairing K (L) x K(L) — G, is
relevant for the problem of descent. Namely, if K C A is a subgroup scheme,
then in order for L to be a pull-back of a line bundle on A/K, K should be a
subgroup of K (L), isotropic with respect to the above pairing. This result will
be useful in the context of algebraic theory of Heisenberg groups considered
in Chapter 12.

10.1. Cartier Duality

Let G be afinite group scheme over k. Then A = O(G) is a finite dimensional
commutative algebra over k. The data consisting of the group law m : G x
G — G, the inversion morphism i : G — G, and the neutral element e € G,
translate into algebra homomorphisms A : A - A® A, S: A — A, and
€ : A — k. The axioms of a group can be spelled in terms of the data (A, S, ¢)
(an algebra A equipped with these data is called a Hopf algebra). In particular,
they imply that A* : A* ® A* — A* is an associative product with the unit
&* 1k — A*.If G is reduced then the algebra A* is just the group algebra of
G (k). For this reason, we sometimes denote A* as k[G] and call it the group
algebra of G. If G is commutative then the algebra A* is commutative, so we
can consider the scheme G = Spec(A*). Now the map A* — A* ® A*, dual
to the multiplication in A gives rise to a morphlsm #m:GxG— G. Also,
the unit in A gives r1se to an element ¢ € G, while the map § St A* > AF
produces a morphism 7 : .G — G.ltis easy to check that G with the data
(i, 1, €) is a commutative finite group scheme over k. It is called Cartier
dual to G. The definition immediately implies that the double Cartier dual
to G coincides with G. The main property of this duality is the following
natural isomorphism of functors on the category of k-schemes S with values
in commutative groups:

G(S) ~ Homg(Gs, Gy.). (10.1.1)

where Gg=G Xx; S, Homg denotes the set of homomorphisms of group
schemes over S. It suffices to define the isomorphism (10.1.1) for affine
schemes S. Let S = Spec(R) be such a scheme, where R is a k-algebra. A
morphism of S-schemes f : Gg — G, s corresponds to a homomorphism
of R-algebras R[¢, t~'1 > A®; R, i.c., toaninvertible element ¢ € A ®; R.
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We can view « as a morphism of R-modules &’ : A* ®; R — R.Itis easy
to check that f is a homomorphism of group schemes if and only if &’ is a
homomorphism of algebras, i.e., corresponds to an S-point of G.

Examples.

1. Let us consider the discrete group Z/nZ (as a scheme it is the dis-
joint union of n copies of Spec(k)). We claim that the Cartier dual
group to it is w, : = ker([n]: G,, - G,,). Indeed, for any commuta-
tive group scheme G we have a functorial isomorphism of groups
Homs((Z/nZ)s, Gs) = ker([n] : G(S) — G(S)) where S is a scheme
over k. Applyiﬂ&this to G = G, and using (10.1.1) we derive an
isomorphism Z/nZ(S) ~ wu,(S) for all S. Note that the group u, is
not reduced if the characteristic of k divides n.

2. Assume that characteristic of k is p>0 and let us denote
ap = ker([p]l: G, — G,). Then o, is a finite group scheme of order
p with the function ring k[x]/(x”). It is easy to see that o, is Cartier
dual to itself. The corresponding bilinear pairing

o, X o, = Gy

is given by the truncated exponent exp,(xy) € (k[x, yl/(x”, y?))*,
where exp, (1) = 1 4+1+12/2+--- 41771 /(p = DL

In fact, the category of commutative finite group schemes over k is abelian
(this result is due to Grothendieck) and the Cartier duality is an exact functor
(cf. [103]). If the characteristic of k is p > 0 then all simple objects in this
category are: Z/1Z, where [ is a prime different from p, Z/pZ, ., and «,
(this is due to Gabriel [47], the proof can also be found in [103]). The above
examples show that Z/IZ and o, are self-dual, while Z/ pZ is dual to p .

10.2. Central Extensions

Let us recall some general nonsense concerning central extensions (borrowed
from [58], exp.VII, see also Section 1 of [28]). Below we identify line bundles
and the corresponding G,,-torsors. In particular, we denote the sum of G,,-
torsors as tensor product. A central extension of a group scheme G by G, is
equivalent to the following data:

(i) for every point g € G(S), a line bundle L, over S (where S is a k-
scheme),
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(ii) for every pair of points g, g2 € G(S), an isomorphism dg, o, : Lg ®
Ly, = Lgg,»

(iii) for every morphism ¢ : § — S"and apointg € G(S), an isomorphism
bgg i Ly = ¢*Lgg)-

The data (ii) should satisfy the following cocycle condition for every three
points g1, g2, 83 € G(S):

Agi0r.05 O (Ag, g, ®1d) = Ay, g, © (Id ®ayg, ¢,). (10.2.1)

The data (iii) should be transitive with respect to composition of morphisms
S — 8" — §” and compatible with data (ii) in the obvious sense.

Using functoriality, we can rewrite these data in terms of a single line
bundle L over G corresponding to the canonical point id € G(G). Then the
data (ii) becomes an isomorphism m*L ~ piL ® p;L of line bundles on
G x G,where m : G x G — G is the group law. The cocycle condition
becomes an equality of isomorphisms between line bundles on G x G x G.
Note that the above definition works also for a group scheme over any base
scheme. If G is commutative one can define commutative extensions of G by
G, in a similar way by adding the condition thata,, ,, = a,, ,,. For example,
a line bundle L € Pic’(A) defines a commutative extension of A by G,,: if
we trivialize L at zero then there is a canonical isomorphism

m*L >~ piL ® p5L

on G x G compatible with the trivialization of L at zero, which induces the
above dataa, ,. More generally, for every k-scheme S one has an isomorphism
of groups (functorial in S)

A(S) = Exty(As, G 5),

where Ext}g is the group of extensions in the category of commutative groups
schemes over S, Ag = A X S. This should be compared with the property
(10.1.1) for finite commutative groups schemes. Using this description of
A we can interpret the canonical morphism cany : A — A= Extl(A, Gn)
considered in Section 9.3 as follows: cany(x) is the G,,-torsor over A con-
sisting of isomorphism classes of triples (L, g, ) where L is aline bundle in
Pic’(A), o (resp., ay) is a trivialization of L|q (resp., L|,). One can similarly
define the map on S-points.
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10.3. Biextensions

Let A and B be abelian varieties and let I3 be a line bundle on A x B that
has trivial restrictions to A x 0 and 0 x B. Using the theorem of the cube
it is easy to see that we have the following isomorphisms of line bundles on
AX Ax Band A x B x B:

Axy x5y - Blerxz,y - Bxl,y ® sz,y’

Axiyys * Bryi+y, = By, ® By y,. (10.3.1)

Let us choose a trivialization of the fiber . Then we can choose iso-
morphisms (10.3.1) uniquely, so that they restrict to identity maps under
this trivialization. The obtained isomorphisms satisfy the following cocycle
conditions:

(i) the equation (10.2.1) for ay, y,., in (x1, x2),

(ii) the equation (10.2.1) for ay.,, y, in (y1, y2),

(iii) (axl,xz;m ® axl,xz;yz)axl‘f’xZQYI,.Vz = (axl;yl«yz ® aXZE)’lsyz)axlaXZQ.VlJr}'Z'

In general, if G| and G, are groups schemes, B is a line bundle over
G| x G, equipped with isomorphisms (10.3.1) which satisfy the conditions
(i)—(iii), then we say that B is a biextension of G| x G, by G,, (or simply that
B is a biextension on G| x G»). The reason for this term is that 13 defines the
structure of commutative extension by G,, of both G| x G, considered as a
G1-scheme and G| x G, considered as a G,-scheme. One can also rewrite
the definition of biextension using S-points for all schemes S (similar to the
definition of central extension we gave above).

Clearly, the Poincaré bundle P on A x A is a biextension. More generally,
if A and B are abelian varieties then any homomorphism f : B — A gives
rise to a biextension (id x f)*P on A x B. Itis easy to see that all biextensions
of A x B by G, arise in this way (see Exercise 3). Switching the roles of A
and B in this correspondence, we obtain a natural involutive isomorphism

D : Hom(A, B) = Hom(B, A).

It is easy to see that this isomorphism sends f € Hom(A, B) to f o cang,
where cang : B — B is the canonical morphism.

For example, for every line bundle L on A (trivialized at 0) we have
a biextension A(L) = m*L ® p{L~' ® p5L~' of A x A by G,, which
corresponds to the morphism ¢, : A — A. This biextension is symmet-
ric (with respect to switching two factors of A x A) which corresponds
to the fact that the morphism ¢; is self-dual with respect to the duality
D above: D(¢) = ¢r. Equivalently, the morphism ¢, is symmetric (see
Section 9.3).
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The notion of a biextension can be considered as a categorification of the
notion of a bilinear pairing: the basic identities from the definition of bilinear
form getreplaced by isomorphisms (10.3.1) which leads to necessity of adding
higher constraints. On the other hand, the theorem of the cube shows that in
some sense line bundles on abelian varieties behave like quadratic forms. The

relation between a line bundle L and a biextension A(L) is similar to the
relation between a quadratic form ¢ and the associated symmetric bilinear

pairing b, (x, y) = qg(x +y) — q(x) — q(»).

10.4. Double Dual and the Weil Pairing

Let f : A — B be an isogeny of abelian varieties, i.e., a surjective homo-
morphism with finite kernel, and let f : B — A be the dual homomorphism.

Theorem 10.1. The homomorphism f is also an isogeny. The finite group
schemes ker(f) and ker( f ) are Cartier dual to each other.

Proof. Consider the exact sequence of group schemes
0— ker(f) > A— B — 0.
The induced sequence of Ext-groups is
... — Hom(A, G,,) — Hom(ker(f), G,,) — Ext'(B, G,,) — Ext!(A, G,,)

(where Ext' (G, G')(S) = Exty(Gs, G) for i < 1). Since Hom(A, G,,) = 0
we get the exact sequence

0— ke/rF) - B l) A.
Since f has a finite kernel and dim A = dim B, f is also surjective. O
Corollary 10.2. The canonical map cany : A — A is an isomorphism.

Proof. Let ¢ : A — A be a symmetric isogeny with kernel K (e.g., take
¢ = ¢ for some ample line bundle L on A). Then we have a morphism of
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commutative diagrams

>
-

0 K A

cany id (10.4.1)

¢

2>

0 K A 0
It follows that cany : A — A is an isogeny, in particular, it is surjective.
Therefore, the morphism K — K is surjective. Since these are finite group
schemes of the same order it follows that the morphism K — K is an

isomorphism, hence cany : A — A is an isomorphism. O

Henceforward, we will always identify A with A using can,. Note that
under this identification the Poincaré line bundles on A x A andon A x A
coincide (by the definition of cany).

Now we are going to interpret the definition of the pairing between ker( f)
and ker( f ) constructed in Theorem 10.1, in terms of biextensions (the abelian
variety B is denoted below as B).

Let BB be the biextension on A x B, where A and B are abelian varieties.
Let us define the left kernel ker'(B) C A (resp., right kernel ker’ (B) C B)
of B to be the kernel of the corresponding homomorphism f : A — B
(resp., f : B — A). The restrictions B lker'3)x 5 @A Bl axker’(5) are canoni-
cally trivialized, but these trivializations are not necessarily compatible over
ker'(B) x ker”(B). The difference between them gives a canonical pairing

ef=epg: ker'(B) x ker" (B) — G,,

In the case when f is isogeny, both kernels are finite and e is exactly the
pairing of Theorem 10.1. Therefore, in this case e is nondegenerate.

Lete; : ker’(B) x ker'(B) — G,, be the similar pairing associated with B
considered as a biextension on B x A. It is clear from the above description
that e;(x, y) = ez(y, x)~'. In particular, if f : A — A is a symmetric
isogeny then the induced pairing on ker( f) = ker(f) is skew-symmetric. In
fact, the following strong form of the skew-symmetry holds.

Proposition 10.3. Ler f : A — A be a symmetric isogeny, e r be the corre-
sponding bilinear form on ker(f) with values in G,,. Then ey(x, x) = 1.

Proof. Let BB be a symmetric biextension of A x A corresponding to f. The
symmetry isomorphism o : By, =~ B, . restricts to the identity on By .
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Therefore, the restriction of o to the diagonal in A x A is equal to the identity
morphism. Now our statement follows from the fact that the trivialization of
Blier(f)x 4 18 obtained from the trivialization of Bl 4 xier(r) by applying o. O

Applying the above construction to the nth power of the Poincaré line
bundle on A x A (which corresponds to the isogeny [n]4 : A — A) we
obtain the canonical perfect pairing

e, A, x A, —> G,

called the Weil pairing.

10.5. Descent and Biextensions

Let B be a biextension on A x B, where A and B are abelian varieties. Let
A — A’ (resp., B — B’) be a surjective homomorphism of abelian varieties
with kernel K4 C A (resp., Kg C B). We want to find a necessary and
sufficient condition for B to be the pull-back of a biextension on A’ x B’.
Clearly, it is necessary that K, C ker/(B) and K C ker’(B).

Proposition 10.4. A biextension B on A x B descends to a biextension on
A’ x B’ ifand only if K 4 C ker'(B), K C ket (B) and the restriction of the
canonical pairing eg to K 4 x Kgp is trivial.

Proof. Clearly, the condition K4 C ker!(B) is equivalent to the condition
that B descends to a biextension on A’ x B. The corresponding descent data
on BB are given by a trivialization of B|k,xs. Now descent data on /3 for the
projection A x B — A’ x B’ amount to commuting descent data for the
projections A x B — A’ x Band A x B — A x B’. In other words, we
should have trivializations of B over K, x B and over A x Kpg, which are
compatible on K4 x Kp. This compatibility is equivalent to the condition
that K4 and K g are orthogonal with respect to eg. O

Note that in the situation of the above proposition, a biextension B on
A’ x B’, such that B is a pull-back of B, is unique.

Now let L be a line bundle on an abelian variety A, andletw : A — A’
be a surjective morphism of abelian varieties with kernel K C A. We want
to find a criterion for L to be a pull-back of a line bundle on A’. To find
such a criterion we can use the analogy between line bundles and quadratic
forms. Indeed, let ¢ is a quadratic form on an abelian group G, H C G
be a subgroup. Then ¢ descends to a quadratic form on G/H if and only
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if two conditions are satisfied: 1) the restriction ¢g|y is trivial, 2) the re-
striction of the bilinear map b,(g, ') =q(g+ &) —q(g) —q(g’) to H x G
is trivial. In the case of line bundles we have to require L|gx to be triv-
ial and the biextension A(L)|gxa to be trivial. Note that the condition
of triviality of a biextension A(L) on K x A just means that K C K(L).
Moreover, in this case there exists a unique trivialization of the biexten-
sion A(L)|gxa (because there are no bilinear maps K x A — G,,). How-
ever, if K is not connected, the choice of a trivialization of L|x is an
additional structure, so we have to be more careful. Here is the precise
statement.

Theorem 10.5. L is isomorphic to the line bundle of the form p*L’ for some
L' on A’ ifand only if K C K(L), K is isotropic with respect to the canonical
pairing eg, = exr) : K(L) x K(L) — Gy, and the line bundle L| is trivial.
More precisely, a choice of L' corresponds to a choice of trivialization of L |k,
such that the induced trivialization of A(L)|k x x coincides with the restriction
of the trivialization of the biextension A(L)|k)xA-

Proof. Tt is clear that an isomorphism L =~ p*L’ gives rise to the described
structure. Conversely, assume that K is an isotropic subgroup of K(L) and we
have a trivialization of L |k as in the theorem. Then we can define the descent
data on L for the projection A — A’ = A/K as follows. Let us identify
A x4 A with K x A, so that the descent data should be an isomorphism
o: Ly, =~ L,on K x A satisfying the natural cocycle condition on K x
K x A. Let us define o as the composition of the canonical isomorphism
Liix >~ Ly ® Ly ® A(L); , with the trivializations of Ly and of A(L) . It
is easy to see that the cocycle condition is equivalent to the compatibility of
these two trivializations. O

10.6. Transcendental Computation of the Weil Pairing

Let us compute the Weil pairing in the case of complex abelian varieties.
Let A=V/T be such a variety where V is complex vector space, [ C V
is a lattice, A =V’ / TV be the dual variety. Then the Poincaré line bundle
on A x A can be identified with the line bundle L(Hyniy, ttuniv) described in
Section 1.4. According to the definition, the value of the Weil pairing at a
point (x,y) € A, X A, measures the difference between two trivializations

of the fiber L(nHuniv, &, )x,y): One coming from the isomorphism

i: L(nHuniva aﬁniv) = ([n] x id)*L(I'Iuniw Qlyniv)
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and the trivialization of L(Hyyiy, Quniv) at (0, y), and another coming from the
isomorphism

i2 . L(nHuniVs aﬁniv) = (ld X[n])*L(HuniV: Oluniv)

and the trivialization of L(Hypy, 0uniy) at (x, 0). To compute these isomor-
phisms we note that a lifting of a point u € A x A toapointi € V @ Vv’
gives a canonical nonzero element s; of the fiber L(Hyyiy, Cuniv),- A different
lifting u + A where & € T’ @ 'V leads to the trivialization

~ T
S = iy (1) exp (7 Honiy (. 2) + > Hun G ) -sw. (10.6.1)

Now let (x, y) be a point in A, X A,,. We can lift it to a point of the form
(y/n,y¥/n)inV @V . Thenitis easy to see that
11 (S /ny m) = S
02(S0/my/m) = Sty
Now applying (10.6.1) to A = (y, 0) and to A = (0, ") we obtain
Sy,yV/n) = eXP(ﬂHuniv()/v/m y))S(O,yV/n),
Sty /ny) = XP(T Huniv (¥ /1 ¥ V))S0r/,0)-

Since the elements s, ,v /s and s(,/,,0) are compatible with the trivializa-
tions of L(Hyniy, Cuniv) at 0 x A and A x 0, the value of the Weil pairing at
(y/n,yY/n)isequal to

i
n

b4 v v 2wi
xp (% (Hun (v ¥) = Hun(v. 7)) =exp( (v ,y>>.

Exercises

1. Let0 > A — B — C — 0 be an exact sequence of abelian varieties.
Show that the dual abelian varieties also form an exact sequence 0 —
C—>B—>A—o.

2. (a) Let f: A — Bandg: B — C beisogenies of abelian varieties.

Show that the natural exact sequences

0 — ker(f) — ker(gf) — ker(g) > 0
and
0 — ker(2) — ker(f2) — ker(f) — 0

are dual to each other.
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(b) Let f:A— A be a symmetric homomorphism. Show that the re-
striction of the pairing e, to A, is given by

enr(x,y) =en(x, f(y)),

where x, y € A,,.

(c) Show that the restriction of the Weil pairing e, to A, X A, c
Ak X A is equal to ek

Let B be a biextension of G| x G, by G,,. Then we have a canonical map

G1(S) — Ext'(Ga(S), Gn.s)- Show that in the case of abelian varieties

this gives a morphism ¢ : G; — G,. Check that B is isomorphic to

(¢ x id)*P as a biextension.

Let L be a line bundle on an abelian variety A, B be an abelian subvariety

such that B C K(L), p : A — A/B be the quotient morphism.

(a) Show that there exists a point x € A such that L ~ p*L’ ® P, for
some line bundle L' on A/B.

(b) Show that all line bundles L|z,, on B, where a € A, are isomorphic.

(c) Show that if dim B > 0 then there exists a point x € A such that
Rp. (L ® Py)=0.

Let K be a finite commutative group scheme which is annihilated by 2.

(a) Let 0 > up, — K’ — K — 0 be an exact sequence of finite
commutative group schemes. Show that this sequence splits if and
only if K’ is annihilated by 2. [Hint: Use Cartier duality.]

(b) Lete : K x K — pu, be a bilinear pairing such that e(x, x) = 1.
Show that there exists a morphism ¢ : K — u, such that e(x, y) =
¢(x + ¥)p(x)p(y). [Hint: Construct an extension K’ of K by u,
using e.]

Let L be aline bundle on an abelian variety A, S be a symmetric integer-

valued n x n matrix. Let us define alinebundle LS on A” = A x ---x A

(n times) by the formula

n
LS =@ piL" @ X) pj ALY,
i=1 i<j

where § = (s;;). For every n x m matrix M = (m;;) we have a homo-
morphism

Show that [M]* LS is algebraically equivalent to L'”S™. Show that if
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L is symmetric (i.e., [-1]3L =~ L) then these two line bundles are

isomorphic.

Let I C A, be a subgroup, I C A, be the orthogonal complement to 7

with respect to the Weil pairing.

(a) Construct an isomorphism A77 ~ A/t

(b) Assume that there exists a symmetric isomorphism ¢ : A = A such
that / is Lagrangian with respect to the induced pairing on A,,. Prove
that ¢ induces a symmetric isomorphism A/l = A//7 .

Let K4 C A, K4 C B be finite subgroup schemes in abelian varieties,

BB be a biextension on A x B which is the pull-back of a biextension B

on A/K, x B/Kpg. Prove that ker'(B) = K4 /K4, ket"(B) = K+ /K3,

where Kz C ker!(B) is the orthogonal complement to K with respect

to ep, etc.
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Fourier—Mukai Transform

The beginning of this chapter is devoted to the proof of Theorem 9.4 (stating
that the dual abelian variety represents a certain functor). The proof is quite
technical, however, the basic idea is simple. Every object K of derived cate-
gory on the product X x Y gives rise to a functor ®g x_.y from the derived
category of quasi-coherent sheaves on X to the similar category on Y. The
definition mimics that of integral transform with a kernel: to apply ®x x_.y
to a sheaf on X, one has to pull this sheaf back to X x Y, then take a tensor
product with K and finally apply the push-forward to Y. The Fourier—-Mukai
transform is the functor ®p ,_, 4 corresponing to the Poincaré bundle P on
A x A. The main ingredient of the proof of Theorem 9.4 is the fact that the
composition ®p 4, 4 0 Ppi,) 4, 4 is isomorphic to the identity. This gives
anice way to recover a point§ € Pic’(A) from the corresponding line bundle
Pz on A: the transform @, ,  2(Ps) is isomorphic to the structure sheaf of
the point —& € A (up to a shift of degree). To prove Theorem 9.4 we apply
the similar operation to a family of line bundles in Pic’(A).

Other parts of this chapter are devoted to the study of the Fourier—Mukai
transform and some of its applications. Aside from the properties one ex-
pects by analogy with the usual Fourier transform, we show that this trans-
form can be used in studying cohomology of nondegenerate line bundles on
abelian variety (line bundles L with finite K (L)). Combining properties of
the Fourier—Mukai transform with the theorem of the cube we prove that the
transform of such a line bundle L is a vector bundle concentrated in one de-
gree i(L) (called the index of a line bundle) and of rank | K (L)| > This easily
implies the similar statement about cohomology of L, which is an algebraic
analogue of Theorem 7.2. In a different direction we show that the functor
of tensoring with a line bundle L, such that K (L) is trivial, together with the
Fourier—Mukai transform generate an action of a central extension of SL,(Z)
on the derived category of A. This action can be considered as a (partial)
categorical analogue of the Weil representation constructed in the context of
representation theory of the Heisenberg group (see Chapter 15 for more about
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this analogy). It will be used in Chapter 14 for the study of vector bundles on
elliptic curves.

11.1. Functors between Derived Categories of Coherent Sheaves

Let X be a scheme of finite type over an algebraically closed field k. By
Dy .(X) we denote the derived category of quasi-coherent sheaves on X (where
* € {+, —, b}), it has a full subcategory D*(X) consisting of complexes with
coherent cohomology. If X and Y are two such schemes and K is an object
of D (X x Y) then we consider the corresponding exact functor

g = Dy xoy : Dy(X) —> DY) : F > Rpr(piF @ K),

where p; and p, are projections of X x Y to X and Y. We will say that K
is the kernel defining the functor @ . If K has finite Tor-dimension then the
functor @ x .y sends D} .(X) to D,.(Y). If X is proper and K € D™ (X x Y)
then ®g x_,y sends D~ (X) to D~(Y). Hypothetically, in this way one can
obtain all exact functors between derived categories of coherent sheaves (at
least in the case of smooth projective varieties). The theorem of D. Orlov
(see Appendix C, or [104]) implies that this is the case for exact equivalences
between such categories (for smooth projective varieties).

Proposition 11.1. For any K € Dq_C(X x Y)and L € Dq_C(Y x Z) one has
a natural isomorphism of functors

Crysz0oPrxoy = Prar,x—z,
where
K % L = Rpi3.(p},K ®" p3;L) € D, (X x Z),
pij are projections from X x Y x Z to pairwise products.

Proof. Applying the flat base change ([61], Proposition 5.12) to the Cartesian
square

P12
XxYxZ X xY
P23 (11.1.1)
Y xZ Y
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we obtain

D y-z0 Pk xoy(F) = Rpzu(Rpasp(py F @ K) ®" L)
>~ Rpz(Rp(piF @" p),K) ®" L),

where px : X XY > X, pz: Y XZ —> Z,p1: X XY xZ — X are the

natural projections. Now the projection formula ([61], Proposition 5.6) for

the morphism p,3 gives an isomorphism

Rpz«(Rpy(pi F @ plyK) ®" L)~ Rp 7. Rpas(pi F ®" pl K ®" piiL)
~ Rps.(pi F ®" p},K ®" p3;L),

where p3 : X XY x Z — X x Z is the projection. Similarly, applying the

projection formula to the morphism pj3: X XY x Z — X x Z, we get

D gur x—2z(F) = Rps(pi F @" pi, K @ p3,L). D

Definition. The operation K * L defined in the above proposition will be
called convolution of the kernels K and L.

More generally, an object K € D, (X x Y) defines a family of functors
Pk xxsorxs i Dye(X x 8) = D (Y x 8): F > Rps.(ps  F " K),

where Sisascheme, pg1: X XY xS = XxSandpgs,r: XXV xS = VxS
are the projections. We still have a natural isomorphism of functors

DL yxs—7x5 0 Pk xx5>7xS = PraL Xx5—27xS- (11.1.2)

Using the base change of a flat morphism (see Appendix C), one can easily
check that the above functors commute with (derived) pull-back functors
associated to morphisms § — §'.

11.2. Proof of Theorem 9.4

Let A and B be abelian varieties of the same dimension g, and 5 be a bi-
extension of A x B. We will deduce Theorem 9.4 from the following result.

Theorem 11.2. Assume that the following conditions are satisfied.:
(i) the maximal subscheme S C B such that B| s xs is trivial coincides with
eg C B;
(ii) the map B(k) — Pic®(A) induced by B is surjective;
(iii) the maximal subscheme S C A such that B|sxp is trivial, is finite.
Then the pair (B, B) represents the functor from Theorem 9.4.
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Lemma 11.3. Forevery scheme S the functor ®p-1(4] pxs— axs iS left-adjoint
to qDB,AXS—)BXS'

Proof. Forevery F € D™ (B x S), G € D™ (A x S) we have

Hom(F, @5 axs—pxs(G)) = Hom(p5 F, piG ® B)
~ Hom(piF ® B~', piG[—g])
~ Hom(Rp1.(piF ® B~ H[gl, G)
= Hom(®5-1[g) xs—axs(F), G),

where we used the isomorphism p’lG ~ piGlg] which follows from the
triviality of the canonical bundle wg. O

Theorem 11.4. Assume that the condition (i) of Theorem 11.2 is satisfied.
Let us choose a trivialization of wg. Then the canonical adjunction morphism

Id — q)B,AxS—>B><S o cDB*‘[g],BxS—>A><S

is an isomorphism.

Lemma 11.5. Let R be a regular local ring of dimension g, Py — P} —
...—> P, — ... be acomplex of finitely generated free R-modules. Assume
that all modules H'(P,) have finite length. Then H (P,) = 0 fori < g.

Proof. We use induction in g. For g = 0 the statement is trivial. Assume
that the result is true for g — 1. Choose an element x € m \ m”. Then the
ring R/x R is regular of dimension g — 1 and P, /x P, is a complex of finitely
generated free R/x R-modules. The long exact sequence

o> H™Y(P) > H™'(P,/xP,) = H'(P) > H(P,) — -+~

shows that cohomology modules of P,/x P, are of finite length. Thus, by
induction assumption we get that H'(P,/xP,) = 0 fori < g — 1. Now
the same exact sequence implies that the multiplication by x on H'(P,) is
injective for i < g. Since some power of x annihilates H'(P,) this is possible
only if H'(P,) =0 fori < g. O

Proof of Theorem 11.4. Using (11.1.2) and the fact that B is a biextension, we
can easily reduce the proof to showing that Rp,.(B) ~ O,,[—g]. Note that
from Theorem 8.8 we immediately get that Rp,.(B) is supported on eg C B.
Thus, to compute Rp,.(B) we can replace B by Spec(R) where R is the local
ring of B at eg. By the base change theorem (see Appendix C), Rp2.(B)|spec(r)
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is represented by a complex Py — P; — --- P, of finitely generated free
R-modules. Since cohomology groups of this complex are finitely generated
R-modules supported on eg and R is a regular ring of dimension g, applying
Lemma 11.5 we obtain that H(P,) = O fori < g. It follows that the complex
P/ — --- P/ — Py is aresolution of M = coker(P;" — P’). As we have
shown in the proof of Proposition 9.3, the R-module M has form A/I, where
I is the ideal of the maximal subscheme in Spec(R) over which B is trivial.
Therefore, I = m is the maximal ideal corresponding to eg, so M =~ k. Thus,
P’ is a free resolution of k. It follows that H8(P,) =~ Ext%(k, A) >k, ie.,
P, is quasi-isomorphic to k[—g]. O

Proof of Theorem 11.2. Let S be a scheme, L be a line bundle on A x S such
that L]y € Pic’(A) for every s € S, L, xs =~ Os. We want to construct
amorphism f : S — B such that L =~ (id x f)*B. Let us consider the object
®3(L) in the derived category of sheaves on B x S (here and below ®p is
short for @3 4xs— pxs). The condition (ii) implies that for every point s € S
the line bundle L| (s has form B, for some point b € B. On the other
hand, by Theorem 11.4 we have

O 4B axs) = Opl—gl.

It follows that

(L) px(st = P asp(Llaxisy) = Op[—gl.

Hence, ®3(L) >~ F[—g] for some coherent sheaf F on B x §, such that for
every point s € S the restriction of F to B x {s} is the structure sheaf of a
point on B. In particular, F is locally finitely generated as Og-module, We
claim that F is also flat over S. Indeed, it suffices to prove this when S is
affine. By Lemma 11.3 we have

Hom(Opys, F) =~ Hom(®z-1(Opxs), L).
But
®5-1(Opxs) = pi>* Rpil (B),

where p*S : Ax S — A, pf* : Ax B — A are projections. The assumption
(iii) implies that Rp{\ (B) has finite support. Furthermore, the same argument
as earlier shows that R pf‘*B (B) ~ M[—g], where M is a coherent sheaf on A
with finite support. Therefore,

Hom(Opys, F) ~ Ext® (p{¥*(M), L) ~ Ext® (M, p{3(L)).
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Since M has finite support we have
Ext® (M, p{¥(L)) ~ H°(A, Ext*(M, p¥(L))).
Furthermore, since the O4-module p{!5(L) is flat, we have

*

Ext® (M, ppS(L)) ~ Ext*(M, O4) ®o, pi(L).

Our claim follows easily from the fact that the coherent sheaf Ext® (M, O,4)
has finite support. Now we can finish the proof as follows. Since F is a finitely
generated flat Og-module, it is actually a locally free Os-module. Since the
restriction of F to B x {s} is a structure sheaf of a point on B, we conclude
that F is a line bundle supported on the graph of a morphism f : S — B.
Finally, we set f = —f =[—1]go f Then we have

Pp1(F) = ({d x f)*"B® p;K

for some line bundle K on §. On the other hand, the canonical adjunction
morphism

Pp1(F) = O ®s(l) - L

is anisomorphism, since it is an isomorphism on every fiber A x {s}. Therefore,
L ~ (id x f)*B ® p3 K. Comparing restrictions to e4 x S we conclude that
K ~ Os. O

Proof of Theorem 9.4. We have to check that the conditions (i)—(iii) of
Theorem 11.2 are satisfied for B = A/ K (L) and for the line bundle P obtained
by the descent from A(L). If S C B is a subscheme such that P| 4« is trivial,
then A(L)|axx-1(s) 18 trivial where 7 : A — B is the canonical projection.
Therefore, 7~!(S) is contained in K (L) which implies that § =ep. On the
other hand, by Theorem 9.1 the homomorphism ¢, : A(k) — Pic’(A) is sur-
jective. Since it is equal to the composition of the projection 7 : A(k) — B(k)
and of a homomorphism B(k) — Pic’(A), the latter homomorphism is also
surjective. Finally, if S C A is a subscheme such that P|syp is trivial then
A(L)|sxa is also trivial. Hence, S is contained in K (L), so it is finite. O

11.3. Definition and Some Properties of the
Fourier-Mukai Transform

Let A be an abelian variety, A be the dual abelian variety, and P be the
Poincaré line bundle on A x A. The Fourier—-Mukai transform is the functor

S =8, = dp: D’(A) » D(A).
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Using Theorem 11.4 and the isomorphism A =~ A we get the following result
due to S. Mukai [91].

Theorem 11.6. One has isomorphisms of functors

Sio8a = [—1T5[—¢gl.
SaoS; = [—1T5[—gl,

where g = dim A.

Remark. The same statement is true for the functors ®p 4, 5, i, €tc. (as
follows from Theorem 11.4). Moreover, one can generalize this to the case of
nontrivial families of abelian varieties. On the other hand, there is a similar
Fourier transform between derived categories of coherent sheaves on dual
complex tori.

Example. Let O, be the structure sheaf of a point x € A. Then S(O,) = P,.
Using the above theorem, we derive that S(P:) >~ O_;[—g] forany & € A.

Corollary 11.7. One has an isomorphism of vector spaces H*(A, Q) =~
N (HY(A, 0)) and dim H'(A, O) = g.

Proof. We have S(O) = O,[—g]. Therefore, we can compute H*(A, O) as
the (derived functor of) restriction of O,[—g] to e C A. Locally e C Ais
given by g equations, so considering the corresponding Koszul complex we
immediately deduce the result. O

As is well known, the usual Fourier transform interchanges operators of
translation and multiplication by a character. We leave for the reader to es-
tablish the similar property of the Fourier—Mukai transform stating that there
are canonical isomorphisms

S(*F) ~P_, ® S(F), (11.3.1)
S(F @ Ps) = 1S(F) (11.3.2)

for x € A, £ € A, functorial in F € D?(A).

Definition. A vector bundle E on an abelian variety A is called homogeneous
if t!E >~ E for every x € A.
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Proposition 11.8. The Fourier transform induces an equivalence between
the category of coherent sheaves on A with finite support and the category of
homogeneous bundles on A.

Proof. If F has finite support, then F ® P: ~ F for every & € A. Applying
(11.3.2) we get that S(F) is homogeneous. Conversely, let E be a homoge-
neous bundle. Then for F; = H'S(E) we have F; ® Pe >~ F;. We claim
that this implies that the support of F; is finite. Indeed, assume that supp(F;)
contains an irreducible curve C. Let f : C — A be the embedding (we con-
sider C with the reduced scheme structure). Then denoting G = f*F;, we get
GQ® f*Pg = Gforevery & e A.Let G be the quotient of G by its torsion sub-
sheaf. By assumption G has a nonzero rank r. Now we have G ® f*P: ~ G
for every £ € A. Passing to determinants, we obtain that f “P¢ is trivial for
every & € A. In other words, the map f' = [rlao f : C — A induces a
trivial homomorphism from Pic’(A) to Pic(C). Since C is proper, this im-
plies that the pull-back of the (normalized) Poincaré bundle by the morphism
f'xid: Cx A — Ax Aistrivial. On the other hand, ( f' x id)*P is the familAy
of line bundles on A that corresponds to the morphism canof’ : C — A.
Therefore, the morphism [ is constant, which is a contradiction. Thus, all
the sheaves F; have finite support. Since S(S(E)) is concentrated in degree
g we obtain that F; = 0 fori # g. O

The Fourier—Mukai transform also interchanges the operations of tensor
product and convolution. Namely, as the reader can easily check, there is a
canonical isomorphism:

S(F)® S(G) ~ S(F x G),

where F, G € Db(A), F * G is the (derived) push-forward of F X G by the
group law morphismm : A x A — A.

For any homomorphism f : A — B of abelian varieties one has the
following canonical isomorphisms:

Spo Rf. >~ Lf*oS8,, (11.3.3)

Sio f'~Rf,0Ss. (11.3.4)

Here f': D’(B) — D"(A) is the right adjoint functor to Rf, (cf. [61]). The
first isomorphism is easy to establish using the projection formula and the flat
base change (cf. [61], Propositions 5.6 and 5.12). The second isomorphism

follows from the first, from the adjointness of the functors (R f,, f') and from
the fact that S, and Sp are equivalences. Since canonical bundles of A and B
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are trivial, one has a (noncanonical) isomorphism f' ~ Lf*[dim A —dim B].
In particular, if f is an isogeny then we have a (noncanonical) isomorphism
Sao f*~Rf,o0S8;. (11.3.5)
The particular case of (11.3.3) is the isomorphism
Le* o Sy >~ Ry, (11.3.6)

where e : Spec(k) — A is the neutral element, 7 : A — Spec(k) is the
projection. Using the fact that tk(F) = rk(Le*F) for every F € D(A)
(which follows from the existence of a finite complex of vector bundles quasi-
isomorphic to F'), we obtain the relations

k(S(F)) = x(F), x(S(F)) = (—1)$ tk(F). 11.3.7)

11.4. Fourier-Mukai Transform and Line Bundles

Definition. We say that a line bundle L on an abelian variety A is nonde-
generate if K(L) is finite. Equivalently, L is nondegenerate if the morphism
¢r : A — A is an isogeny.

Proposition 11.9. Let L be a nondegenerate line bundle on A trivialized at
zero. Then one has a canonical isomorphism
$;Sa(L) ~n* R L ® L™,
where m : A — Spec(k) is the projection to the point.
Proof. Making the flat base change ¢, : A— A of the projection p,: A x
A — A we can write
¢ Sa(L) >~ ¢7 Rpr(pTL @ P) = Rpr.(piL ® (ids, )" P),

where in the latter expression p, denotes the projection of the product A x A
on the second factor. But we have an isomorphism

m*L >~ p{L ® p5L @ (ida, ¢.)*P.
Hence,
$1Sa(L) = Rpo(p3L™" @ ML) = L™ @ Rpsum™(L) ~ L™ @ "R, L

as required. O
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Corollary 11.10. For a nondegenerate line bundle L one has
X(L)* = |K(L),

where x is the Euler-Poincaré characteristic.

Proof. We have from the above proposition that

x(@;S(L) = x(L)- x(L™").

Using the Grothendieck—Riemann-Roch theorem it is easy to deduce that for
any coherent sheaf F' on A one has x (@] F) = deg(¢r)- x (F) (see Exercise 5).
Thus, the LHS is equal to deg(¢y) - x (S(L)). It remains to use the equalities
deg(¢r) = |K(L)|, x(S(L)) = (=D¥1k(L) = (=1)* (by (11.3.7)), and
x (L") = (=1)% x(L) (by the Serre duality). O

It turns out that the Fourier—-Mukai transform of a nondegenerate line
bundle has only one nontrivial cohomology. More precisely, the following
result holds.

Theorem 11.11. Let L be a nondegenerate line bundle. Then fhere exists
an integer i(L), 0 < i(L) < g, and a vector bundle E on A such that
S(L) = E[—i(L)].
Proof. The proof is based on the formula
S(L)®S(—11"L™) = S(L * [-1T"L7),
where * denotes the convolution of sheaves on A. Using the isomorphism
PIL>=m*L ® (—p2)'L ® (m, —¢ o pr)*P
on A x A, we obtain
Lx[=11°L7" 2= L @ m.(m, —¢p © p2)*P.

Making the change of variables x’ = x +y, y’ = —y on A x A we can rewrite
this as

L ® Rp1(id x¢1)*P =~ L ® Rp1.(A(L)).
Using the symmetry of A(L) we can write

Rp1(A(L)) = Rp1u(¢r x id)*P = ¢; Rp1.(P).
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Finally, using the fact that Rp.(P) ~ O.[—g] we obtain the isomorphism
Lx[—11"L7" ~ L|gay[—g].
It follows that
S ®S(-11"L™") = S(Llkw)l-g].

Note that S(L|kr)) is the vector bundle of rank |K(L)| on A. According
to Proposition 11.9, the pull-back of the LHS under ¢; is isomorphic to
7*(Rm(L) ® R (L™") ® O. It follows that R, (L) is concentrated in one
degree and applying again Proposition 11.9 we derive that S(L) is locally
free. O

Corollary 11.12. If L is a nondegenerate line bundle on an abelian variety
Athen H'(A, L) = O fori # i(L) while H'D(A, L) has dimension |K (L)|>.

Proof. This follows from the above theorem and from (11.3.6). O

Remark. As we have seen in Chapter 7, in the case when (A, L) is defined
over C, the number i (L) is equal to the number of negative eigenvalues of the
Hermitian form associated with L. In the case of an arbitrary ground field &,
it is equal to the number of positive roots of the polynomial P, defined by
P(n) = x(L(n)), where O4(1) is some ample line bundle on A (see [95]).
Although we do not prove this fact here, we will obtain some information on
i(L) in Sections 11.6 and 15.4.

11.5. Action of SL,(7Z)

The following theorem gives a relation between the Fourier—Mukai transform
and the functor of tensoring by a nondegenerate line bundle.

Theorem 11.13. Let L be a nondegenerate line bundle on A. Let T; be
the functor of tensor multiplication by L, S = ¢} o S. Then there is an
isomorphism of functors from D"(A) to itself:

TLSLTLSLTL ~ RF(A, L) X [—1]* o SL.
Proof. Let (x, y), denotes the biextension A(L) = m*L@piL~'®p5L~" on

A x A.The functor T}, is given by the kernel A, L, where A : A — Ax Aisthe
diagonal. The functor S, is given by the kernel A(L), hence the composition
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Ty Sy corresponds to A(L) * AL ~ A(L)® p3 L. Thus, the functor (T, SL)?
is given by the kernel

K, .= /(x’ y)LLy<y’ 2L, >~ /Ly<y7x +z) L, >~ /Lx+y+zL,v_—|l-szv
y y y

where fy F . denotes the derived push-forward with respect to the projection

p13 - A3 — A? applied to F € D?(A%). Making the change of variable y +>

y + x + z, we can rewrite this as

(/ Ly) Ll L, ~ (/ L) (x.2) 'L
y

The latter kernel represents the functor ( f LY®[—1]*S, TL_1 as required. O

Corollary 11.14. Let L be a line bundle on A with |x(L)| = 1. Then

(T.S1)® ~id[—i(L) — gl.

Recall that the group SL,(Z) has the following presentation: it is generated
by § = (% ¢) and T = ( {) with the relations §* = (T'$)* = 1.

Corollary 11.15. Let L be a line bundle on A with |x(L)| = 1. Then the
Sfunctors S; and Ty, generate the action of a central extension of SLy(Z) by Z
on D?(A).

Proof. In view of the previous corollary, we only have to compute S7. We
have

S;=¢;0Sop; 0S¢ o(pr)oSoS~[—11;[—gl

(here we used the isomorphism (11.3.4), the self-duality of ¢, and
Theorem 11.6). Hence, S} ~ id[—2g]. O

Remark. In this corollary, by an action of a group G on a category C we mean
a homomorphism from G to the group of autoequivalences of C considered
up to an isomorphism. There is a stronger notion of an action of a group G on
a category defined in [128]. One can show that in the above situation there is
an action of a central extension of SL,(Z) by Z on D’(A) in the strong sense
(see [106]).
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11.6. Index of Nondegenerate Line Bundles

In this section we establish some simple properties of the index i (L).

Lemma 11.16. If L and L' are algebraically equivalent nondegenerate line
bundles on an abelian variety, then i(L) = i(L').

Proof. Since ¢y : A — Aisa surjection, we have L' >~ ¢*L for some x € A.
Therefore, H*(L) >~ H*(L'). O

Proposition 11.17. Let f : A — B be an isogeny of abelian varieties, L
a nondegenerate line bundle on B. Then f*L is also nondegenerate and

i(f*L) = i(L).

Proof. Since ¢ = fo¢Lo f,we immediately see that f*L is nonde-
generate. Now using (11.3.5) we obtain

Saf*L >~ Rf.Sp(L).

Note that the functor f « 18 exact, since the morphism f is finite. It remains
to apply Theorem 11.11. O

Proposition 11.18. Let L be a nondegenerate line bundle on A. Then for
every positive integer n one has i(L) = i(L").

Proof. By Proposition 11.17, for every m > 0 one has i([m]}L) = i(L).
Since [m]’ L is algebraically equivalent to L™ (see Exercise 7 of Chapter 8),
by Lemma 11.16 we have i(L™) = i(L). This gives a proof in the case
n = m>. In general we can use the fact that every n > 0 can be represented
as the sum of four squares: n = a® + b*> + ¢* + d?. Consider the morphism
f : A* — A* given by the 4 x 4-matrix M with integer coefficients rep-
resenting the multiplication by the quaternion a + ib + jc + kd. Note that
M' - M = nly. It follows that f*(L™*) is algebraically equivalent to (L")®*
(see Exercise 6 of Chapter 10). It remains to use the fact that i (N X4y = 4i(N)
for a nondegenerate line bundle N. O

Corollary 11.19. If L is an ample line bundle on an abelian variety A then
H'(A,L) =0fori > 0 while dim H*(A, L) = |K(L)|%. In particular, if L
defines a principal polarization then H°(A, L) is 1-dimensional.
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11.7. Fourier Transform on the Chow Groups
and on the Cohomology Groups

We refer to Fulton [46] for the notions related to algebraic cycles that are used
below.

Being an exact equivalence of triangulated categories, the Fourier trans-
form induces an isomorphism

S : Ko(A) S Ko(A)

of the Grothendieck groups. The Chern character induces an isomorphism
ch: Ko(X)g — CH*(X)q, hence, we obtain the transform

S : CH*(A)g = CH*(A)g.

Applying the Grothendieck—Riemann-Roch theorem, one can easily write
this transform explicitly: for « € CH*(A)g one has

S(a) = pa.(pj - exp(ch(P))), (11.7.1)

where p,, denotes the push-forward of cycles under the projection p; : A X
A — A, p} denotes the pull-back of cycles under p; : A x A — A. Most
of the properties of the Fourier—Mukai transform described in Section 11.3
have obvious analogues for the Fourier transform on algebraic cycles. For
example, S? = (—1)¢[—1]%.

It is clear that one can define similar transform on groups of cycles modulo
algebraic (resp., numerical, or homological) equivalence. Also, one can con-
sider the cohomological Fourier transform S : H*(A, Q) =5 H *(A, Q) given
by the same formula (11.7.1), where the Chern charater is replaced by the
topological Chern character (with values in cohomology).

Proposition 11.20. The cohomological Fourier transform sends H*(A, Z)
into H*(A, 7). More precisely, the restriction of S to H'(A, Z) is equal to
(=1)!0+D2+8 times the standard isomorphism

H(A,Z) — H* (A, Z)" ~ H®¥ (A, 7)
induced by the Poincaré duality (where g = dim A).
Proof. For every i let us denote by 8; € H'(A,7Z) ® H(A, Z) the tensor
> f; ® f; for some dual bases (f;) and (f}) of H(A,Z) and H'(A, 7).

Kiinneth isomorphism identifies H*(A x A, Z) with H*(A, Z) @ H*(A, 7).
Under this identification we have c;(P) = §; (see Exercise 8 of Chapter 1). It
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is easy to check that the n-fold wedge power of 8, is equal to (—1)""*D/2p15,.
Hence,

28
ch(P) = exp(c1(P)) = Z(_l)n(n-‘rl)/zan.

n=0

Now the result follows easily from the definition of S. O

Exercises

1. Let us define the bilinear form on the Grothendieck group K((A) by the
formula

X([F1IG) =) (~1) dimExt'(F, G).

i

The Fourier transform defines a homomorphism S : Ko(A) — Ko(A).
Show that

x(S), S») = x(x, y).

2. Let L be aline bundle on an abelian variety A.
(a) Assume that K(L) is infinite. Let B be the connected component of
zeroin K(L), p: A — A/B be the quotlent morphism. Show that
the support of S(L) is of the form p(A/B) + x for some x € A.
[Hint: Use Exercise 4 of Chapter 10.]
(b) Prove that L is nondegenerate if and only if x (L) # O.
(c) Assume that H°(A, L) # 0 and H'(A, L) = 0 for i > 0. Prove that
L is ample.
3. Let

8 h (11.7.2)

C D

be a cartesian diagram in the category of abelian varieties and their ho-
momorphisms. Show that for any F € DfI’C(B) one has

Sc(Rg. f'F) ~ Rk Lh*Sg(F).
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Let f : X — A be a morphism from a proper connected variety to an

abelian variety.

(a) Show that if the induced homomorphism f* : Pic’(A) — Pic(X) is
trivial, then f(X) is a point.

(b) Show that f is determined by f* uniquely up to translation (i.e., up
to replacing f with ¢t} o f for some x € A).

The Grothendieck—Riemann-Roch theorem for a projective morphism of

smooth varieties f : X — Y states that for any coherent sheaf F" on X one

has ch(Rf,. F) = f.(ch(F)-Td) where ch is the Chern character, Td is

a relative Todd class. In the case when f is a morphism between abelian

varieties the relative Todd class is trivial since the tangent bundles of

abelian varieties are trivial. Check that if f is an isogeny between abelian
varieties then ch(Rf, f*F) = deg(f) - ch(F). Deduce that x(f*F) =

deg(f) - x(F).

Let L be an ample line bundle on an abelian variety A.

(a) Show that y (L") = n8x (L) forn > 0, where g = dim A. [Hint: Use
Riemann-Roch.]

(b) Prove that for every n > 0 the degree of the morphism [n] : A — A
is equal to n*¢. Equivalently, the finite group scheme A, has order
n?¢. [Hint: Use the previous Exercise.]

Let E be an elliptic curve. Show that

deg S(F) = —1k F,
rkS(F) = deg F.

[Hint: Use formulas 11.3.7.] Show that for L = Of(e) the action of the
functors S; [1] and Ty, on D?(E) induces by passing to invariants (deg, rk)
the standard action of the matrices S and T on Z>.

Identify the group of isomorphism classes of central extensions of SL,(Z)
by Z with Z/127. Show that under this identification the class of the cen-
tral extension arising in Corollary 11.15 corresponds to +(2g —4i(L)) €
7Z/12Z. This means that when g = 2i(L) mod(6) we can correct functors
S; and T by shifts of degree to get an action of SL,(Z) on D?(A). For
example, we can do this when A is an abelian surface and i(L) = 1.
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Mumford Group and Riemann’s Quartic

Theta Relation

In this chapter we develop an algebraic version of the theory of finite Heisen-
berg groups. Namely, we consider central extensions of finite commutative
groups schemes by G,,, such that the corresponing commutator pairing is
perfect in the sense of Cartier duality (we call them finite Heisenberg group
schemes). The most important example of such an extension is the Mumford
group G(L) acting on the cohomology of a non-degenerate line bundle L on
an abelian variety. By the definition, G(L) is a central extension of K(L) by
Gy, such that the corresponding G,,-torsor over K (L) is obtained from the
line bundle L |z, (the structure of central extension on this G,,-torsor comes
from the theorem of the cube). The commutator pairing K (L) x K(L) — G,,
coming from this central extension coincides with the perfect pairing consid-
ered in Chapter 10. Other examples of finite Heisenberg group schemes are
obtained by considering the restriction of the central extension G(L) — K (L)
to appropriate subgroups of K(L). As in Chapter 2, we consider representa-
tions of a finite Heisenberg group scheme on which G,, acts in the standard
way. We prove that there is a unique such irreducible representation. In the
case G = G(L) we show that the natural representation of G(L) on H'®)(L)
is irreducible (recall that i (L) is the unique degree in which cohomology does
not vanish).

We consider two applications of this theory: to the construction of simple
vector bundles on abelian varieties and to the proof of Riemann’s quartic theta
relation (more precisely, we prove an analogue of this identity valid in arbitrary
characteristic ## 2). The former construction associates to aline bundle L on an
abelian variety A and to a finite subgroup scheme K C K(L) such that the re-
striction of the canonical pairing K (L) x K(L) — G,, to K is nondegenerate,
a simple vector bundle on A/K. Riemann’s quartic theta relation essentially
expresses the theorem of the cube in terms of theta functions. Namely, accord-
ing to this theorem, for 0 € H(A, L) the expressions 8(x 4y +z+1)0(x +1)
O(y+1)0(z+t)and 0(1)0(x +y+1)0(x +z+1)0(y+2z+1) are sections of the
same line bundle M on A*. Riemann’s quartic relation states that in the case

150
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when K (L) = 0, one is obtained from another by applying the projectors asso-
ciated with some explicit Lagrangian subgroups in the Mumford group G(M).
In the next chapter we will consider some other applications of the
Mumford group.
In this chapter we will often identify line bundles with the corresponding
G, -torsors (and denote them by the same letter).

12.1. Algebraic Theory of Heisenberg Groups

The notion of a finite Heisenberg group considered in Chapter 2 has a natural
algebraic counterpart (in arbitrary characteristic). Namely, one can consider
central extensions of the form

0—-G,—>G—-K—>0

in the category of group schemes over k, where K is a finite commutative
group scheme. Then the commutator pairing gives a bihomomorphism e :
K x K — G,,. We say that G is a finite Heisenberg group scheme if e
induces an isomorphism of K with the Cartier dual group scheme K.

By a representation of G we mean a vector space V over k equipped with
an action of G such that G,, acts in the standard way (¢t € G,,(k) = k* is
represented by ¢-idy ). In other words, this structure is given by an isomorphism

G Qo, 7'V a*V
on K, satisfying the natural cocycle condition, where G is considered as a
line bundle on K, 7w : K — Spec(k) is the projection.

We are going to prove the following analogue of Stone-von Neumann
theorem for this situation.

Theorem 12.1. There exists a unique (up to isomorphism) representation V
. . 1 . )

of G of dimension |K |2. The functor V +— V ® V; is an equivalence between

categories of k-vector spaces and G-representations.

The unique representation of G of dimension |K|% will be called
Schrodinger representation of G.

Lemma 12.2. [f 1 C K is an isotropic subgroup scheme, then the restriction
G| of the central extension G — K to I is trivial (as a central extension).

Proof. Assume that [ is annihilated by N > 0. Then the isomorphism Gy =
Gy > Gi\’ givesatrivialization of GV|;.1tis easy to see that this trivialization
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of is compatible with the structure of central extension (because G|; is com-
mutative). Therefore, G|; is isomorphic to the push-out of a commutative
extension

0= uy—->Gr—>1—-20

under the canonical embedding uy < G,,. It suffices to prove that the push-
out of this extension under the canonical embedding py < @y splits for
some M > 0. Passing to Cartier dual groups we get an exact sequence

0—>1-—G;— Z/NZ— 0.

Let¢ € (/;;-(k) be an element mapping to the generator of Z/NZ. Choose
M > O suchthat M N& = 0. Then there exists a homomorphism Z/ M NZ —
C/;; mapping the generator to £. The dual homomorphism Gy — uyn gives
the required splitting. O

Definition. We say that a subgroup scheme / C K is Lagrangian if [ is
isotropic with respect to the commutator pairing e and the morphism K /I —
I induced by e is an isomorphism.

Lemma 12.3. For any finite Heisenberg group scheme G — K there exists
a Lagrangian subgroup scheme I C K.

Proof. We argue by induction in |K|. If |K| = 1 we take ] = K = 1. Now
assume that |K| > 1. Let I be a subgroup scheme of K of prime order (such a
subgroup always exists). We claim that e|;,;, = 1. If Ij is reduced then this is
clear, so we can assume that characteristic of kis p > 0.If I = u,, then again
there are no nontrivial bithomomorphisms Iy x Iy — G,,, because the dual
group scheme to i, is Z/pZ and there are no nontrivial homomorphisms
Wp — Z/pZ. It remains to consider the case Iy = «,. Let us choose a
trivialization Gly, >~ G, X a), of the G,,-torsor G|y, compatible with the
natural trivialization over 0 € «,. Then the group structure on G|, is given
by some morphism ¢ : @), x o, — G,, satisfying the cocycle condition

c(x,y)ex +y,2) =clx,y +2)c(y, 2)

which should be regarded as an equality of morphisms a, X a, X &), = G,.
Also, we have ¢(0,0)=1. The ring of functions on «, x a, is k[x, y]/
(x?,yP). Since c¢(0,0)=1, we have c(x,y)= expp(C(x, y)) (where

exp,,(t) = S’ '#i/il). The multiplicative cocycle condition for ¢ is
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equivalent to the additive cocycle condition for C:
Cx, )+ Cx+y 2)=Cl,y+2+Cy,2).

Comparing the coefficients with x’y/z’ in this identity we conclude that
C(x,y) = C(y,x), hence, c(x,y) = c(y, x). Therefore, the group Glq,
is commutative, i.e., Iy is isotropic as claimed. By Lemma 12.2, we can lift
Iy to a subgroup of G. According to Exercise 1 in this situation we have the
Heisenberg group scheme structure on N¢g(Ip)/ 1. By induction assumption
we can choose a Lagrangian subgroup scheme 7 in IOL /Iy. Now we define 1
to be the preimage of 7 under the projection IOL — IOl /1. O

Proof of Theorem 12.1. Let us choose a Lagrangian subgroup scheme I C
K and its lifting to a subgroup in G (this is possible by Lemma 12.3 and
Lemma 12.2). We can define a representation Vj of G as follows: V) is the
subspace in H*(I\G, O) consisting of functions f such that f(Ag) = Af(g)
for A € Gy, (to intepret this equation consider f as a morphism /\G —
A'). The action of G on V, is induced by the right action of G on I\G.
Trivializing the G,,-torsor G — K we can define an isomorphism of vector
spaces Vo ~ H(K /I, O). In particular, the dimension of V) is |K|%.Now let
V be arbitrary representation of G. First, we can consider V as arepresentation
of 1. Recall that the group algebra of I coincides with algebra of functions on
2 Therefore, V has a structure of a module over the algebra H O(T, 0). This
means that V >~ H O(T, JF) for some quasi-coherent sheaf 7 on 7. The action
of G on V induces an action of G on F compatible with the action of K on
I~K /1 by translations (where I acts by multiplication with characters and
the action of G, is standard). In particular, F is a locally free O-module. Let
w : V. — F|o be the morphism of evaluation at 0 € 1. We can construct a
linear map

iV = Vo® Flo

as follows. We identify Vy ® F|o with functions f on /\G with values in
Flo, suchthat f(Ag) = Lf(g) for A € G,,. Then we seti(v)(g) = m(gv).Itis
clear that i is a map of G-representations. We claim that i is injective. Indeed,
letp:G/I - K/I ~ T be the natural morphism. Consider the composition
of the embedding p* : H(I, F) — H°(G/I, p*F) with the isomorphism
HYG/I, p*F) ~ H°(I\G, O) ® F|y induced by the natural trivialization
of p*F and by the isomorphism H%(G/I, ©) ~ H°(I\G, O) sending f(g)
to f(g~'). The obtained embedding H(7, F) < H°(I\G,0) ® Flo
factors through i hence i is injective. If V is finite-dimensional, then we
immediately deduce that i is an isomorphism (comparing dimensions).



154 Mumford Group and Riemann’s Quartic Theta Relation

In general, V is a union of finite-dimensional subrepresentations (since any
subspace of F|j extends to a G-invariant subsheaf of F), so the statement
follows by functoriality of our construction. O

Corollary 12.4. For every G-representation V the canonical map
Vo ® Homg(Vy, V) > V

is an isomorphism.

We denote by G°P the opposite group scheme to G. Note that G’ is also
a Heisenberg group scheme and V" is the Schrédinger representation of G

Corollary 12.5. Consider the space H(K, G) where G is regarded as a line
bundle over K. Then one has a canonical isomorphism H'(K, G) ~ Vo ® Vi
compatible with G x G°P-actions (where the action of G x G on H(K, G)
is induced by the left and right actions of G on itself).

Proof. Letus denote by G * G the quotient of G x G°? by the subgroup G,
embedded as t > (t,¢7!). Then G * G is a Heisenberg group scheme (a
central extension of K x K). Now the G % G°’-representations H’(K, G) and
Vo® V' should be isomorphic (by uniqueness of the representation of minimal
dimension). We can choose this isomorphism canonically by requiring that
it identifies some nonzero [-invariant functionals, where / is a Lagrangian
subgroup in K x K equipped with a lifting to G * G°?. As I we take the
subgroup K embedded as k +— (k, —k). It has a natural lifting to a subgroup
in G % G, namely, the image of the homomorphism G — G * G? : g —
(g, g~ "). The I-invariant functional on H°(K, G) is the evaluation at 0 € K.
The [-invariant functional on Vy ® V(" is given by the trace. O

Remark. One can immediately generalize Theorem 12.1 to representations
of G on coherent sheaves over arbitrary noetherian scheme S, where G acts
trivially on S and the induced action of G,, on F is standard (see Exercise 3
of Chapter 9). Namely, we claim that for every such G-equivariant sheaf F
the canonical map

Vo ® Homg(Vy, F) — F (12.1.1)

is an isomorphism of G-equivaraiant sheaves. Indeed, it suffices to prove
this in the case when S is affine. Then we can apply Corollary 12.4
to G-representation H°(S, F). This implies that the map (12.1.1) is an
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isomorphism. Note that if F is a vector bundle, then Homg(Vj, F) is also a
vector bundle (as a direct summand of JF).

12.2. Mumford Group

Let L be aline bundle L on an abelian variety A. As before, we denote by the
same letter L the corresponding G,,-torsor over A. We are going to construct
a central extension

0— G, — G(L)— K(L) — 0. (12.2.1)

As Gy,-torsor, G(L) is just the restriction of L: G(L) = L|g(z). To give ita
structure of central extension we have to provide an isomorphism

over K(L) x K(L) satisfying the cocycle condition (see Section 10.2). In
other words, we have to trivialize the restriction of the biextension A(L) to
K (L)x K(L). Actually, we have two such trivializations: one is restricted from
the canonical trivialization of A(L) over K (L) x A and another is restricted
from A x K(L). We prefer the former one, since then we obtain a canonical
left action of the group G(L) on L which is compatible with the action of
K (L) on A by translations. Indeed, it is easy to see that such an action is given
by an isomorphism

G(L)k & Lx = Lk+x

over K(L) x A (wherek € K, x € A), which corresponds to the trivialization
of the biextension A(L) over K(L) x A.

From the theorem of the cube one can get another description of G(L) as
the group scheme of automorphisms of L compatible with some translations
on A. For example, let us describe the group G(L)(k). Recall that K (L)(k)
is the subgroup in A(k) consisting of points x € A(k) such that ;L >~ L.
Now G(L)(k) can be interpreted as the group of pairs (x, o) where x € K(L),
a : L — t}L is an isomorphism. Indeed, for every x € K(L) we have
a canonical isomorphism YL >~ L, ® L induced by the trivialization of
A(L) over {x} x A. Thus, isomorphisms « : L — ;L are in bijective
correspondence with L, \ {0}. Itis easy that the group law in this interpretation
takes the form

(X,Ol)'(yaﬁ)=(x+y,t;“0,3)-

Henceforward, we assume that L is nondegenerate, so that K(L) is finite.
We claim that G(L) is a Heisenberg group scheme, i.e., the commutator
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pairing
er : K(L)x K(L) — k*

isnondegenerate. Indeed, it is easy to see that e;, coincides with the pairing ey,
induced by the biextension A(L) = m*L ® pfL~'® p5L~" on A x A, which
corresponds to the symmetric morphism ¢, : A — A (see Section 10.4).
Therefore, our claim follows from Theorem 10.1.

There is a natural action of G(L) on H¥)(A, L) (the only nonzero coho-
mology group of L) so that the center G,, acts in the standard way. We have
the following important observation.

Proposition 12.6. The representation H'"(A,L) of G(L) is the
Schrodinger representation of G(L).

Proof. Indeed, by Corollary 11.12, the dimension of H')(A, L) is equal to
| K (L)| %, so the statement follows from Theorem 12.1. O

Note thatin the case i (L) = 0the above theorem is an algebraic analogue of
Proposition 3.1 in Chapter 3. In fact, in the case k = C these results coincide.
Indeed, assume that A = V/I', L = L(H, ), where V is a complex vector
space, [" is a lattice in V, H is a positive Hermitian form on V such that
E = Im H takes integer values on I', « : ' — U(1) is a map satisfying
(1.2.2). Then we have K(L) = I'*/T" (see Section 8.6) and one can easily
identify the group G(L)(C) with the push-out of the Heisenberg extension

1> Ul)— GE,T,a)>Tt/I -0

defined in Chapter 3, by the standard embeddding U(1) < C*. Further-
more, we have an identification of H(A, L) with the space of theta functions
T(H,T,a™ "), so that the action of G(L) on H°(A, L) coincides with the
action of G(E, I, e Don T(H, T, a ).

12.3. Descent and Vector Bundles

Let L be anondegenerate line bundle on an abelian variety A, andlet f : A —
B be an isogeny with kernel /. Theorem 10.5 can be restated as saying that a
choice of a line bundle M on B together with an isomorphism L ~ f*M is
equivalent to the choice of a lifting homomorphism I — G(L) (so I should
be an isotropic subgroup of K(L)).
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The relation between Mumford groups of M and L = f*M is the fol-
lowing: G(M) = N(I)/I where N(I) is the normalizer of I in G(L). In
particular, K(M) = I+/I where I C K(L) is the orthogonal complement
to I with respect to ey .

Lemma 12.2 implies that a lifting homomorphism [ — G(L) for a
subgroup scheme I C K (L) exists if and only if 7 is isotropic with respect
to ey. Together with Lemma 12.3 this proves that for every nondegenerate
line bundle L on A one can find an isogeny f : A — B such that L ~ f*M
and K(M) = 0.

Recall that a vector bundle V is called simple if Hom(), V) = k. One can
see the interplay between the Mumford group and the descent in the following
construction of simple vector bundles on abelian varieties.

Proposition 12.7. Let L be a line bundle on an abelian variety A, K C K (L)
be a finite subgroup scheme, such that the restriction of ey, to K x K is non-
degenerate. Let G — K be the restriction of the central extension G(L) —
K(L) to K, V be the Schrodinger representation of G. Then the following
three constructions produce isomorphic simple vector bundles V| >V, >~ Vs
on A/K:

(i) Pick a Lagrangian subgroup scheme I C K and its lifting to G. Let
p:A— A/l,q: A/l — A/K be natural projections. Then the subgroup
I and its lifting define a line bundle M on A/I such that p*M =~ L. Set
Vi =q.M.

(ii) We have an action of G on L compatible with the action of K on A
by translations. Hence, we get the induced action of K on L ® V*, i.e., the
descent data on this bundle for the morphismw : A — A/K. Set V, to be
the descended vector bundle, so that 7*V, >~ L Q V*.

(iii) Consider the vector bundle mw,L on A/K. It has a natural ac-
tion of G (compatible with the trivial action of G on A/K). Set V3 =
Homg(V, . L).

Proof. Equivalence of (i) and (iii). It is easy to see that for V induced from
the trivial representation of / we have Homg(V, 7, L) = g, M.

Equivalence of (ii) and (iii)). We have an isomorphism L >~
V ® Homg(V, m, L) compatible with G-actions (see (12.1.1)). Hence,

VRn*Vs~na*n,L.
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Let us consider the Cartesian square

K x A A

P2 T (12.3.1)

A A/K

where m(k, a) =k + a. By the flat base change ([61], Proposition 5.12), we
have n*m,L >~ p,m*L. Since K is a subgroup in K (L), we have an isomor-
phism m*L ~ L|g X L. Hence, we have

n*m.L ~ HYK,L|x)® L.

By Corollary 12.5 we have an isomorphism H(K, L|g) ~ V ® V*. There-
fore, we get

Vn*V;~VRV*QL.

It is easy to check that this isomorphism is compatible with the action of
G x K (where G actson V, K on 7*); and on V* ® L). Hence, 7*V5 and
V* ® L are isomorphic as sheaves with K -action.

It remains to check that the vector bundle V; >~ V, =~ V; is simple. It
is convenient to do this for V,. Indeed, endomorphisms of V), are given by
endomorphisms of L ® V* compatible with K -action. Clearly, these are just
G-endomorphisms of V* that reduce to scalars. O

In Chapter 14 we will see that all simple vector bundles on elliptic curves
are obtained by the above construction.

12.4. Riemann’s Quartic Theta Relation

Let A be an abelian variety, L be an ample line bundle on A with K(L) = 0,
s be a nonzero global section of L (unique up to a nonzero constant). In what
follows we assume that char(k) # 2. An easy consequence of theorem of
the cube is the following canonical isomorphism of line bundles on A* (see
Exercise 4 of Chapter 8):

(LB S (LB,
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where f, g : A* — A* are the following homomorphisms:

f,y,z, ) =(x+y+z+t,x+t,y+t,z+1),
gx,yv,z, )=, x+y+t,x+z4+t,y+z+1).

It is easy to see that there are natural isomorphisms

Ay = ker(f):x — (x,x,x,x),

Ay = ker(g) : x = (x, x, x, 0).

Let us denote M := f*(L¥*). Note that since K(L) = 0 we get that ker(f)
and ker(g) are Lagrangian subgroups in K (M) (see Section 12.3). On the
other hand, ker(f) N ker(g) = 0, hence

K (M) = ker(f) & ker(g).

Notice also that the subgroups ker(f) and ker(g) are equipped with liftings
to subgroups of G(M) (for ker(f) this is clear, while for ker(g) the lifting
is induced by the isomorphism 7 above), hence they both act on the space
H°(A*, M). We will denote this action by x - t where x € ker(f) (resp.,
ker(g)),t € HY(A*, M).

Theorem 12.8. One has the following equalities in H'(A*, M):

f*(s®4) —€- 2—dimA . Z X - Tg*(s®4)’

xeker(f)

Tg*(sg4) — €. 27dimA . Z X - f*(sIZM)’

xeker(g)

where € = %1.

Proof. By definition, the line in H%(A*, M) generated by s; := f*(s®) is
stable under the action of ker(f). Since the subgroup ker(f) is Lagrangian
and the action of G(M) on H°(A*, M) is irreducible, the space of invariants
of ker(f) in H°(A*, M) is spanned by s;. Similarly, the space of invariants
of ker(g) in H%(A*, M) is spanned by s, := tg*(s%*). It follows that

Y xesm=cs (12.4.1)

xeker(f)

for some constant ¢ € k. Consider the following involution on A*:

i:(xyyyZat)H(_Za_y,—X,X"f-y-l—Z-i-l‘).
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Then we have f oi = g, g oi = f. We claim that
l*(T) — T_] f*(L®4) — g*(ngll)

Indeed, this follows from the fact that both i*(z) and T~ restrict to identity
on fibers over 0. The involution i induces an involution on the Heisenberg
group G(M) which switches the subgroups ker(f) and ker(g). Applying i*

to equation (12.4.1) we get
Z Y-S = css.

yeker(g)

Therefore, we have

Z Z y-X-§=c- Z y-slzczsz.

yeker(g) xeker(f) yeker(g)
On the other hand,
Yo yxem= Y Iynxlxyes
yeker(g),xeker(f) yeker(g),xeker(f)

Z [y, x]-x-so.

yeker(g),xeker(f)

Now the sum | .. (,)[, x] is nonzero only when x = 0, hence, we get

Y yexos=|ker(g) s

yeker(g),xeker(f)

Thus, we get ¢2 = | ker(g)| = 22dim(4), -

Remark. There seems to be no simple algebraic way to find the sign € in the
above identities. Below we will show that in the case when the ground field
is C one always have € = 1. Also, Exercise 4 states that € does not change
if we translate the line bundle L, so it depends only on the corresponding
polarization ¢, : A — A. More generally, € is constant in connected families
of data (A, L). One can derive from this that € = 1 in arbitrary characteristics
using the existence and irreducibility of the relevant moduli space defined
over Z (see [38]).

12.5. Transcendental Computation

Let V/T" be a complex torus equipped with a line bundle L = L(H, «)
such that H is positive, and the restriction of the symplectic form E =
Im H to I' is unimodular. We assume also that there exists a real Lagrangian
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subspace U C V suchthat ' N U is alattice in U and «|rny = 1. We have the
corresponding theta function 6 = 63 ., generating the space T(H, I, ).
Now let us consider the maps f, g : V¥ — V®* as in Theorem 12.8. Note
that both these maps preserve the lattice I'®* and the subspace U®*. Let us
consider the Hermitian form

Hy = f*(H®) = g"(H®)

on V& Then U®* is a Lagrangian subspace with respect to the symplectic
form E, = Im H,. The lattices 'y = f~'(I'®) and I', = g~!(I'®*) are self-
dual with respect to E, and are equipped with quadratic maps o) = a®o f
and o, = a® o g satisfying (1.2.2). Notice also that

NI, =r
and that the maps o and o, coincide on I'®*. Now we have

% = 0% 1y uot-

g*(Gw) = GZZ,FLU@“
We want to apply the result of Section 5.5 to lattices I'; and I',. We claim that
Ci+T)NU* =T, NU® +T,NnU.

Indeed, this follows easily from the explicit description of our lattices:

1 D4
r = (x,y,z,t)eir |x=y=z=tmodl'¢,

1 o4
= (x,y,z,t)eEF |tel, x=y=zmodI'}.

Now applying Corollary 5.6 we obtain
fro% =g dime V., Z Utaes, (/2020 /2,008 0.
xel/2r
Thus, we see that the constant € in Theorem 12.8 is equal to 1 in the case
k = C. The obtained equation can be rewritten more explicitly as follows:
O(x +y+z4+00(x +1)0(y +1)0(z + 1) =2~ dimeV

X X @) 050 (x +y + D0 (x + 2+ D0 (y + 2+ 1),
uel’ /2T

(12.5.1)

where we denoted 6, = U(;,,0. Changing variables and assuming thate? = 1,
we get the following more classical form of the Riemann’s quartic theta
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relation:

g

X+y+z—t 0 X+y+t—z 0 X+t+z—y P y+z+t—x
2 2 2 2
=279meV N a(u) - 05 (x)0 (1) (2)0s (1).
uel/2r

Exercises

Let G be a finite Heisenberg group scheme, I C K be an isotropic
subgroup equipped with a lifting to a subgroup of G. Show that the
normalizer of I in G, Ng(I) coincides with the preimage of I+ C K,
where I+ is the orthogonal complement to I with respect to e. Prove that
Ng(I)/1 is a finite Heisenberg group scheme (an extension of I+/I by
Gm)-

Assume that characteristic of the ground field is zero. Let L be an ample
line bundle on an abelian variety A with x (L) = 1. We assume in addition
that L is symmetric, i.e., [—1] L 2 L. For every pair of relatively prime
numbers (n, k) with n > 0 let us denote by G’,‘l — A, the restriction to
A, C Ay, of the Heisenberg extension G(L*Y — Ap,.

(a) Show that G¥ is a Heisenberg group. Show that the corresponding

extension

1—>Gm—>G’y‘l—>A,,—>0
is the push-forward of the extension
1-G,—>GL"Y—> A, —>0

under the homomorphism [k] : G,, — G,, of raising to the kth
power.

(b) Let V,, be the vector bundle on A obtained by applying the con-
struction of Proposition 12.7 to L¥" and A, C A, so that (] Vak =
V* ® L*, where V is the Schrodinger representation of GX. Show
that tk V,, x = n8, x (V1) = kS.

(c) Provethat V, x4, = V, 1 ® L.

(d) Prove that V', >~ V,, _, where V", is the dual bundle to V,, .

(e) Letl C A, (resp., J C Ay)beaLagrangian subgroup with respect to
the commutator pairing of G(L") (resp., G(L¥)). Letq : A/I — A
andgq’: A/I +J — A/J be morphisms induced by multiplication
byn,r: A— A/Jandr' : A/l — A/I + J be the quotient
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morphisms. Apply Exercise 3 of Chapter 11 to the Cartesian diagram

r/

A/ AL+
q q' (12.5.2)
.
A AT

to prove that for k£ > 0 one has
$1SVni) = Vi —n
while for k < 0 one has
1 SVur) = Vg al—gl.
(f) Show that for any sheaf F' on A one has

X (L™ ® [n]4 F)

X(Vn,k & F) =
né

This is a sequel to the previous exercise. Recall that the Riemann-Roch
theorem for an abelian variety A takes the following simple form:

X(F)=/Ch(F)g,
A

where F is a coherent sheaf on A, ch(F); € H*(A, Q) is the degree i

component of the Chern character of F, g = dim A.

(a) Using the fact that H*(A, Q) is the exterior algebra of H (A, Q)
prove that ch([n]} F); = n% ch(F). Deduce from this that

8 nik8t

V, F)= -
X(Vaik ® F) ;(g_l)!

/ c1l(L)¥™" - chi(F).
A

(b) Let us denote

1 .
Xi(F) = —/ ci (L)' - chi(F),
(g—D!Ja

where i = 0,1, ..., g. In particular, xo(F) = 1k(F), x; = x(F).
Check that these functions on K((A) are linearly independent.
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(c) For every pair of relatively prime integers (n, k) let us set
vk = 0k y.

Prove that these vectors generate a subgroup M, of finite index in
Zxo @ - - - ® Zx,. Prove that there is an action of SL,(Z) on M, such
that the standard generators act on vectors (v, ;) as follows:

T(vn,k) = Un,k+n>
S(vn,k) = Vk,—n-

Show that M3 is a proper subgroup of Zyo ® Zx, ® Zx> ® Zxs.
Show that the constant € in Theorem 12.8 does not change if L is replaced
by t:L, where x € A.

In the notation of Section 12.5, prove the following identity:

60(0)0 ()8 (0)y1.(0) =274 S w(u)™ exp(i Eu, v +w))
uer/2r
X 9% (X)Q%+v+w(x)9%+v(O)G%er(o)-

where v, w, x € V. Taking v, w € %I‘/ I" we get a system of quadratic
equations on the functions 6,(x), where v € %F /L.
Let

Oap(x) = Y _exp(rit(n + a/2) + 2mi(z + b/2)(a + 1/2)).
nez

where a, b € {0, 1}, be classical theta-functions (with half-integer char-

acteristics) on elliptic curve (corresponding to some fixed element 7 in

the upper half-plane).

(a) Show that 6,,(0) = 0 if and only if (ab) = (11). [Hint: Use Exercise
5 of Chapter 3.]

(b) Prove the following identity

600(0)* = 010(0)* + 61 (0)*.

[Hint: Use the previous Exercise.]
(c) Show that

0110y — 20Oy +z—x —1)
=011y —x)01(y + )01z —x +1)
— 011()01(z — x)011(z + DOy — x +1).
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Check that the Kronecker function F(x, y), introduced in Exercise 7
of Chapter 3, satisfies
01001 (x +y)

61101 (y)

Show that the above identity is equivalent to the following identity
for F:

F(x,y)=

F(—u', \)Fu+u,v+v)—Fu,v)Fu+u',v)
+ FW' , vV)Fu,v+v)=0.



13

More on Line Bundles

In this chapter we study which parts of the description of holomorphic line
bundles on complex tori (see Chapter 1) can be transferred to the context
of line bundles on abelian varieties (in arbitrary characteristic). Clearly, the
symmetric morphism ¢; : A — A associated with a line bundle L on an
abelian variety A can be considered as an analogue of the Hermitian form
corresponding to a holomorphic line bundle (see Section 9.6). One result we
prove in this chapter is that every symmetric homomorphism ¢ : A — A
is equal to ¢, for some line bundle L on A. However, we do not have a
nice description of the A-torsor A(¢) consisting of line bundles L on A with
¢ = ¢ (recall that in Chapter 1 we used quadratic maps & : I' — U(1)
for this purpose). In order to retain some connection with quadratic func-
tions we have to look at symmetric line bundles, i.e., line bundles L such that
[—1]% L =~ L. In the analogy between line bundles and quadratic functions,
symmetric line bundles should be considered as analogues of (homogeneous)
quadratic forms. As usual, the categorical notion is richer. Thus, the restric-
tion of the symmetry isomorphism [—1]*L = L to points of order 2 gives
a quadratic function g, : Ay — 2. The corresponding bilinear pairing is
given by ex(x, ¢ (y)), where e; : Ay X Ay — p, is the Weil pairing. Using
this construction, it is not difficult to see that the A,-torsor A2(¢) consisting
of symmetric line bundles with ¢, = ¢ can be canonically identified with
the A,-torsor consisting of quadratic functions g : A, — w» whose associ-
ated bilinear pairing is ex(x, ¢.(y)). Now the A-torsor A(d)) is canonically
isomorphic to the push-out of A»(¢) with respect to the embedding A, — A.

If L is a symmetric line bundle with K (L) = 0, then the quadratic function
qr is nondegenerate. In the case when characteristic of k is different from 2,
the form ¢g; should be either even or odd (see Section 5.2). We prove that
if in addition L is ample, then the nonzero section of L is even (resp., odd)
precisely when ¢ is even (resp., odd). We also show that this is equivalent
to the condition that the divisor of zeroes of the unique section of L has even
(resp., odd) multiplicity at zero.

166
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13.1. Quadratic Form Associated to a Symmetric Line Bundle

Let L be a symmetric line bundle on an abelian variety A. This means that
[—1]*L ~ L. The isomorphism

r=tl[-1]'"L > L

can be chosen uniquely in such a way that 79 : L|p — L|o is the identity,
where 0 € A is the neutral element. Then the composition

L S L

is the identity. Now given an S-point x € A,(S) (where S is a k-scheme), we
can evaluate T at x and get an isomorphism 7|, : L|, = L|-, — L]|,.
This isomorphism is a multiplication by g (x) € O*(S). Using the fact that
to[—1]*t = id we derive that g; (x)*> = 1. Thus, we have defined a morphism

qr : Ay — U

such that g, (0) = 1. It is clear that if L and M are symmetric line bundles
then

qrem(x) = qL(x)qu(x).

Also if f : A — B is a homomorphism of abelian varieties and M is
a symmetric line bundle on B then f*M is a symmetric line bundle on A and
one has

grm(x) =gu(f(x))
for any x € A,.
Proposition 13.1. The function qy, satisfies
gr(x +y) = ex(x, ¢ (¥)gr(x)qr(y),
where e; : Ay X Az — W is the Weil pairing. For & € Az one has

gp.(x) = ex(x, §).

Proof. Let A(L) = m*L ® pfL~"' ® p5L~"'. Then A(L) is a symmetric line
bundle on A x A and the first identity is equivalent to

gawy(x,y) = ea(x, ¢r(y)).
Since A(L) >~ (id x ¢ )*P we have

gawy(x,y) = gp(x, ¢L(y)).
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It remains to prove the identity

gp(x,§) = ex(x, &)

for (x, &) € Ay x A,. Indeed, the symmetry isomorphism for P is the com-
position

~1
a,
,Pfx,ff &) ,Px_l_g _E> Px,g,

where o, and oy are given by the biextension structure on P. For x € A;
we have P_; _; = Py _; and the isomorphism «, induces the trivialization
of P?|,, .4 Similarly, a; corresponds to the trivialization of P2, 4 .
Therefore, our claim follows from the definition of the Weil pairing given in
Section 10.4. a

Let L be a nondegenerate symmetric line bundle on A, and let I C K (L)
be a subgroup scheme, isotropic with respect to e;. As we have seen before
(see Section 12.3), descents of L to aline bundle on A /I correspond to liftings
of I to a subgroup in the Mumford group G(L). The following result shows
that if we want to descend L to a symmetric line bundle on A/I, we need
triviality of the quadratic form ¢, at the points of order 2 in /.

Proposition 13.2. Let p : A — A/l be the natural projection. Then a
symmetric line bundle L on A/I such that p*L ~ L exists if and only if

qulz = 1

Proof. We have a natural involution i : G(L) — G(L) of the Mumford
group of L, which is equal to the composition of the isomorphism G(L) —
G([—1]*L) induced by the morphism [—1] : A — A, and the isomorphism
G([—1]*L) — G(L) induced by the symmetry isomorphism 7 : [—1]*L —
L. A line bundle L on A/I obtained by the descent from a lifting o : I —
G(L) is symmetric if and only if o is symmetric in the following sense:

i(0(x)) = o(=x),

where x € I. In particular, it is necessary that the lifting of I, is preserved
by i. The latter condition is equivalent to the triviality of g |;, (see Exercise
6(b)). It remains to check that this condition is also sufficient. Indeed, let
o : I — G(L) be arbitrary lifting. The condition g |;, = 1 implies that
i(o0(x)) = o(x)forx € I,.Then x = (ioo)-o ! is ahomomorphism from I
to G,, that restricts trivially to /,. It follows that there exists a homomorphism
xo : I = G,, such that x = X§~ Now oy = yo - 0 is a symmetric lifting. O
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Another definition of a sign function on A, starts with a symmetric effective
divisor D C A rather than a symmetric line bundle (D is called symmetric if
it is invariant with respect to the involution [—1] : A — A). Namely, if D is
such a divisor, then there is a canonical isomorphism

™ [=11"04(D) = Oa(D).

This isomorphism is characterized by the property that tp([—1]*s) = s,
where s € H(A, O4(D)) is a nonzero section vanishing on D. Then one can
proceed as above and define the map €p : Ay — u; by

ep(x) = tpls,

where x € A,(S).

The difference between the construction of €, and that of g, is that € 5(0) is
not necessarily equal to 1. However, the two constructions are closely related.
In fact, if we set L = O4(D), then L is a symmetric line bundle and we have
p = €p(0)T, where 7 = t. Hence

€p(x) = qr(x)ep(0). (13.2.1)
Thus, the datum of symmetric divisor adds an additional constant € (0) to
the information deduced from the corresponding line bundle. The following
proposition gives a geometric interpretation of the corresponding map on
k-points ep(k) : Ay(k) — po(k).
Proposition 13.3. For every x € A,(k) one has

ep(k)(x) = (=)™ P

Proof. If mult, D = n then the section s defines a nonzero element
symodm’ 'L € m"L/m"'nL,

where m, C O, is the maximal ideal in the local ring of x. Now for every
y € A we have an isomorphism

m’ L/m" L~ mi L/mi L
inducedby 7. Fory = x € Aj;thisisomorphismisequalto(—1)"ep(x). Onthe

other hand, it leaves s, mod mz“L invariant, hence (—1)"ep(k)(x) = 1. O

Let us denote by 7, : H(L) — H°(L) the action of the symmetry iso-
morphism 7 on sections of L: 7,(f) := t([—1]*f), where f € H(L).
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Corollary 13.4. In the above situation the section s € H°(A, L) defining D
satisfies T,(s) = (—1)™lo Dy,

Proof. We have t([—1]*s) = ep(0)tp([—1]*s) = €p(0)s. It remains to use
the above Proposition. O

13.3. Case of a Principal Polarization

The most interesting case is when a symmetric line bundle L defines a prin-
cipal polarization, i.e., when ¢, : A — A is an isomorphism. According to
Proposition 13.1, in this situation ¢, is a nondegenerate quadratic form on A;.
Assume that the characteristic of k is not equal to 2, so that A, ~ (Z/27Z)%.
Recall that the Arf-invariant of a nondegenerate quadratic form ¢ on (Z/27,)
is defined to be equal to 1 (resp., —1) if and only if ¢ is even (resp., odd).

Theorem 13.5. Assume that char(k) # 2. Let L be a symmetric ample line
bundle on A with K(L) = 0. Then the operator T, : H'(L) — H°(L) is
equal to Arf(qy) - id.

Proof. First we claim that it suffices to find a symmetric line bundle L’ with
¢ = ¢, such that the statement holds for L’. Indeed, we have L >~ ¢L’ for
some x € Ay, hence, we have v = g/ (x)t(z’). It follows that 7, = g1/ (x) T,
under the natural identification H%(L) ~ H°(L’). On the other hand, we get
qrL = qu(x) - tiqr and Arf(q.) = g1/ (x) Arf(q,/) which implies our claim.
Now let us fix a subgroup I C A, which is Lagrangian with respect to
the form e (x, ¢ (y)) = ez2(x, y) on Aj,. Since g2 = 1, by Proposition 13.2
the line bundle L? descends to a symmetric line bundle M on B = A/I. Let
us consider the subgroup J = A,/I C B;. Then we have gy|; = 1 (since
g2 = 1). In particular, J is isotropic with respect to the form e>(x, ¢p(¥)).
Now we can apply the same construction to (B, M, J) and descend M? to a
symmetric linebundle L' on B/ J.Itiseasy toseethat B/J >~ Aand ¢ = ¢y.
As before we have q;/|p,;; = 1. But By/J is a Lagrangian subgroup in A,,
hence the quadratic form ¢g; - is even (see Exercise 1(c) of Chapter 5). It
remains to check that the symmetry isomorphism acts as identity on H(L").
Let us consider the symmetry automorphism M : HO(M?) — H°(M?).
We claim that 7M° = id. Indeed, it is easy to see that the space H(M?) is
spanned by the sections of the form #s - t* s, where s € H (M), a € Ak)
and some isomorphism M ® t* M ~ M 2 is used. Clearly, the symmetry
automorphism preserves these sections, hence t/ ' =id. Alternatively, one
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can check that 7 * commutes with the action of the Heisenberg group G(M?)
on H°(M?) (see Exercise 6). Since by Proposition 12.6 the representation of
G(M?) on H(M?) is irreducible, we should have t* = + id. It remains to
use the fact that T’ (s2) = s% for s € HO(M). O

Combining this theorem with Corollary 13.4, we get the following result.

Corollary 13.6. Assume that char(k) # 2. Let D be a symmetric effective
divisor such that K(L) = 0, where L = O4(D). Then multy D is even if and
only if the quadratic form qp, is even.

Remark. It would be interesting to study the case of a symmetric line bundle
L with K(L) = 0 but not necessarily ample. According to Corollary 11.12, in
this case there is an integer i (L), 0 < i(L) < g, such that H'®)(L) # 0. The
symmetry isomorphism acts on H®)(L) by %1. In the case when the ground
field is C we will show below that this sign is equal to the (—1)"®) Arf(g; ).
It seems plausible that this is also true in the case of arbitrary characteristic
# 2. Asin the case i (L) = 0, it would be enough to check this equality in the
case when ¢ is even.

13.4. Transcendental Picture

Let T = V/T be a complex torus, where I is a lattice in a complex vector
space V, L = L(H, T, «a) be a holomorphic line bundle associated with a
Hermitian form H on V, such that £ = Im H |« is integer-valued, and with
a quadratic map « : I' — U(1) (see Section 1.2). Note that L is symmetric if
andonly if ¢(—y) = a(y) forany y € I', which is equivalent to the condition
o? = 1. Then we have a canonical isomorphism 7 : [—1]*L = L given by
f() — f(—v) in the standard trivialization of the pull-back of L to V. In
particular, for a point y/2 € V /T, where y € T, the action of 7 at y/2 is
computed by using the formula

(2= ().

Hence, we get g.(y/2) = a(y).

Assume, in addition, that H is nondegenerate and I' is self-dual with
respect to E. Then the cohomology of L is concentrated in degree i(L), the
number of negative eigenvalues of H, and H'")(T, L) is 1-dimensional. Let
us assume also that g; is even, or equivalently « is even. Then according to
Theorem 5.1, there exists a Lagrangian subspace U C V compatible with
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(I', ). Now from the proof of Theorem 7.2 we see that the action of the
symmetry T : [—1]*L — L on H"¥)(T, L) coincides with (—1)/¥.

13.5. Line Bundles and Symmetric Homomorphisms

Recall that to every line bundle L on an abelian variety we associated a
symmetric homomorphism ¢, : A — A. Now we will show that every
symmetric homomorphism from A to A appears in this way.

Theorem 13.7. Let f : A — A be a symmetric homomorphism. Then there
exists a line bundle L on A such that f = ¢ . Furthermore, the line bundle
L can be chosen to be symmetric.

Proof. Let P be the Poincaré line bundle on A x A. Let us consider the line
bundle M on A defined by

M = (id, f)*P>.

From the symmetry of f it follows that ¢), = 4f. Indeed, denoting the
fiber of P at the point (a, &) € A x A by (a, &), we have M, = (a, f(a))>.
Therefore,

Muyra @ M ' @ M, > (a, f(@))* ® (@, f(@)* = (a, f(a))*

because {a’, f(a)) ~ {(a, f(a’)) by the symmetry of f. Now we claim that
there exists a line bundle L on A such that [2]} L ~ M. To prove this we
have to show that there exists a lifting of A, C K(M) to a subgroup of
the Mumford group G(M) (see Section 12.3). According to Lemma 12.2, it
suffices to check that A, C K(M) = ker(4 f) is isotropic with respect to the
pairing esr. But esr(x,y) = ex(x,2f(y)) = 1 for x,y € A, (see Exercise
2(b) of Chapter 10), so our claim follows. The relation M =~ [2]} L implies
4¢; = ¢y = 4f,hence ¢ = f.

Finally, we note that for every line bundle L there exists a symmetric line
bundle L’ such that ¢; = ¢;. O

Let ¢ : A — A be a symmetric morphism. We define A(¢) as the
set of isomorphism classes of line bundles L on A with ¢; = ¢. There is a
non-canonical isomorphism A(qb) ~ A(k), however, in the case when A is
defined over a smaller subfield, such an isomorphism does not necessarily
commute with the action of Galois group. On the other hand, there is a canon-
ical A(k)-torsor structure on A(q&) given by tensor product. Furthermore, it
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is clear that A(qﬁ) is the push-out of the A, (k)-torsor A2(¢) consisting of
symmetric line bundles L with ¢, = ¢.

Theorem 13.8. The A,(k)-torsor A2(¢) is canonically isomorphic to the
As(k)-torsor consisting of morphisms q : A — [, satisfying

q(x +y) = q(x)g(y)ea(x, p(y)). (13.5.1)

Proof. Note that homomorphisms A, — 1, correspond to k-points of A, (by
Weil pairing), so the set of maps g : Ay — u; satisfying (13.5.1) is indeed
a A, (k)-torsor. Furthermore, according to Proposition 13.1 the map L > ¢,
is a morphism of A,(k)-torsors. Since by Theorem 13.7, A»(¢) is nonempty,
this map is an isomorphism. O

Exercises

1. Let L be a line bundle on an abelian variety A.

(a) Prove that L ~ M? for some line bundle M on A if and only if
$L(A2) = 0.

(b) Now assume that L is symmetric. Prove that L ~ M? for some
symmetric line bundle M if and only if g, = 1.

2. Let¢: A= A be aprincipal polarization of an abelian variety A.

(a) Show that all ample line bundles L on A with ¢ = ¢, are translations
of each other.

(b) Prove that there exists a symmetric effective divisor D C A such
that ¢ = ¢o,(p).

3. Let A be an abelian variety, B be a symmetric biextension on A x A.
Show that there exists a line bundle L on A such that B ~ A(L).

4. Let E be an elliptic curve over a field of characteristic # 2. Prove that
there exists a unique line bundle L of degree 1 on E such that g, is odd,
namely, L = Og(e) where e € E is the neutral element. Show that the
corresponding quadratic form g satisfies g(x) = —1 for every nontrivial
point x € Ej.

5. Prove that the classical theta function 6[;}/3](x, Z) for ny,n, € Z&,
defined in Section 5.6, is an even (resp., odd) function of x if and only if
the dot-product n| - n, is even (resp., odd).

6. Let L be an ample symmetric line bundle on an abelian variety A.
Leti : G(L) — G(L) be the involution introduced in the proof of
Proposition 13.2.
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(a) Show that the map 7, : H(L) — H°(L) is compatible with the
involution i and with the action of G(L) on H%(L), i.e., that 7,(gs) =
i(g)T.(s), where g € G(L), s € H(L).

(b) Let p : G(L) — K(L) be the natural projection. Show that the
restriction of the involution i to the subgroup p~'(A,) C G(L) is
given by i(g) = qr(p(g)) - g. In particular, if g, = 1, then this
restriction is equal to the identity.
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Vector Bundles on Elliptic Curves

In this chapter we study vector bundles on an elliptic curve E. The main
idea is to combine the SL,(Z)-action (up to shifts) on the derived category
of coherent sheaves on E introduced in Chapter 11, with the notion of
stability (resp., semistability) of vector bundles that we recall below in 14.1.
It is easy to see that all vector bundles on elliptic curve are direct sums
of semistable ones. On the other hand, we prove that the Fourier—Mukai
transform (and hence, every functor constituting a part of the SL,(Z)-action)
sends semistable bundles to semistable bundles or to torsion coherent sheaves
(up to shift). Since the pair (deg, rk) transforms under the SL,(Z)-action
on DP(E) according to the standard action of SL,(Z) on Z?, we obtain the
equivalence of the category of semistable bundles of given slope (the ratio of
degree and rank) with the category of torsion coherent sheaves on E. Under
this equivalence stable bundles correspond to structure sheaves of points (in
particular, their degree and rank are relatively prime). We also sketch an in-
ductive construction of all stable bundles on E as successive extensions. This
construction is based on the observation that if V| and V, are stable vector
bundles of degrees and ranks (d;, r;), i = 1,2, such that dyr; — dir, = 1,
then there is a unique non-trivial extension of V, by Vi, and it is stable.

14.1. Stable and Semistable Bundles
The slope of a vector bundle F is the ratio u(F) = deg F/tk F. A vec-
tor bundle F is called stable (respectively, semistable), if for every proper
nonzero subbundle F; C F one has u(F;) < u(F) (resp., u(Fy) < pn(F)).
Equivalently, for every nontrivial quotient-bundle F — F, one should have

u(F2) > p(F) (resp., u(F2) > u(F)).

Lemma 14.1. For a pair of semistable bundles F and F’, one has
Hom(F, F') = 0 unless u(F) < u(F").

175
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Proof. Let G C F’ be the image of a nonzero morphism f : F — F’. Then
G is a quotient-bundle of F, hence u(G) > w(F). On the other hand, even
though G is just a subsheaf in F’, it is contained in the unique subbundle
G' C F’ of the same rank as G. Then we have w(G) < u(G") < wu(F").
Therefore, w(F) < u(F’). O

It is clear that line bundles are stable. To construct semistable bundles of
higher rank, the following lemma is useful.

Lemma 14.2. Let0 — Fy — F, — F3 — 0 be an exact sequence of vector
bundles of equal slopes. Then F, is semistable if and only if F\ and F are
semistable.

Proof. Clearly, if F; is semistable, then F| and F3 are also semistable. Now
assume that F; and F; are semistable of slope w. Then for arbitrary subbundle
G C F,,wehave the corresponding subsheaves GNF; C FiandG/GNF| C
F5. By semistability of F; and F3 this implies that u(G N F;) < p and
w(G/G N Fy) < u. Hence, u(G) < u. O

Lemma 14.3. A stable bundle is simple.

Proof. Let F be a stable bundle. Using the natural map
det : Hom(F, F) — Hom(det F, det F) ~ HY(E, O) = k

we can define for every endomorphism 7 : F — F its characteristic poly-
nomial det(7" — X id). Let A be a root of this polynomial. Then the rank of the
image of 7' — A id is smaller than the rank of . We claim that 7 — 1 id = 0.
Indeed, assume that the image G of 7' — X id has positive rank. Then since
G is simultaneously a nontrivial subbundle of F and a nontrivial quotient-
bundle of F', we obtain contradicting inequalities u(G) < w(F) and u(F) >
w(G). a

The filtration introduced in the part (i) of the following lemma is called
the Harder—Narasimhan filtration. (It was introduced in [60].)

Lemma 14.4. (i) Every bundle F has a unique filtration 0 C F; C --- C
F, = F suchthat associated graded quotients F; | F;_| are semistable bundles
and w(F;/Fi—1) > w(Fi11/Fp).
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(ii) Every semistable bundle F of slope [ has a filtration whose associated
graded quotients are stable bundles of slope 1.

Proof. (i) Before starting the proof, let us observe that slopes of non-zero
subbundles of a given bundle F are bounded from above. Indeed, we can
realize F as a subbundle of L®", where L is a sufficiently ample bundle.
Now our claim follows from semistability of L®" (see Lemma 14.2). Thus,
there exists a subbundle of maximal slope in F'. Clearly, any such subbundle
is semistable. Furthermore, if F; and F l’ are two subbundles of the maximal
slopein F, then F| + F 1, is also a subbundle of the maximal slope. Indeed, this
follows from the fact that F; 4- F| is a quotient-bundle of the semistable bundle
F\| @ F|. Therefore, we can take F; to be the maximal subbundle of maximal
slope in F. Then every non-zero subbundle of F/F; has slope < w(F;). Now
we define F, to be the preimage in F of the maximal subbundle of maximal
slope in F/F}, and so on. In this way we obtain the required filtration. The
uniqueness follows immediately from the definition.

(i1) This can be easily proven by induction in the rank of F. O

Lemma 14.5. Let F be an indecomposable bundle on an elliptic curve. Then
F is semistable.

Proof. Let0 C F; C --- C F, = F be the Harder—Narasimhan filtration,
that is G; = F;/F;_; is semistable for all i and the slope u(G;) of G;
is strictly decreasing function of i. Now we observe that for every pair of
semistable bundles G and G’ such that u(G) < u(G'), one has Ext'(G, G') ~
Hom(G’, G)* = 0. Hence, the above filtration splits. O

14.2. Categories of Semistable Bundles

We identify E with the dual elliptic curve E using the isomorphism ¢, , where
L is a line bundle of degree 1 on E (¢, does not depend on such L). Then
the Fourier—Mukai transform S can be considered as an autoequivalence of
DY(E).

Lemma 14.6. Let F be a semistable bundle with a negative slope . Then

the Fourier transform S(F)[1] is a semistable bundle with the slope —p .

Proof. We can assume that F' is indecomposable. Note that for every L €
Pic’(E) onehas HO(F® L) = Hom(L~!, F) = 0 by semistability. Therefore,
by the base change theorem (see [62], Theorem 12.11) S(F)[1] is a vector
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bundle. Using the equation (11.3.7) we find that its rank is equal to — deg F/
while its degree is equal to rk F'. It remains to apply Lemma 14.5. O

Now we can prove the following theorem.

Theorem 14.7. (i) Let B,, be the category of the semistable bundles of the
slope w on E. Then there is a canonical equivalence

T : B, = Shs,

where Shyos is the category of sheaves with finite support on E.
(ii) For a semistable bundle F e, one has length(T(F))=
gcd(deg F,tk F).

Proof. As we have noted above if © < 0 then the Fourier transform induces
the equivalence B, >~ B_,-1. Also twisting by O(e) gives the equivalence
B,—1 ~ B,. Applying these two operations by Euclid algorithm we obtain
the equivalence B, >~ B). Now we claim that the Fourier transform S[1]
induces the equivalence By >~ Shy,. To prove this, we have to check that for
a semistable bundle F of degree 0 the object of the derived category S(F)[1]
is a sheaf with finite support. Assume first that there exists a line bundle L
of degree zero and a nonzero morphism L — F. Then L is a subbundle in
F and the quotient F/L is also a semistable bundle of degree zero. Since
S(L)[1] is a structure sheaf of a point, it suffices to prove the statement for
F/L. Iterating this argument we reduce to the case when H'(F ® L) = 0
for every L € Pic’(E). In this case by the base change theorem ([62],
Theorem 12.11) we get that S(F)[1] is a vector bundle. By formula (11.3.7)
its rank is equal to deg F' = 0, hence, S(F)[1] = 0. Thus, we have a functor
S[1] : By — Shyys. Clearly, [—1]*S is the inverse functor. The proof of
(ii) follows easily from the fact that gcd(deg F, tk F') is preserved by our
equivalences between categories B,. a

Corollary 14.8. Let F be an indecomposable vector bundle of rank r and
degree d on E. The following conditions are equivalent

(i) F is stable;

(ii) F is simple;

(iii) d and r are relatively prime.

Proof. This follows from the fact that stable bundles (resp., structure sheaves
of points) are simple objects of the category B, (respectively, Shyors). a



14.3. Stable Bundles on Elliptic Curves and Rational Numbers 179

Corollary 14.9. Every simple vector bundle of rank r and degree d on E is
obtained by the construction of Proposition 12.7 applied to some line bundle
of degree rd and the subgroup E, C E.

Proof. This follows from the proof of Theorem 14.7 and from Exercise 2 of
Chapter 12. O

Remark. Theorem 14.7 holds also in the case when the base field & is not
algebraically closed. So the isomorphism classes of indecomposable bundles
of rank r and degree d are still in bijective correspondence with the indecom-
posable torsion sheaves of degree dy = gcd(r, d) on C up to isomorphism
which are in turn classified by the pairs: a decomposition dy = d;d, and an
orbit of cardinality d; for the action of the Galois group Gal(k/k) on E(k)
where k is an algebraic closure of k.

14.3. Stable Bundles on Elliptic Curves and Rational Numbers

Let us fix a point x € E. Theorem 14.7 implies that there is a bijective
correspondence between stable vector bundles on E with determinant of the
form Og(dx), where d € Z, and rational numbers. Namely, for every rational
number yu = ‘;’, where r > 0, (r,d) = 1, there exists a unique stable vector
bundle V,, of rank r such that det V,, >~ Og(dx) (see Exercise 3).

Let us call two rational numbers @; = ‘rl—l‘ and u, = ‘:—j (where r; > 0,
(ri,d;) = 1) closeif |dir, —d>ri| = 1. The reason is thatif ;t; < u, are close
then for every rational number p© = ‘;l such that ; < @ < o, one should
have r > r; and r > r,. This condition has a simple interpretation for vector
bundles. Indeed, assume that ;t; < . Then we have

dimHom (V,,,, V,,,) = dimExt' (V,,, V,,,) = dor1 — dir2.

Thus, 1 and p, (such that p; < ) are close if and only if Hom(V,,, V,,,)
is 1-dimensional. By Serre duality, in this case there is a unique non-trivial
extension

O—-V,—>V->YV,—0
Theorem 14.10. V is stable.

Proof. Indeed, assume that U C V is a stable subbundle such that u(U) >
w(V). Then u(U) > 1, hence U cannot be contained in V,,,. Therefore,
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the induced map from U to V,, is nonzero which implies that u(U) < uo.
If w(U) = pu, then U maps to V,,, isomorphically which is impossible since

the extension does not split. Thus, we have u(V) < w(U) < p,. But the
di+dy

numbers u(V) = e and u, are close and the denominator of u(U) is less
than the denominator of w(V), so this is impossible. O

Remark. It was not important for the proof that det V,, >~ Og(d;x). The
theorem still holds for every pair of stable bundles with slopes | and u,.

Here is an algorithm for obtaining all pairs of close rational numbers
between 0 and 1. Start with one close pair (0/1, 1/1). Then every step of the
algorithm produces a new generation of close pairs by the following recipe:
every close pair (‘rl—l1 , f—;) from the previous generation produces two new close
pairs, namely, (‘f—l‘, %) and (%, ‘f—;). Combining this algorithm with the
theorem above we obtain the algorithm for constructing all stable bundles
(up to translation) with slope between O and 1. This construction gives the

following result.

Corollary 14.11. Assume that (1| < [, are close and py — y < 1. Then
the unique (up to scalar) morphism V,,, — V,,, is a surjection ifr| > r, and
is an embedding as a subbundle if r| < r,.

Proof. Shifting u; by an integer (which corresponds to tensoring V,,, by a
power of Og(x)) we can assume that (w1, ) is obtained from the above
algorithm and (w1, o) # (0, 1). O

Exercises

1. Let F be a stable bundle on an elliptic curve E, d = deg(F), r = rk(F).
Prove that for every x € E one has

tr*xF ~PuQF,

where we use the identification E ~ E given by ¢, ). [Hint: This
statement is invariant under the action of SL,(Z); in the case of integer
slope a stable bundle has rank 1.]

2. Assume that d # 0. Then all stable bundles of degree d and rank r are
obtained from one by translations. [Hint: By the previous exercise it suf-
fices to prove that all stable bundles are obtained from one by translations



Exercises 181

and tensorings with Pic’(E). Now use SL,(Z)-action to reduce to the case

of line bundles.]

A stable bundle F is uniquely determined by its rank and by the line

bundle det F'. [Hint: By the previous Exercise it suffices to prove that if

det(¢] F) = det(F) then ¢} FF >~ F. The assumption means that dx = 0

where d = deg(F). Since r = rk(F') and d are relatively prime, there

exists a point x” such that x = rx’. Now use Exercise 1.]

There exists a sequence of semistable indecomposable bundles F; = O,

F,, F5, ..., such that F,, is the unique non-trivial extension of F,_|

by O.

Assume that characteristic of k is zero. Then every indecomposable bun-

dle on elliptic curve has form F,, ® V where V is stable, F;, is one of the

bundles defined in the previous exercise. [Hint: It suffices to prove that

F, ® V is a non-trivial extension of F,,_; ® V by V.]

Let m : E/ — E be an isogeny of elliptic curves of degree r that is

relatively prime to the characteristic.

(a) Prove that for a line bundle L on E’ of degree d such that (r, d) = 1,
the vector bundle 7, L on E is simple. [Hint: It suffices to prove that
m, L is indecomposable. But

Hom(w, L, 7, L) ~ Hom(z "7, L, L) 2~ @®eker(xy Hom(zJ L, L).

But for all x € ker(;r) we have rx = 0, while K(L) = E}.]

(b) Prove that for every line bundle L on E’ the vector bundle 7, L is a
direct sum of stable bundles.

(c) Prove that for a stable bundle V on E the bundle 7*V is a direct sum
of stable bundles.

(d) Prove that every stable bundle of rank » on E is isomorphic to m, L
for some line bundle L on E’.

Let L be a line bundle of positive degree d on E. Consider the space of

extension classes Ext!(L, OF). For every extension class e let V, be the

corresponding rank 2 vector bundle sitting in the exact sequence

0> 0Og—>V,—-L—0.

(a) Assume that d is odd. Prove that for generic e the bundle V, is stable.

(b) Assume that d is even. Prove that for generic e the bundle V, is
semistable.

Below we use the notations of Section 14.3. Prove that for every pair

of positive rational numbers u < ' there exists a sequence of rational
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numbers

W=y <o <oy < o < Uy <o < Wy =

such that all the pairs (u;, i;+1) are close, the sequence of denominators
of w_p, ..., Ko is strictly decreasing, and the sequence of denominators
of wo, ..., Wy, is (non-strictly) increasing. Show that if ' — u < 1 then
the second sequence is strictly increasing. Deduce that if © < w’, then
there exists a morphism V,, — V), such that its image is a stable bundle.
If W/ — u < 1 then in addition show that the image is a subbundle
of V.



15

Equivalences between Derived Categories of

Coherent Sheaves on Abelian Varieties

In this chapter we study equivalences between derived categories of coher-
ent sheaves on abelian varieties. In Section 15.1 we present a construction
of such equivalences based on the Fourier—Mukai transform. The idea is to
consider a finite group scheme K equipped with embeddings into an abelian
variety A and into the dual abelian variety A. In this situation one can try to
“descend” the Fourier—-Mukai transform to an equivalence between derived
categories of A/K and A/K. We show that this is possible provided that
there exist a line bundle L on A and a line bundle L’ on A, such that homo-
morphisms ¢, : A — A and oL A — A restrict to the identity on K,
and there exists an isomorphism L|x >~ L’|x compatible with the additional
data on these line bundles coming from the theorem of the cube. Then in
Section 15.2 we describe a general framework for studying equivalences be-
tween derived categories of coherent sheaves on abelian varieties. The idea is
that D”(A) looks similar to the Schrodinger representation of the Heisenberg
group: There are two kinds of autoequivalences of this category, translations
and tensoring with line bundles in Pic®(A), which are similar to the operators
of the Schrodinger representation. We introduce the corresponding notion of
the Heisenberg groupoid H and show that D’(A) is a representation of H
in appropriate sense. Then we work out the analogue of the classical theory
from Chapters 2 and 4 for this situation. The Heisenberg groupoid is naturally
attached to the “symplectic” data constructed from A, namely, the abelian va-
riety X = A x A equipped with the biextension £ on X x X defined by
& = p,P® p3; P! (€ should be considered as an analogue of the symplec-
tic form). There is a natural notion of Lagrangian abelian subvariety in X (with
respect to £) and every such subvariety Y gives rise to a representation of H.
In the case when the projection X — X/Y admits a section, the underlying
category of this representation is the derived category of coherent sheaves on
X /Y. Intertwining functors (which are appropriate analogues of intertwin-
ing operators) between these representations can be constructed similarly to
Chapter 4. In the case when Lagrangian subvarieties Y7, Y, C X have finite
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intersection, the corresponding intertwining functor is an equivalence of the
kind considered in Section 15.1.

The main application of this formalism is the proof of the fact that the de-
rived categories of coherent sheaves on abelian varieties A and A" are equiv-
alent provided that the corresponding symplectic data (X, &) and (X', &)
are isomorphic. In fact, the converse statement is also true (see [105] for
the proof). Developing the above analogy a little further, we define ana-
logues of constants c¢(Ly, Ly, L3) € U(1) from Chapter 4. These are integers
attached to triples of Lagrangian subvarieties, which measure shifts of de-
gree appearing when composing the above intertwining operators. Recall that
when Ly, L,, L3 are Lagrangian subspaces of the symplectic vector space,
the constant ¢(L{, L,, L3) can be expressed in terms of the signature of some
quadratic form (see Chapter 4). We prove that the integers arising in the cat-
egorical setup are equal to indexes of some nondegenerate line bundles on
abelian varieties (see Section 11.6). We use this fact to derive a nontrivial
relation between these indexes in Proposition 15.8.

15.1. Construction of Equivalences

Let A be an abelian variety, A the dual abelian variety, P the Poincaré line
bundle on A x A. Let K C A be a finite subgroup scheme, ¢ : K — A a
homomorphism, G — K aline bundle over K, equipped with an isomorphism

iG: Gk1+/<z = le ® sz ® Pkl»(b(kz)

over K x K satisfying the natural cocycle condition on K x K x K. Consider
the abelian category Cohg 4(A) whose objects are pairs (F, i), where F is a
coherent sheaf on A, i is an isomorphism

ixk : Feyr = Gr ® Py ® Fx (15.1.1)

on K x X, such that the following diagram on K x K x X is commutative:
ix+k1,kz

Frik)+k, G, @ Petky ) @ Fryi,

ix,k1+k2 ix,k]
iG
Gk1+k2 ® ,PX,¢(/€1+/<2)®FX le ® sz ® Pk17¢(k2)® 7))645(/(1-‘1'/(2) ®F;
(15.1.2)
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The morphisms (F, i) — (F’,i’) in the category Cohg 4(A) are morphisms
F — F’ between the corresponding coherent sheaves commuting with the
isomorphisms i and i’.

The category Cohg 4 (A) should be considered as a “twist” of the category
Coh(A/K) of coherent sheaves on A. Namely, for ¢ = 0 and trivial G we
have a canonical equivalence Cohp, o =~ Coh(A/K) by the descent theory
(see Appendix C). More generally, assume that there exists a line bundle
L on A such that ¢ = ¢.|x, G = L|g and i is the restriction of the
similar isomorphism on A x A (corresponding to some trivialization of L|y).
Then the functor A — A ® L' extends to an equivalence of categories
Cohg 4(A) = Cohp, 0(A), hence in this case the category Cohg ¢(A) is also
equivalent to Coh(A/K).

Our interest to categories Cohg 4(A) is due to the fact that the Fourier—
Mukai transform S : D?(A) — DP(A) is likely to induce an equivalence of
the derived category of such a category on A with a similar derived category on
A (since S switches translations with tensor multiplications by Pic®). Indeed,
let F be an object in D?(A) equipped with an isomorphism (15.1.1). For
simplicity let us assume that K is reduced (this assumption will not be used
in the proof of Theorem 15.2). We can rewrite (15.1.1) as a collection of
isomorphisms

l‘:FZGk@’P,p(k)@F,

where k € K, Pz = Plaxe foré € A. Using the isomorphisms (11.3.1) and
(11.3.2) we get

Ly S(F) = G @ Py ® S(F),

where Py = P|,, 4 for x € A. Let us assume that ¢ is an isomorphism of K
onto a subgroup K’ of A. Then the obtained collection of isomorphisms for
S(F) is of the same kind as for an object of Cohy, g-1,_g-1 (A). Thus, we can
expect that there is an equivalence

D’(Cohg 4(A)) = DP(Cohy -1, _4-1(A)).

We will not prove this in full generality but rather restrict ourselves to the
situation when both categories in question can be “untwisted.” In other words,
we assume that there exist line bundles L on A and M on A trivialized at Z€ero,
suchthat ¢ = ¢ |x, —p ' = ¢y |k, and there exist isomorphisms G ~ L|g,
G~! >~ ¢* M|k, compatible with i¢. Then the functor F — F ® L™! (resp.,
F +— F ® M~') gives an equivalence Cohg 4(A) = Cohp, o(A) (resp.,
Cohgy,g-1,_¢-1 (A= Coh@K,,o(A)). In other words, in this case we expect to
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find an equivalence of the categories D”(A/K)and D?(A/K’). The naive way
to define it would be to pretend that the descent theorem (see Appendix C)
for the morphism 77 : A — A/K (resp., 7' : A — A/K’) extends to objects
of derived category. The above argument shows that the functor

®:DYA)—> DA F—> S(L®F)@M™!

transforms the descent data for 7 to the descent data for 7/, so it can be
considered as an equivalence of D?(A/K) and D”(A/K"). Unfortunately, the
descent theorem for a finite flat morphism f extends to objects of derived
category only when the degree of f does not divide the characteristic. To
circumvent this difficulty we note that the functor ® o 7* : DY(A/K) —
DP(A) is given by the kernel

V= xid).(PRLKEM"))

on A/K x A, which is actually a vector bundle. Furthermore, Vis equipped
with the descent data for the morphism ids/x x 7/, constructed using the
isomorphism

Px,§+¢(k) ® Lx ® Mg—:qb(k) i Px+k,$ ® va¢(k) ® Lx ® M(;(}() ® Mgl
~ x+k,g®Lx+k®Mgl (15.1.3)

on K x A x A (here we used our assumptions on L and M). These descent
data defines a vector bundle V on A/K x A/K’. Clearly, the functor

@), 4k 4/x : D'(A/K) — D"(A/K")

(here we use the notation of Section 11.1) is compatible with the above functor
® : D’(A) — D’(A) and the pull-back functors corresponding to 77 and 7’.
We are going to prove that ®y, is an equivalence of categories. First, we are
going to present V in a more symmetric form.

Lemma 15.1. LetT'_, C K x K' be the image of the embedding (idk, —¢) :
K — A x A. Then the line bundle P @ (L ® M~") has a natural descent
data for the projection A x A — (A x A)/ I'_g. Let P be the corresponding
line bundle on (A x A)/ I'_g. Then

V> p,P,
where p : (A x A)/ 'y > A/K x A/K' is the natural projection.

Proof. The descent data in question is derived immediately from the isomor-
phism (15.1.3). Applying the flat base change ([61], Proposition 5.12) to the



15.1. Construction of Equivalences 187

Cartesian square

AxA (Ax A)/T_4
P (15.1.4)
A/K x A A/K x A/K'

we obtain an isomorphism
(ida/k xn’)*p*P ~ V.
It is easy to check that it is compatible with the descent data for the morphism
idA/K x 7. O
Similarly, we define a vector bundle V' on A/K x A/K' by setting

V =p, P

Theorem 15.2. The functors
Py 4k A/ D"(A/K) — D"(A/K")
and
g1 isksask : DP(A/K') - D"(A/K)
are mutually inverse equivalences of categories.
Proof. Let us prove that the composition Py 4/k—a/x © Py a/k—A/k

is isomorphic to the identity functor on D?(A/K). The composition in the
different order is computed similarly. It suffices to prove that

Rpiu(pi3V ® p3V') = On, i [—81, (15.1.5)

where A 4k is the diagonal in A/K x A/K, p;; are projections of A/K x
A/K x A/K’ onto products of factors.

The main problem is to express the vector bundle pj;V ® p3;)” in the more
convenient form (for the computation of Rpi,,). Let us define the subgroups
Kiand K, in A x A x A as the images of the embeddings

KxK—>AxAxA: (ki k) (ki, ks, —p(ky))
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and
KxK—>AxAxA:(k, k) (ki, ky, —¢(k2)),

respectively. Let us denote by p; : (Ax Ax A)/K; — A/K x A/K x A/K’
and p, : (A x A x A)/K, - A/K x A/K x A/K' the natural projections.
Then we have

P13V = pr(Pr3),
where Pj3 is the pull-back of P under the natural map
(Ax AxA)/Ky — (Ax A)/T_4: (x1,x2,8) > (x1, §).
Similarly,
P33V = pa(Py'),
where P»3 is the pull-back of P under the natural map
(Ax AxA)/Ky — (Ax A)/T_4: (x1,%2,8) > (x2, §).

Let K1 C A x A x A be the intersection of K; and K>, so that K1, is the
image of the embedding

K> AxAxA:kk,—p@k)).

Then we have the Cartesian square of finite flat morphisms:

(Ax AxA)/K, (Ax AxA)/K,

P2 (15.1.6)

P1

(Ax AxA)/K, A/K x AJK x A/K’

By the flat base change and the projection formula ([61], Propositions 5.12
and 5.6), we obtain that

PV ® p3V = p1u(Pi3) ® po(Pys') = pio(Prs ® Py3'),  (15.1.7)

where p12 : (A x A x A)/K1» - A/K x A/K x A/K' is the natural
projection, P;3 and P,3 are defined similarly to P, and P»3 using two natural
projections of (A x A x A)/Kj3to (A x A)/T'_4. Now we claim that

P3® Py;' ~ f(P® piL), (15.1.8)
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where
fiAxAxA)/Kpn— AxA:(x),x,8) > (X1 — X2, & + ¢r(x2)),

Pt Ax A — A is the projection to the first factor. Indeed, let K, -
AxAx A — (Ax A x A)/K, be the natural projection. It suffices to
construct an isomorphism

w5 P ® Pyl =~ mp f*(P® piL),

compatible with the descent data of both sides with respect to mg,,. This
isomorphism is obtained as follows:
Ty (P ® Pi') o 2 Pre® Ly ® P ® L

(x1,x2, X2,

= Fri—x.e+¢1(x2) ® LX]*XZ
~ (P ® piL)x x.6)

where (x1, x5, &) € AxXAX A (here we used the isomorphism Ly, >~ Ly, _,, ®
Ly, @ Py —x,.6.(x2))- We leave for the reader to check that this isomorphism
is compatible with the descent data. Combining (15.1.7) and (15.1.8) we get

P13V ® py3V = pia f*(P ® piL).

It follows that Rpio.(p3V ® p3;)') is isomorphic to the (derived) push-
forward of f*(P ® pjL) with respect to the natural projection (A x A x
A)/K1» — A/K x A/K. This morphism is equal to the following composi-
tion:

(Ax Ax A)/Kip, — (A x A)JAKK) — A/K x A/K,

where A(K) is the image of K C A under the diagonal embedding A : A —
A x A. Thus, we can compute the push-forward of f*(P ® p{L) intwo steps:
first, find the push-forward to (A x A)/A(K), and then the push-forward of
the result to A/K x A/K. In the first step we use the following Cartesian
square:

(Ax AxA)/Kp, (A x A)/A(K)

f d (15.1.9)

P1

AxA
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where d : (A x A)/A(K) — A is the difference map sending (x;, x;) to
x1 — x,. By the base change we obtain that the push-forward of f*(P ® piL)
to (A x A)/A(K) is isomorphic to

d*Rp1+(P ® piL) ~d*O.[—¢g],

where e € A is the neutral element. It remains to note that d~!(e) coincides
with the image of the natural map

A:A/K — (Ax A)JAK): x > (x,X).

Since the composition of A with the projectionto A/K x A/K is the diagonal
embedding of A/K, the push-forward of d*O, to A/K x A/K is isomorphic
to OAA/K . O

15.2. Heisenberg Groupoid and Its Representations

Let A be an abelian variety. Then the abelian variety X = A x A has an
additional structure similar to the symplectic structure on the vector space
of the form V @ V*. Namely, there is a natural biextension £ on X x X =
A x A x A x A given by

€= piyP ® py P,

where P is the Poincaré bundle on A x A (and on A x A). The fact that £ is a
biextension of X x X follows immediately from the fact that P is a biextension
of A x A. The interesting features of £ is that it is skew-symmetric; i.e., there
is a natural isomorphism &y , >~ & i and nondegenerate; i.e., the morphism
X — X given by x Elxyxx 1s an isomorphism.

We consider the pair (X, ) as an analogue of the symplectic vector
space and we want to construct an analogue of the Heisenberg group and
its Schrodinger representation in this situation. The natural idea is to look
at the action of functors of translation ¢ by points a € A and tensoring by
line bundles Pg, where & € A, on the derived category D”(A) of coherent
sheaves on A (at this point one could also work with the abelian category of
coherent sheaves, however, the use of derived categories will become crucial
in Section 15.3). All these functors commute with each other (since the line
bundles P: are translation-invariant), so it may seem at first that this is not
an adequate analogue of the Heisenberg group. However, isomorphisms of
functors

17 0 (®@Pe) = (®Pe) ot
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are not canonical. In order to choose such an isomorphism one has to trivialize
the 1-dimensional space (£, a) := P|, ¢. Although one can do this for a given
pair (£, a), it is in general impossible to do this simultaneously for a family of
pairs (&, a) parametrized by a scheme. Thus, the correct commutation relation
is

ty 0 (®Pe) = (§,a) ® (®P%) oty
More generally, for every x = (a, §) € X we introduce the functors
T, = (®P:) ot} : D"(A) — D'(A).
Then from the above commutation relation we get
Ty o T = Byw ® T,

where for x = (a,&), x’ = (d', &) we set B, v = (£/, a). In other words,
B, v is the fiber at (x, x”) of the biextension B = p7,P.

Let us denote by H(k) the category of pairs (L, x), where L is a 1-
dimensional vector space, x € X (k). The morphisms (L, x) — (L’, x’) exist
only if x = x’ and are given by the k-linear isomorphisms L — L’. All
morphisms in H(k) are isomorphisms, so it is a groupoid. There is a natural
monoidal structure on H(k) given by the functor + : H(k) x H(k) — H(k)
such that

(L,x)+ (L' x)=(L QL @By, x+x).

Similarly, for every k-scheme S one can define the groupoid H(S) by replacing
one-dimensional vector spaces with line bundles on S and k-points of X
with S-points. We will call the corresponding functor H from k-schemes to
groupoids the Heisenberg groupoid associated with A.

Naively, one can try to define a representation of H(k) on a k-linear category
C as a monoidal functor from H(k) to the category of k-linear functors from
C to itself, such that an object (L, 0) corresponds to the functor of tensoring
with k. However, this definition does not take into account correctly “the
nontriviality in families” of the 1-dimensional spaces appearing in the above
commutation relations. Namely, since a representation of H(k) is a collection
of functors depending on x € X(k), we would like to add the condition that
these functors depend on x “algebraically.” The first difficulty one encounters
here is how to define a notion of an algebraic family of functors. Instead
of trying to give a general definition we restrict ourselves to the case when
C = D(T) for some k-variety T and the functors are given by kernels on
T x T asin Section 11.1. The composition of functors gets replaced by the
convolution of kernels defined in Proposition 11.1. Then the family of such
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kernels parametrized by a scheme S is simply an object of D*(T x T x S),
such that restricting to 7 x T x {s} we recover the kernel corresponding to
a point s € S. With this in mind, we can give a definition of a representation
of the Heisenberg groupoid H.

Definition. Let 7 be a smooth projective variety over k. A representation of
H on D*(T) is an object K € D*(T x T x X) and an isomorphism

Rp13as «(Lpipy K ®" LpiisK) ~ n§yB ® L(mip, w3 + ma)* K

onT x T x X x X, where p; (resp., ;) for I C [1, 5] (resp. I C [1, 4]) are
projectionsof 7' x T' x T x X x X (resp. T x T x X x X) to the corresponding
product of factors. Note that the LHS of the above isomorphism is a relative
convolution of sheaves on T x T x X x X considered as kernelson T’ x T
parametrized by X x X. Let us write this isomorphism symbolically as

ix,x’ : Kx * Kx/ - Bx,x/ & Kx+x’

(if we set Ky = K|7x7x(x then we get precisely this isomorphism of kernels
on T x T for every pair of points x, x’ € X). We impose the following two
conditions on the above data:

(i) One has Ko = K|rxrx(o; = Oa, where Ar C T x T is the diagonal.
Under this identification the isomorphisms iy , and i, ¢ should become iden-
tities.

(i1) The following diagram should be commutative:

Ux,x!

Kx * Kx’ * Kx” Bx,x’ ® Kx+x’ * Kx”

Ux/ x" Ly4x/ x"

Ly x'+x"

Bx’,x” X Kx * Kx’+x” Bx,x’ ® Bx’,x” X Bx,x” 02y Kx+x’+x”

(15.2.1)

As usual, one should think about this diagram as a symbolic notation of the
corresponding diagram of sheaves and morphismson 7 x 7' x X x X x X.

Remarks. 1.Instead of B = pj,P we could have used any other biextension
Bof X x X suchthat ~ B®c*B,whereo : X x X — X x X is the permu-
tation of factors. All the resulting Heisenberg groupoids are (noncanonically)
equivalent.
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2. The above definition gives a categorification of the notion of represen-
tation of the Heisenberg group on which the center U(1) acts in the standard
way.

3. Another definition of a representation of H on D?(T) can be given
in terms of groupoids H(S) attached to every k-scheme S. Namely, such a
representation is a collection of monoidal functors H(S) — D’(T x T x S),
compatible with natural functors H(S) — H(S’) for every morphism S’ — S.

4. If the characteristic is zero, then by the theorem of Orlov [104] every
exact autoequivalence D”(T) — D?(T) is represented by akernelon T x T,
so we can rephrase the above definition in terms of exact autoequivalences
instead of kernels.

By the construction we have a natural representation of H on D?(A). We
urge the reader to try to write explicitly the sheaf on A x A x X corresponding
to this representation of H on D”(A) (before looking at the general answer
given in Proposition 15.3).

More generally, we can construct a representation of H associated with an
isotropic abelian subvariety Y C X. By definition, this means that the restric-
tion &|yxy is trivial. Then the restriction B|y«y is a symmetric biextension.
Hence, there exists a line bundle « on Y such that

Blyxy ~ Ala) = (p1 + p2)a @ pla~' ® pia”!

(we trivialize all line bundles at 0 and require the isomorphisms to be trivial
over 0). We fix such a line bundle « (this is analogous to fixing a lifting of
an isotropic subgroup in V to a subgroup in the Heisenberg group H(V)). In
addition, we assume that there exists a section s : X/Y — X of the projection
p:X — X/Y,sothat X ~ Y x X/Y (in the case of vector spaces this was
automatic). Then we can define a representation of H on D?(X/Y). The idea
is to mimic the construction of a representation F (L) of the Heisenberg group
H(V). Namely, we identify D?(X/Y) with the full subcategory

D’(X)y. C D(X)

consisting of sheaves that are “left-invariant” with respect to (¥, ). Infor-
mally, we can write the condition of left-invariance of F € D?(X) with respect
to (Y, @) as

ay ®By,x &® Fx+y ~ F,

forevery y € Y. Thereader will easily give a more formal definition involving
an isomorphism on X x Y satisfying some cocycle conditionon X x ¥ x Y.
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Clearly, such F is uniquely determined by its restriction to s(X/Y) C X, so
we have an equivalence

DY(X/Y) ~ D*(X)y.,.

Now the action of H on such sheaves is given by the “right translations.” In
other words, the operator corresponding to xo € X sends F as above to F’
such that

F)é = Bx,xo ® Fx+x0-

Rewriting this action in terms of sheaves on X/ Y, we get the following result.

Proposition 15.3. The following family of kernels Ky, € D*(X/Y x X/ Y x
X) gives a representation of Hon D"(X/Y):

Ky = piq*a™ @ (qps, sp1)* B~ @ (spa, spp3)* B ® fiOx vxx,

where f : X/Y x X — X/Y x X/Y x X is the closed embedding given
by f(x,x) = x + p(x),x,x), p: X — X/Y, is the natural projection,
q =id —sp : X — Y is the corresponding projection to Y.

We can write the above kernel Ky, , symbolically as follows:
~1 —1
(Ky.a)simx = gy @ B s ® Bsaspixn ® S5(x/vxx)-

In the case ¥ = {0} x A C X we can take trivial o. The corresponding
representation on D?(X/ A) = DP(A) is the natural representation of H on
D’(A).

15.3. Equivalences as Intertwining Functors

Guided by the analogy with the theory of Heisenberg groups, we want to
construct equivalences between representations of H on D?(X/Y) for various
Y. Of course, we have a chance of doing this only when Y is Lagrangian, i.e.,
when the homomorphism X — X induced by & restricts to an isomorphism
Y —» }?/\Y . First, let us give a definition.

Definition. An intertwining functor between representations of H on D?(T)
and D?(T") given by kernels K € D?(T xT x X)and K’ € D*(T' x T’ x X),
respectively, is a functor of the form ®; : D?(T) — D”(T’'), where R €
DP(T x T’) is an object satisfying

R+ K.~ K, xR,
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for every x € X. More precisely, this is a symbolic notation for an isomor-
phism

R34 (L7} R @ Ly K) S Rpisa(Lpipu K ®" Lp3sR)

of sheaves on T x T’ x X, where p; (resp., m;) are projections from
TXTxT' xX (resp., T xT'xT'x X)toproducts of factors. This isomorphism
should be compatible with isomorphisms i, , from the definition of a repre-
sentation of H. We leave to the reader to find the corresponding commutative
diagram. It is easy to see that the composition of intertwining functors (given
in terms of the convolution of kernels) is again an intertwining functor.

Now assume that we are given a pair of Lagrangian abelian sub-
varieties Y1,Y, C X, equipped with additional data o; € Pic(Y;),
i = 1,2, such that A(e;) =~ Bly,xy,. Also we assume that projections
pi: X — X/Y;,i = 1,2, admit splittings s; : X/Y; — X. Then we claim that
there exists an intertwining functor D?(X/Y,) — D”(X/Y>) between the cor-
responding H-representations, which is an equivalence of categories. We are
going to construct it exlicitly in the case when the intersection Y; NY5 is finite.
The existence in the general case will follow from Exercise 2.

The appearance of the finite group scheme Y; N Y, is a new feature for
which there is no analogue in the theory of Chapter 4. This group scheme is
equipped with an additional structure. Namely, we have a line bundle

-1
G = waly,ny, ® o |Y|ﬂY2

on Y| NY; equipped with a trivialization of A(G). This means that the corre-
sponding G, -torsor over Y; N Y, (which we still denote by G) has a structure
of the central extension of Y| N Y, by G,,. The following lemma implies that
G is a Heisenberg group scheme.

Lemma 15.4. The commutator form of the central extension G — Y1 NY,
coincides with the canonical pairing associated with the biextension |y, xy,,
as defined in Section 10.4. In particular, it is nondegenerate.

Proof. Recall that the structure of a central extension on G is induced by the
isomorphisms

A(@2)ly,ny, = Bliriny)xrinr) = Alan)|y,ny,-

Note that the isomorphism Bly,xy, =~ A(a;) (where i = 1, 2) gives the sym-
metry isomorphism By, ,; >~ By ., where y;, y; € Y;. Itis easy to see that
the commutator form of G measures the difference between two symmetry
isomorphisms for B|y,ny,)x(r,ny,) restricted from ¥; x Y and from Y, X Y5.
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In other words, it measures the difference between the restrictions to Y| N Y,
of the trivializations of £ on Y; x Y; and Y, x Y. It remains to note that the
left and right kernels of the biextension |y, xy, coincide with ¥; N Y, (em-
bedded into Y| and Y5, respectively). Indeed, the homomorphism ¥, — f’;
associated with €|y, «y, is the composition of the embedding ¥} — X with
the homomorphism X — ?2 induced by £|xy,. Since Y, is Lagrangian, the
kernel of the latter homomorphism is exactly Y,. Therefore, the kernel of the
homomorphism Y| — 172 is Y1 N Y,. Similarly, we check that the right kernel
of £|y, xy, coincides with ¥} N Y5. O

As in Section 15.2, we use the identification of the category D?(X/Y;)
(where i = 1,2) with the category D’(X)y ,, of objects in D?(X), left-
invariant with respect to (Y;, «;). As the first approximation, we can consider
the intertwining functor

IAé : Db(X)Yl,o(I - Db(X)Yz,otz

that performs the “averaging” with respect to the left action of (Y7, o).
Namely, R(F) = F’, where

F); = f (a2)yz ® Byz,x ® Fyz-Hf7
ney

x € X.Itis easy to see that F’ is left-invariant with respect to (Y3, o). One
can check that R is given by some kernel on X/Y; x X/Y, and that it is
an intertwining functor from D?(X/Y)) to D?(X/Y). The drawback of R is
that it does not take into account the possible nontriviality of the intersection
YY) N'Y, and performs the integration over the entire Y,. Recall that when
defining intertwining operators for pairs of Lagrangian subgroups Ly, L; in
a real Heisenberg group we integrated over L,/L; N L,. In our situation
we cannot completely eliminate the integration over Y| N Y, because of the
non-triviality of the central extension G — Y| N Y, (which follows from
Lemma 15.4). To see this let us denote

IF,, . := (a2)y, ® By« ® Fy,4x € (V2 x X),

so that F, = ﬂ , I Fy, . In order to eliminate the integration over some sub-
group I C Y NY,, we have to define a descent data on / F for the morphism
Y, x X — Y,/I x X. We have a canonical isomorphism

IF_V]eryz,x = G}'lz ® IF)’z,)“ (1531)

where yj, € Y| NY; (as usual, this should be understood as an isomorphism
on (Y1 NY,)x Y, x X). Here we used the isomorphisms (&02)y,, 4y, 2= (@2)y,, ®
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(@2)y, ® By, y, and Fy,, iy, = (1)) ® B;li,yﬁx ® Fy,1x. Thus, in order
to define a descent data on [/ F for the morphism Y, x X — Y,/I x X,
we need to trivialize the central extension G — Y| N Y, over I. According
to Lemma 12.2, this is possible if and only if [ is isotropic with respect to
the commutator pairing corresponding to G. We can write the corresponding
modified functor R; : D*(X)y, o, — D’(X)y,.«, symbolically as follows:

R/ (F), = / (@2)y, @ By, » ® Fy 4+,
neYy/l

where x € X.

In order to eliminate “as much of excess integration as possible,” let us
pick a Lagrangian subgroup scheme / C Y; N Y, (recall that the existence of
such a subgroup was established in Lemma 12.3) and choose a trivialization
of G|; compatible with the central extension structure. We claim that the
corresponding functor R = R; is an equivalence. More precisely, we are
going to show that R coincides with one of the equivalences constructed in
Section 15.1.

Remark. Another way to pass from RtoR 1 is to interpret the isomorphism
(15.3.1) as an action of G on the sheaf I F, compatible with the action of
Y1 NY, on Y, x X by translations of the first argument. Then there is an
induced action of G on the derived push-forward of I F' to X, where G acts
on X trivially. Now if V is a Schrodinger representation for G then we have

/ IF >~V @Homg(V, IF),
Y,

where Homg(V,IF) is an object of D”(X) (see the remark after
Corollary 12.5). If V is the Schrodinger representation associated with a
Lagrangian subgroup I C Y; N Y, then Homg(V, [ F) >~ R;(F). In partic-
ular, we see that up to an isomorphism the functor R; does not depend on a
choice of 7 and that R ~ V ® R.

Our next observation is that the biextension &£|y,«y, on Y| x Y, de-
scends to a biextension £ on Y;/I x Y,/I, which induces duality between
the abelian varieties Y /I and Y,/I. Indeed, this follows immediately from
Proposition 10.4 and from the identification of the commutator form of G
with the canonical pairing associated with €|y, «y, (see Lemma 15.4). The
fact that the descended biextension £ induces the duality between Y, /I and
Y, /1 follows from Exercise 8 of Chapter 10.
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Now we claim that there is a natural equivalence of categories
Wy : D"(X)y,.q, = D"(Cohg ,(Y2/1)),

where G is the line bundle on K = ¥; NY,/I obtained from G by the descent
(the descent data is induced by the trivialization of A(G)), ¢ : K — Y/Z-/\I is
the homomorphism sending k € K to f_l |lkx,/1- Letus assume for simplicity
that 7 is reduced (in the nonreduced case the argument that follows has to be
slightly modified). For a (Y1, «1)-invariant sheaf F' on X let us consider the
sheaf F = F ly, ® az on Y. Then from (Y, a;)-invariance of F we get a
system of isomorphisms

i.:Fy.5G.®F,, (15.3.2)

where y, € Y5,z € Y1 N Y2 Since we | trivialized G|;, from (15.3.2) we get
a system of isomorphisms F Yotz ~F y, for z € I, which gives a descent
data on F for the projection Y, — Y,/1I. Let F be the descended object on
Y, /1. We would like to interpret the isomorphisms (15.3.2) as some additional
data on F. The difficulty is that, because of non-commutativity of the central
extension G — Y| NY,, the isomorphisms i, do not commute with each other,
so we cannot descend them to Y, /1. In order to kill the commutator form, we
replace the data (15.3.2) by a system of isomorphisms

i F,.5G. 0 F,, (15.3.3)

)2

(where y, € Y5,z € Y1 NY,) induced by i, and by the trivialization of €|y, «y, .
It is not difficult to check that the new isomorphisms i, commute with i; for
t € I, so they induce isomorphisms

Fy > Gy Q&5 ® Fyy,

kYZ

where k € K, y; € Y,/I. In other words, F is equipped with a structure
of an object of Cohad)(Yz/I) that we take to be W (F). It is easy to see
that W, defines an equivalence of the category of (Y}, | )-invariant coherent
sheaves on X with Cohg ,(Y>/1), which extends to the derived categories in
an obvious way. Similarly, we define an equivalence

W3 : D"(X)y,,0, = D(Cohgr , (Y1/D),

where K = Y| N Y,/I is embedded into Y;/I in a natural way, and the
homomorphism ¢’ : K — Y’17 I sends k to gly1 /1xk- By the definition, for a
(Y», ap)-invariant sheaf F on X the sheaf W,(F) on Y, /I is obtained by the
descent of F|y, ® oy and is equipped with an additional structure in the same
way as above.
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Now we can rewrite the functor R : D?(X)y, o, = D?(X)y, 4, using the
equivalences W and W,. We have

\D2(R(F))Y1 = (al)}'l ® / (a2)yz ® B}’Za}'l ® FJ’1+,V2
nels/I

= (al)yl ® / (052))’2 ® B}’Zs)’l ® (al_l)yl ® B;I%)’Z ® F}’2
neYr/1

2[ Eyz,yl & \IJI(F)yp
neYr/I

where y; € Y, /1. In other words, this functor is compatible with the Fourier—
Mukai transform D?(Y,/I) — D"(Y;/I), where the duality of Y, /I and Y»/I
is given by the biextension &. This gives an informal proof of the fact that the
functor W o R o W, coincides with the equivalence defined in Section 15.1.
In order to give a real proof one has to rewrite the above argument in terms
of kernels and descent data on them. The first step in doing this is to find line
bundles L; onY; /I, wherei = 1, 2, “untwisting” the categories Coha ¢,(Y2 /1)
and COhE—I’ ¢/(Y1 /I). It is easy to see that the existence of a splitting of the
projection X — X/Y) is equivalent to the existence of a homomorphism
f21 1 Y2 — Y such that f1]y,ny, = idy,ny, (the splitting is induced by the
map Y, — X : y» — y, — f21()2)). Now L, is obtained by descent from
the line bundle ay ® (— f21)*a1 ® (— f21,idy,)*Bly,xy, on Y;. Indeed, the
pull-back of the biextension A(L;) to Y, x Y, can be written as

ALy, = By (). © B i5h)ya— f(y)

= S)‘évle(yz) ® Byé—le(yé)-,yz—fz](yz)-

Since the second factor descends to Y, /(Y1 NY,) x Y, /(Y1 NY53), it follows that
the restriction of ¢, to Y1 N Y, /I coincides with ¢. Similarly, L, is obtained
by descent from the line bundle &1 ® (— f12)*a2 @ (— fi2, idy,)*Bly,xy, where

12 : Y1 = Y, is ahomomorphism such that fis|y,ny, = idy,ny,. We leave for
the reader to write down thekernelon X/ Y, x X/ Y, = Y,/ Y1NY, x Y,/ Y1NY,
corresponding to the functor W, o0 Ro W, !, and to check that it coincides with
the kernel from Theorem 15.2.

One can also check thatif R' : D*(X)y, o, — D”(X)y, ., is the equivalence
constructed in the same way as above but with Y; and Y, switched, then
R o R ~id[—g].

The following theorem summarizes some of the theory developed above.

Theorem 15.5. Let A and A’ be abelian varieties, (X, £) and (X', £') be the
corresponding “symplectic” data defined in 15.2. Assume that there is an
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isomorphism of (X, £) with (X', £). Then the categories D’(A) and D”(A")
are equivalent.

Proof. In this situation we can consider A asa Lagrangian subvariety in X.
If A and A’ have finite intersection in X , the above construction gives the
required equivalence. If not, we can find a Lagrangian subvariety ¥ C X
such that both intersections ¥ N A and ¥ N A’ are finite (see Exercise 2),
apply the above construction to the pairs (A,Y)and (Y, A ) and then take the
composition of the obtained equivalences. O

Examples of pairs of abelian varieties with equivalent derived categories
can be found in Exercise 1.

Another application of the above techniques is to the construction of auto-
equivalences of D”(A), which we only briefly sketch here. The main idea is
to apply an automorphism g of the symplectic data (X, &) to the Lagrangian
subvariety A C A and then consider the intertwining functor correspond-
ing to the pair (A, g(A)). To be more precise, one has to make some extra
choices, since for the construction of intertwining functors we need some
additional structure on Lagrangian subvarieties (liftings to H). The obtained
functor will be an autoequivalence of D”(A). For example, in this way one
can get the action of a central extension of SL,(Z) on D?(A) considered in
Section 11.5 (where A is equipped with a nondegenerate line bundle L, such
that K(L) = 0).

15.4. Analogue of the Maslov Index

Recall that in Section 4.3 we constructed the quadratic function gy, 1,1,
associated with a triple of Lagrangian subgroups (L, Ly, L3) in a Heisenberg
group. Now we are going to consider a categorification of this construction.

Let Y1, Y, Y3 be a triple of Lagrangian abelian subvarieties in X. As be-
fore we assume that every Y; is equipped with a line bundle «; such that
A(a;) =~ Bly,xy,- Then we can associate to (¥, Y, ¥3) a line bundle on
some group scheme. Namely, let Z be the kernel of the homomorphism
YIxYyxY;— X:(y1,y2,¥3) = ¥+ y>+y;. Note that the connected
component of zero Z° C Z is an abelian variety, so Z is an extension of
the finite group scheme Z/Z° by the abelian variety Z°. Now we define the
line bundle L(Y}, Y», Y3) on Z which is an analogue of the quadratic form
qr,.1,.L, from Section 4.3:

LY, Y2, Y3) = ([—11},0]' B (o Ko ® B}Yzm))|z.
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Proposition 15.6. (i) One has canonical isomorphisms
L(Y1, Y2, Y3) = L(Yy, Y3, Y1) = [ 1]*L(Y3, Y2, Y1),
AL, Y2, V)0 gp) = Evi = €y

where (y1, y2, ¥3), (1, ¥5, ¥3) € Z.

(ii) If all intersections Y; N'Y; are finite, then L(Y1, Y3, Y3)|z0 is a non-
degenerate line bundle.

(iii) Consider Y| N Y, as a subgroup in Z via the embedding Y|, N Y, —
Z :u+> (—u,u,0). Then there is an action of the Heisenberg group G, =

alyny, ® ozfl ly,ny, on L(Y1, Y», Y3), compatible with the action of Y1 N Y,
on Z by translations and such that G,, C G, acts in the standard way.

Proof. (i) By the definition,

(L(Y27 Y39 Yl) ® L(Y17 Y29 Y3)7l)y1,y2,y3 x~ (al)yl ® (al)fyl ® (a2_1)y2

~1 -1
®(a2 )—yz ® B)?s}’l ® Byz,y3’
where (y1, 2, y3) € Z. Now we can use the isomorphisms («;),, ® (¢;)—,, =
By, ~ B, , and the equality y; + y» + y3 = O to rewrite this as

Vi =i
B)’lv)’l ® By.%)ﬁ ® Bil ® Bil

Y2,¥2 y2,¥3

~By,,®B,  ~O0.
Similarly,
([—11"L(Y3, Y2, Y1) @ L(Y1, Y2, Y3))y, 1. y5
= (a2)y2 ® (a2)*)‘2 ® Byz,ys ® Byz,yl = B)’z,yz ® Byz,*_vz ~0.
Finally,

o -1

A(L(Yy, Y2, Y3))(y1.,yz,ys),(yi,yé,y;) — Byl,y; ® Byz.yé ® Bys.yé ® Byz,yé ® Byé,ys
= By, —y; @ By, —y; ® Bysyy ® By,
~ By,y ® By,,y, ® By,

~ -1 _c,
= By”é ® Byy.ys = Eppys-

(i) As we have seen in (i), the symmetric homomorphism Z° — Z°
associated with L(Y, Y3, ¥3)|z, is the composition

ARAS A AT}

where p; : ZY — Y, are the natural projections, ¢ : Y| — 172 corresponds to
the biextension £|y, xy,. Now finiteness of ¥, N Y3 implies that ¥, 4+ Y3 = X,
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hence, the morphism p; : Z° — Y is an isogeny. Similarly, finiteness of
Y, N Y3 implies that p, is an isogeny. Finally, finiteness of Y| N Y, implies
that ¢ is an isogeny.

(iii) This follows from the fact that the restriction of the biextension
A(L(Yy, Y, Y3)) to (Y1 NY,) x Z is trivial and from the isomorphism

LY, Y2, Y3)(—uu,0) = (@) ® (Olfl)u- a

Remark. Since L(Y;, Y;, Y3) is the restriction of a line bundle on an abelian
variety Y| x Y, x Y3 to the subgroup scheme Z, it has an additional structure
coming from the theorem of the cube (it is called the cube structure). Essen-
tially this structure is given by the biextension structure on the line bundle
A(L(Yy, Y, Y3)) over Z x Z. One can check that the isomorphisms of the
above lemma are compatible with cube structures.

Now let us assume that all the projections X — X/Y; admit a splitting
and that all pairwise intersections ¥; N Y; for i # j are finite. Let

Rij: D"(X)y,.0p > D" (X)y, o,

be the equivalences constructed in Section 15.3. We want to compare the
composition Ry3 o Rjp with Rj3. Recall that in the picture with a triple of
Lagrangian subgroups (L, Ly, L3) of a Heisenberg group, similar intertwin-
ing operators differ by a constant determined by the quadratic form gz, 1, 1.,
(see Theorems 4.5 and 4.8). The following theorem provides an analogous
result in the categorical setup.

Theorem 15.7. Under the above assumptions one has Ry; o Rj; >~ R3[m],
where m is the index of the nondegenerate line bundle L(Y1, Y>, Y3)| zo.

Proof. Itsuffices to prove that R30 R}, is adirect summand in V ® R 3[m] for
some k-vector space V, or rather that the same statement holds for the kernels
giving these functors. Indeed, since R;3 is an equivalence, the corresponding
kernel is an indecomposable vector bundle. Hence, any indecomposable direct
summand in V ® R;3[m] should be isomorphic to R3[m].

Let us compute the composition

§23 o TQIZ : Dh(X)Yl,O[l - Db(X)Y3,Ot3'
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By the definition, we have

(k23§12F)x = / (a3)y3 ® Byg,x ® (aZ)yz ® Byz,.v3+x ® Fyz+y3+x

(32, y3)€Y2xY3
~ / (@2)y, ® (@3)y, ® By, y, @ Byyiysx @ Fyypyyix
(32,y3)€Y2xY3

This should be understood as the derived push-forward of an object in
D’(Y, x Y3 x X) under the projection ¥, x Y3 x X — X. We can rewrite
this expression as

(Ry3R12F), ~ Oy,
»nEY,
where
Q,VZJC = (a2)y2 ®/ (0‘3)ys ® Bymy.z ® Byz-t-yz,x ® Fy2+}'3+x'
y3€Ys3

First, we can calculate the pull-back of Q under the morphism (77, xidy) : Z x
X — Y, x X induced by the natural projection 7, : Z — Y,. This corresponds
to choosing elements y; € Y; and y; € Y3 such that y, = —y| — y;. We have

Oy, x X (c02)y, ® / (@3)y, @ B_y; y, @ By yy4x

Y3€Y3

® B—yéﬂsw ® F_yi—yitysta-

From (Y}, «1)-invariance of F' we get

—1 -1
F—}’i—y§+,V3+x = (a] )_y; ® B—)r§,—yé+y3+x ® F—,V§+.V3+X'

On the other hand, we have an isomorphism (a3),, ® B_y; ), > (03) 4y, ®
(a;l)_y%. Hence,

O = (@), ® ('), ® (05")_,, ® B!

- ViYs

®/ (03) =y tys @ Boyitysx ® Foyriyitx
y3€Ys

—Y2, =Y — V3

~ L(Y,, Y1, Y3)| , ®/ (@3)y, ® By, + @ Fy, iy
y3€X3

Taking into account the isomorphism [—1]*L(Y,, Yy, Y3)~' >~ L(Y}, Y», ¥3)
(see Proposition 15.6), we get a canonical isomorphism

(71, x idx)*Q ~ L(Y1, Y2, Y3) ® piR3F, (15.4.1)
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where p,: Z x X — X is the natural projection. Recall that §13F ~Vi3®
R 3 F, where V3 is the Schrodinger representation of the Heisenberg group
Gi3 = w3lyny, ® Ol1_1|ylﬁy3. We have an isomorphism Vi3 > Vi, where V3,
is the Schrédinger representation of G3; = G 3 ~ G15. Thus, we can rewrite

(15.4.1) as
(2 x idy)*Q ~ L(Y}, Y5, ¥3) ® Vi ® piR)5F. (15.4.2)

According to Proposition 15.6, there is a natural action of Gj; on
LYy, Y», Y3) >~ L(Y3, Y, Y>) compatible with the action of Y} N Y3 on Z by
translations. Hence, there is aninduced actionof Y1NY3 on L(Y1, Y2, Y3)QV5,.
It is easy to check that this action corresponds to the descent data for the mor-
phism 77, x idy coming from the isomorphism (15.4.2) (note that the kernel of
the homomorphism 1, is precisely the subgroup Y, N Y3 C Z). Now arguing
similarly to Proposition 12.7, we obtain an isomorphism

0 >~ Homg, (V31, 2 L(Y1, Y2, Y3)) K R;3 F

on Y, x X (to be completely rigorous, instead of choosing particular F' one
has to work with the kernels giving the corresponding functors). Tensoring
this isomorphism with V3; and taking the push-forward under the projection
to X, we conclude that

Vi1 ® RsRioF ~ RU(Z, L(Y), Y2, Y3)) ® Ri3F.
Since R; i > Vij ® R;; for some vector spaces V;;, it follows that
V ® RysRinF =~ RT(Z, L(Y1, 1>, Y3)) ® Ri3F,

where V is a vector space. Since R;; are equivalences, this implies that
RTU(Z, L(Y1, Y,, Y3)) is concentrated in one degree. Since Z/ 79 is affine,
this degree coincides with the index of L(Y7, Y», ¥3)|z0. O

This theorem allows to derive certain equation for indexes of non-
degenerate line bundles. As we have seen in Section 11.6, the index i(L) de-
pends only on ¢; . Let us denote by Hom®™(A, A) the group of symmetric ho-
momorphisms and by U C Hom®™(A, A) the subset of symmetric isogenies.
Recall that by Theorem 13.7 every element of U has form ¢, for some non-
degenerate line bundle L. Let us also set Up = Q*U C Hom™™"(A, A Q.
By Proposition 11.18, there is a well-defined function i : Ug — Z, such that
i(¢r) =i(L)andi(r¢) = i(¢p) forr € Q.o. Note that for every ¢ € Ug there
is a well-defined element ¢ ~! € Hom®™(A, A)q, such that (r¢)~' = r~'¢~!
for r € Q*. Indeed, it suffices to define ¢~ for € U.Lety : A — A be an
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isogeny such that {r o ¢ = [n]4 for some n > 0 (such y exists by Exercise 4
of Chapter 9). Note that v is necessarily symmetric. Then we set ¢~! = v//n.

Proposition 15.8. Let ¢, ¢, € Ug be such that ¢, — ¢ € Ug. Then

i(¢1 — d19, ' d1) + i) = i(P1) + (¢ — 1) (15.4.3)

Proof. Assume that we have four Lagrangian abelian subvarieties (Y;,i =
l,...,4)in A x A as above, such that all pairwise intersections are finite.
Then from Theorem 15.7 we get

i(L(Y1, Y2, Y3)) +i(L(Yy, Y3, Y4) =i(L(Yy, Y2, Y4)) +i(L(Y2, Y3, Y4))

(this equation is analogous to (4.2.3)). Note that multiplying ¢; and ¢, by a
sufficiently large positive integer, we can assume that ¢, ¢, and ¢; — ¢, Yo,
are actual homomorphisms from A to A. Now let us apply the above equality
to the Lagrangians Y| = A x 0, Y, =T'_4, Y3 =T_4 and ¥4 = 0 x A,
where I'_, is the graph of the isogeny —¢;. Each of these Lagrangians Y; is
equipped with the natural line bundle /; such that A(«;) > Bly, «y,. It remains
to identify the four terms in the above equation with the four terms of (15.4.3)
which amounts to calculating dL(y,.v,.v,)- More precisely, we find that

i(L(Y1, Y2, Y3) = i(¢1 — d19h; 1),
i(L(Y1, Y3, Y4)) = i(¢),

i(L(Y1, Y, Y4)) = i(d1),

i(L(Y2, Y3, Y) = i(¢ — ¢1).

(15.4.4)

We will only check the first equality (the proof of the other three is similar
but simpler). Using the projection to A we identify each of the varieties Y1,
Y, and Y3 with A. Now we have an isogeny

A->Z°CYix Yo x V3= Alix > ((n—ngy '¢1)(x), —nx,ngy ' ¢i(x)),

where n is a large integer, so that n¢; ! ¢1 € Hom(A, A). It suffices to compute
the index of the pull-back M of L(Y7, Y», Y3) by this isogeny. According to
Proposition 15.6, we have

AM), o =~ g(nxf_mp;l,;)l(x'),()),<_nx,n¢1<x)) = Pla—ngy d1)xonr ()
= P (-85 1))

Hence, gy = n*(1 — 1, ' ¢1) and i(M) = i(¢p1 — ¢19b5 ). O
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Exercises

1. Let f:A— A be a symmetric isogeny. Show that for every n > 0 the
image of the homomorphism A — A x A : x > (nx, f(x))is Lagrangian
with respect to the biextension £. Assume in addition that ker( f) C A,
for some m > O relatively prime to n. Set f, = f]|a,. Construct an
equivalence of derived categories D”(A) ~ D’(A/ ker(f,)).

2. LetY, Y’ C X beLagrangian abelian subvarieties with respect to £. Show
that there exists a Lagrangian abelian subvariety Z C X, such that the
intersections Y N Z and Y’ N Z are finite. [This statement is the content
of Lemma 4.1 in [107].]

3. Let¢, : A — A be the symmetric involution associated with an ample
line bundle L. Assume that there exists a number field K contained in
Hom(A, A)g as a Q-subalgebra and such that for every x € K one has
X o¢r = ¢ ox. Note that forx € K* we have ¢y ox € Ug.Forx € K*
we denote i(x) = i(¢ o x).

(a) Show thati(Ax) =i(x), where x € K*, A € Q-o(K*)%.
(b) Prove that

(A + px)xy) = i(xy) +i(y) — i((A + px)y),
where x, y € K*, A, u € Qoo(K*)?, A + pux # 0.

(c) Show that
z(( ZX,-)x) =i(x),
i=1

where x € K*, A; € Q.o(K*)*. [Hint: Use induction by n. Apply
by tox =377 hi,p=1]

(d) Show that K is totally real.

(e) Leto; : K — R,i =1, ..., dbeallreal embeddings of K . Prove that
there exist some integers m;, i = 1, ..., d, with Z?Zl m; =dimA,
such that

d

i) = Z Slgn(m @)

[Hint: Use the fact that every totally positive element in K* is a sum
of squares, cf. [80], Section XI.2.]
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Construction of the Jacobian

Let C be a smooth projective (irreducible) curve of genus g over an al-
gebraically closed field k. By Pic(C) (resp. Pic?(C)) we denote the Picard
group of C (resp. the degree d subset in it). In this chapter we introduce
the structure of abelian variety on Pic’(C). More precisely, we construct an
abelian variety J = J(C) called the Jacobian of C, such that the group of
k-points of J is isomorphic to Pic’(C). The idea is to use the fact that every
line bundle of degree g on C has a nonzero global section and that for generic
line bundle L of degree g this section is unique (up to rescaling). Therefore,
a big subset in Pic®(C) can be described in terms of effective divisors on
C. The set of effective divisors of degree d on C can be identified with the
set of k-points of the symmetric power Sym? C (the definition and the main
properties of the varieties Sym? C are given in Section 16.1). The subset in
Picé(C) consisting of line bundles L with h°(L) = 1 corresponds to the set
of k-points of an open subset in Sym# C. Translating this subset by various
line bundles of degree —g we obtain algebraic charts for Pic’(C). We define
the Jacobian variety J by gluing these open charts. This construction also
provides the Poincaré line bundle P¢c on C x J(C), such that the restriction
of Pc to C x {£} is the line bundle on C corresponding to & € J(k). The
fact that the pair (J, Pc) represents the functor of families of line bundles of
degree 0 on C, is deduced from the fact that Sym? C represents the functor
of families of effective divisors of degree d on C (see Theorem 16.4 and
Exercise 2).

16.1. Symmetric Powers of a Curve

For every d > 0 we denote by Sym? C the dth symmetric power of a curve
C. By the definition, Sym“ C is the quotient of C¢ by the action of the
symmetric group S;. In particular, we have a natural surjective morphism
7y : CY — Sym? C, and Sym“ C is a proper variety. Furthermore, we can

209
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identify k-points of Sym? C with effective divisors of degree d on C. On the
other hand, if A is the ring of functions on an affine open subset U C C, then
we have O(Symd U) = T S%(A), where for every k-vector space V we denote
by T S4(V) the subspace of symmetric tensors in V¢ (since we work in
arbitrary characteristic, we cannot identify 7S¢ (V) with the usual symmetric
power of V, which is a quotient of V&%)

For every d;, d, > 1 we have a canonical morphism

Sa,.4, - Sym? C x Sym® € — Sym®+¢: ¢

induced by the isomorphism C% x C%= C%+4: and by the standard embed-
ding of groups Sy, x S4, <> S4,+4,- Locally it corresponds to the embedding
of rings

TSUtE(A) < TSN(A) @ TS“(A).

We will use the following symbolic notation for this morphism:
Sd,.d,(D1, D2) = D1 + D».

Let us introduce some notation. Let V be a k-vector space. For every pair
of elements x, y € V and every subset I C [1, d] we denote by x;y7 € yed
the decomposable tensor having x at the factors corresponding toi € I and y
at all other factors (e.g., if d = 3 then x; y7 = x ® y ® y). Using this notation,
we can define the following sequence of elements in 7' S¢(V) (analogues of
elementary symmetric functions):

on(x,y) = Z XIy7,

IC[1,d]:|I|=n

where n =0, ..., d. Note that 0,,(x, y) = 04_,(y, x).

Definition. Wesaythatamap f : V — W between k-vector spaces is homo-

geneous of degree d if f(ix) =A% f(x)and Y=, 0. (—D" f e, x) =0
forall x, xg,...,x; € V, A €k.

Lemma 16.1. (a) For every k-vector space V the space T S*(V) is spanned
by tensors of the form x®, where x € V.

(b) More generally, let W C V be a subspace, and for everyn =0, ..., d
let TSY(V, W) C TSV) be the subspace consisting of symmetric tensors
which can be written as a linear combination of tensors x; @ . . . ® xg with at
least n of x;’s belonging to W. Then T S4(V, W) is spanned by the elements
o,(x, y)withx e W,y e V.

(c) For every k-vector space W there is an isomorphism of Homy(T S¢
(V), W) with the space of homogeneous maps V. — W of degree d, such
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that a linear map ¢ : TS*(V) — W and the corresponding degree d map
f:V — W are related by f(x) = ¢(x®?).

Proof. (a) It suffices to prove this for finite-dimensional V. Then we can use
induction in dim V. Let V = V| @ ke. By induction assumption 7 S¢(V) is
spanned by the elements of the form o,,(x, e) with x € V|, 0 <n < d. Now
using the equations

d
(x + 1e)®¢ = Z A0, (x, e),
n=0

for d distinct A € k, we can express 0,,(x, e) withn < d as linear combination
of tensors of the form y®<.

(b) Let T4(V, W) C V®4 be the subspace spanned by x; ® ... ® x; with
at least n of x;’s belonging to W, so that TSY(V, W) = T4(V, W)NT S4(V).
Then we have exact sequences of S;-representations

0= T (V.W) = T4V, W) — Indg' s W ®(V/ W)™,

where for a group G, a subgroup H C G and a representation U of H we
denote by Indf, U the induced representation of G. Passing to Sy-invariants
we get exact sequences

0— TS (V,W)— TSIV, W)L TS (W) TS*™(V/W).

Moreover, the map p sends o,(x, y) to x®" ® §®(d_"), wherex e W,y e V,

y = ymod W. Now our assertion follows easily from part (a) by induction
in n.

(c)Let f : V — W be a homogeneous map of degree d. We want to
construct a linear map ¢ : TS4(V) — W such that f(x) = ¢(x®?). By part
(a) such ¢ is unique (if exists), so it suffices to prove this assertion in the
case when V is finite-dimensional. Now we can use induction in dim V. Let
V =V, @ ke. Then f should have form

d

et ey =Y 2" fu(x),

n=0

where x € Vi, f,, : Vi — W is ahomogeneous map of degree n. On the other
hand, we have an isomorphism

TSUV) = @!_,TS"(V)),

such that the element o,(x, e) € TS?(V), where x € V,, corresponds to
x®" € TS"(V)). By induction assumption, we can define linear maps ¢, :
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TS"(V)) — W, wheren = 0,...,d, such that f,(x) = ¢,(x®"). Now we
define the linear map ¢ by the condition that ¢|7s:(v,) = ¢,. Then for every
x € Vi and A € k we have

d d

P((x +2e)®) = 2T, (x¥) = Y AT fu(x) = f(x + o).

n=0 n=0

Proposition 16.2. The variety Sym? C is smooth. U

Proof. Clearly, it suffices to prove the same statement with C replaced by a
smooth affine curve Spec(A). Moreover, using the maps s4, 4, one can reduce
the problem to showing smoothness of Sym? C near the most degenerate
pointd - p, where p is a point in C (see Exercise 1). In other words, it suffices
to prove a similar statement when A is a local ring of C at some point. Let
m C A be the maximal ideal of A, and let m, be the corresponding maximal
ideal of A®?: my is a linear span of tensors x; ® - - - ® x; with at least one of
x;’sinm. Then M = myNT S%(A) is a maximal ideal in T S¢(A) and we have
to prove that it is generated by d elements. It is easy to see (using Lemma 16.1
or directly) that M is the linear span of elements of the form o,(x, 1), where
x em, 1 <n <d. Lett be a generator of m. Then we are going to show
that M is generated by the elements (0,,(¢, 1),n = 1,...,d). Let M’ C M be
the ideal generated by these elements. We are going to show by decreasing
inductioninn =d,d — 1, ..., 1that o,,(x, 1) € M’ for all x € m. The base
of induction is clear: oy(x,1) = x ® --- ® x = oy(t, )oy(x/t, 1), where
x € m. Now assume that n < d and that o,,(x, 1) € M’ for all x € m and
all n’ > n + 1. From this we can derive the inclusion T8¢, (A, m) C M’
Indeed, by Lemma 16.1, for every n’ > n + 1 the space TS,‘ZI,(A, m) is a linear
span of o,/(x, y) withx € m, y € A. Writing y = A + y’ with A € k and
y’ € m we see that o, (x, y) = A4 " 0,y (x, 1) mod TS,‘f,H(A, m). Thus, using
the descending induction inn’ = d,d — 1, ...,n 4+ 1 we derive the desired
inclusion. Now for every x € m the difference o, (x, 1) — 0,,(¢, 1)o,(x/t, 1)
belongs to 7S¢, (A, m) so we are done. a

Let D; C C x Sym? C be the universal divisor consisting of (p, D) such
that p € supp(D). More precisely, D, is obtained by the descent of the S,-
invariant divisor Z?:l Ao; where Ag; C C x C? are the partial diagonals:

Ao = {(x0, X1, - - ., Xg)| X0 = x;}.

If k = C then we can describe local equation of D, near a point (p, p;+- - -+
pa) € Dy as follows. Let x (resp. x;) be a local coordinate near p (resp., p;).
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Then the local equation of D; is ]_[fl: (x — x;) considered as a function of x
and elementary symmetric functions of x;.

Proposition 16.3. The morphism
C xSym? ' C — C xSym’C : (p, D)+ (p, p+ D) (16.1.1)

is a closed embedding with the image D,.

The proof is left to the reader.
The reason we called D, the universal divisor is due to the following result.

Theorem 16.4. For every (Noetherian) scheme S and a relative (over S)
effective Cartier divisor D C C x S such that for every s € S the degree
of the corresponding divisor Dy C C is equal to d, there exists a unique
morphism fp: S — Symd C such that D = (id x fp)~'(Dy).

Proof. The statement is local in S, so we will assume that S is affine. Also,
locally over S we can replace C by its open affine piece U such that D
is contained in U x S, so we can also assume that C is affine. Let C =
Spec(A), S = Spec(K), D = Spec(B). By definition, we have a surjective
homomorphism of K-algebras r : A ®, K — B, and B is a flat projective
K-module of rank d. Localizing § if necessary we can assume that B is a
free K-module. Then for every K-linear endomorphism ¢ : B — B we
can define its determinant det(¢) € K. Applying this to the operators of
multiplication by a € A, we get a homogeneous map A — K of degree d.
According to Lemma 16.1, it defines a k-linear map

detg/x : TS (A) — K.

Using the multiplicativity of the determinant we immediately see that detg,
is a homomorphism of k-algebras. We claim that the morphism fp : § —
Sym? C determined by detp /k satisfies the required property. Indeed, let us
consider the exact sequence of B-modules

0—>J—>BQxB>B—0, (16.1.2)

where m(by ® b,) = b1b,. Then J is a free B-module of rank d — 1. Hence, we
can consider determinants of B-linear endomorphisms of J. In particular, for
every a € A we can compute the determinant of the operator of multiplication
by a on J. This gives a homogeneous map of degree d — 1 from A to B, hence
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a k-linear map
det;/p : TS"'(A) — B.

From the exact sequence (16.1.2) we immediately get that for every a € A
one has the following equality in B:

r(a)det 5 (a®“7V) = detp/k(a®)

(note that the RHS belongs to K C B). This implies that we have a commu-
tative diagram

f/
D C x Sym?~!'C
o (16.1.3)
id XfD
CxS C x Sym?C,

where « is the morphism (16.1.1), the first component of f” is the natural map
D — C, and the second component of f’ corresponds to det, /B Therefore,
we get a morphism D — (id x fp)~'(D,) compatible with embeddings of
both schemes into C x S. This implies the equality of these subschemes of
C x S (the corresponding homomorphism of algebras B’ — B is surjective,
while both B and B’ are finitely generated projective modules of the same
rank over K).

To prove uniqueness it suffices to show that for D = D, (and § = Sym? C)
the morphism fp, : Sym? C — Sym? C constructed above is the identity.
Since we have the canonical surjective projection 7 = 7, : C¢ — Sym’ C,
it suffices to prove that the morphism f;,-1p, : C 4 — Sym? C obtained by the
above construction applied to 7 ~'D,; = Zle Agi C C x C?, coincides with
7. It remains to observe that the general construction D — fp is compatible
with taking sums of relative Cartier divisors (over the same base) in the
following sense:

fDi+D, = Sdeg Dy,deg D, © (fD1s fD,)-

Indeed, this follows easily by computing determinants of the action of A in
the exact sequence

0— ODQ(_DI) —> ODH'DZ — ODI — 0.
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Applying this property to the decomposition of 7 ~!D, and using the compat-
ibility of the construction of fp with the base change, we reduce the problem
to the case d = 1 which is straightforward. O

16.2. Construction

We are going to glue the Jacobian from open pieces which are all isomorphic
to the same open subset in Sym® C. We need the following technical result.

Lemma 16.5. For every line bundle L of degree O on C the subset Uy C
Symé C consisting of the effective divisors D of degree g with h'(L(D)) = 0,
is Zariski open and nonempty. Furthermore, there is a natural surjective
projective morphism Uy, — Up mapping D to the unique effective divisor
D" with O(D") >~ L(D).

Proof. The fact that U, is open follows from the semicontinuity theorem. To
prove that it is nonempty we note that the condition 4! (L(D)) = 0 is equiva-
lent to h°%(wc L~ (—D)) = 0. Now we are going to use the fact that for every
line bundle M with h°(M) # 0 there exists a point p € C with i%(M(—p)) =
h°(M) — 1. Applying this iteratively we find points py, ..., p,—1 € C such
that h%wc L= (=p1 — -+ = pg-1)) = h%(wcL™') — g +1 < 1. Now we
can choose a point p, such that A%(wc L™ (—py — +++ — pg—1 — pg)) = 0.
This proves that U, is nonempty. It remains to construct the morphism
U, - Up. Let D = D, N (C x Ur) be the universal family of effec-
tive divisors over Uy. Consider the line bundle M = p{L(D) on C x Uy,
where p; : C x Uy — C is the natural projection. Then the restriction of
M to every fiber of p, : C x Uy — Uy is a line bundle of degree g with
no H'. It follows that p,,M is a line bundle on U; and the canonical
map pjpr.M — M vanishes on a relative divisor of degree g. Apply-
ing Theorem 16.4, we get a morphism U; — Symé® C. It is easy to see
that the image of this morphism is Up. Here is another description of this
morphism. Let us consider the closed subscheme Z; € Sym® C x Sym?® C
consisting of (D, D,) such that Oc(D;) >~ L~!(D,) (we define the sub-
scheme structure on Z; using Proposition 9.3). Let p;, p, be projections
of the product Sym?® C x Sym? C to its factors. Then it is easy to see that
U:=Z.N pfl(UL) =ZrN pgl(U@) and that the projection p; induces an
isomorphism U = U} . Using this isomorphism our map from Uy, to Up canbe
identified with the map U — Uy induced by the second projection. Thus, our
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morphism is obtained by the base change from the map p; : Z; — Sym® C,
hence it is projective. a

The open pieces from which we glue J(C) are numbered by the isomor-
phism classes of line bundles of degree g. Namely, for every M € Picé(C)
we set X = Up, where Up is the open subset in Sym® C consisting of D
with h'(D) = 0. We identify k-points of X, with the subset Up(k) — [M] in
Pic’(C). Now for every pair of line bundles M, M, € Pic8(C) we set

Xum = UOmUMzM]’I C Xy,

The map Uy, 1 — Uo constructed in Lemma 16.5 restricts to a natural
isomorphism

iMl,Mz : XMl,Mz - XMz,Ml

mapping D € U@ NUy, M 10 the unique effective divisor D’ such that
OoWD') ~ MLoM[ (D) It is easy to check that iy, », is inverse to ips, u,-
Moreover, for every triple My, M,, M3 € Pic®(C) one has

iMz,Ms © iMl,Mz = iMlqu

on an open subset of X, where both morphisms are defined. Hence, we can
glue the pieces (X /) along the identifications (i, u,) into a scheme X such
that the natural embeddings X, C X are open. By construction, we have a
natural identification of the set of k-points of X with Pic’(C) such that X (k)
corresponds to the subset of line bundles & € Pic’(C) with h'(¢ @ M) = 0.
Also, for every line bundle M, of degree g we have a natural surjective proper
morphism

om, : Symf C — X

such that UA}OI(XM) = Uy, and UM0|UMM61 tUyy;t = Uo = Xy is the
morphism constructed in Lemma 16.5. Therefore, X is a proper smooth ir-
reducible variety. Next we want to introduce the structure of abelian variety
on X. On the level of points the group law m : X x X — X is given by the
group structure on Pic’(C). To prove that it is regular we can argue locally.
Let (L;, L,) € Pic’(C) x Pic’(C) be a point of X x X. We can choose an
open neighborhood of (L, L,) of the form Xy, x Xyy,. Let Dy (resp., D;)
be the universal divisor on C x Xy, (resp., C x Xyy,). Let us also choose a
line bundle M of degree g such that 4'(LL, M) = 0. Then the line bundle

M = pi(M{'M;' M) ® pj,O(D)) ® pjO(D>)
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on C x Xy, x Xy, has degree g on every fiber of the projection ps3 : C x
Xm, x Xy, > Xy, X Xy, Let U C Xy, X Xy, be an open neighborhood
of (L1, L) such that 2'(M|cy,) = 0 for u € U. Then the natural morphism
Di3(p23)«M|cxy — M|cxy vanishes along a relative divisor of degree g, so
we get a morphism U — Up = X C X which produces our group law on
the level of points.

We call the abelian variety (X, m) the Jacobian of C and denote it by
J =J(O).

16.3. Poincaré Bundle

A Poincaré line bundle P = Pc on C x J(C)° is a universal family of line
bundles of degree O on C parametrized by J (C). This means that the restriction
of P to C x {L} is isomorphic to L for every L € Pic’(C). Such a line
bundle is not unique: we can tensor it with the pull-back of a line bundle on
J(C). Let us fix a point p € C. A Poincaré line bundle is called normalized
at p if Pl y(c) is trivial. Starting from any Poincaré line bundle P we can
construct a normalized Poincaré line bundle by tensoring P with the pull-back
of P~!|,x(c)- We will show that for every p € C there exists a Poincaré line
bundle normalized at p. The idea is to glue this line bundle from its restriction
to open subsets C x X, where M € Pic®(C). Note that we have a natural
universal family on C x Xj;, namely,

Py = piM (D),

where D C C x Xy is the universal divisor of degree g. The problem is that
although the restrictions of ), and Py, to C x (X, N X u,) are isomorphic
there is no canonical choice of such an isomorphism. This is the reason for
introducing normalizations at the point p. Namely, tensoring P;, with the
pull-back of (73,/‘,,)_1 |pxx, Wwe obtain a universal family Py on C x Xy
together with a trivialization Ox,, ~ Pyl,xx,. Then we can find unique
isomorphism between restrictions of Py, and Py, to C x (X, N X 3y,) which
is compatible with trivializations at p. Indeed, two such isomorphism differ by
an invertible function on C x (X, N X ,) whichis equal to 1 over p x (X, N
X u,). However, any such function is equal to 1 since C is complete. These
isomorphisms satisfy the cocycle condition on triple intersections, hence, we
obtain the Poincaré bundle on C x J(C) normalized at p.

6 We usually denote a Poincaré line bundle on C x J(C) simply by P, which is the same notation as
for the Poincaré line bundle on the product of dual abelian varieties. When we need to distinguish
the two kinds of Poincaré bundles, we change the notation for the former one to Pc.
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Using Theorem 16.4 one can show that the pair (J(C), P) represents certain
functor called the Picard functor (see Exercise 2).

Forevery d € 7 we can introduce the variety J¢ = J%(C) and the Poincaré
line bundle P(d) on C x J¢, normalized at p € C, such that the map & >
P(d)|cxiey gives an isomorphism J 4(k) ~ Pic’(J). Namely, for every line
bundle L of degree d on C, define a pair (J L PL), where P is a line bundle
on C x JE by setting J© = J, PL = pfL ® P, where P is the Poincaré
bundle on C x J normalized at p. If L’ is another line bundle of degree d, then
we have an isomorphism JX° — J* given by translation ;. 1 on J. Under
this isomorphism 7" corresponds to X", Thus, we have a transitive system
of isomorphisms between data (J©, P%) and we define (J¢, P(d)) to be the
projective limit of this system.

16.4. Analytic Construction

Let C be a complex projective curve. Then using the exponential sequence
we see that the identity component in H'(C, O*) is identified with J =
H'(C,0)/H'(C,Z). It is easy to see that the natural map H'(C,R) —
H'(C, ) is an isomorphism, so J is a complex torus. To see the alge-
braic structure on J we have to find a polarization on it. The cup product
on H'(C, Z) gives a symplectic form E : H'(C,Z) x H'(C,Z) — Z. On
the other hand, we can identify H'(C, ©O) with the space of closed (0,1)-forms
on C. There is a natural negative hermitian form H on this space given by

H((x,ﬂ):Zi'/a A B.
Now if @ + @ and B + B represent integer cohomology classes then we have

E(a—i—&,,B—i—B):/(a—i-&)/\(ﬂ + B) =Im H(a, B).

Hence, — E gives a polarization on J. In the next chapter we will show how
to algebraically construct this polarization.

Exercises

1. Let D; and D, be a pair of disjoint effective divisors on C of degrees
dy and d, respectively. Show that the morphism sg4, 4, : Sym? C x
Sym® C — Sym®*® ( is étale near (D, D»).

2. Let us consider the functor on the category of k-schemes which
associates to S the set Pic(C x S)/Pic(S), where the embedding
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Pic(S) — Pic(C x §) is given by the pull-back. Show that this functor is

represented by J(C), so that Poincaré bundles on C x J(C) (which form

a coset for the subgroup Pic(J(C)) C Pic(C x J(C))) correspond to the

identity morphism J(C) — J(C).

Show that the tangent space to J(C) atany pointis canonically isomorphic

to H'(C, O¢). [Hint: Use the previous Exercise and Cech description

of H'.]

Assume that the genus of C is 2.

(a) Prove that Sym” C is isomorphic to the blow-up of J(C) at one point.

(b) LetP' ¢ Sym? C be the complete linear series of canonical divisors
on C. Prove that P! is the canonical divisor on Sym?> C.
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Determinant Bundles and the Principal

Polarization of the Jacobian

In this chapter we discuss the natural principal polarization of the Jacobian
J of a curve C, i.e., a class of ample line bundles £ on J (that differ by
translations), such that ¢, : J — J is an isomorphism. These line bundles
are called theta line bundles and their sections are called theta functions
of degree 1 on J. Let F be a flat family of coherent sheaves on a relative
(smooth projective) curve 7w : C — S, such for each member of this family
one has x(C,, Fy) = 0. In Section 17.1 we describe a general determinantal
construction that associates to such F a line bundle det™! R, (F) (up to an
isomorphism) equipped with a section 6. We define the theta line bundle
on J associated with a line bundle L of degree g — 1 on C by applying this
construction to the family pjL ® P on C x J. Zeroes of the corresponding
theta function 0, constitute the theta divisor ®; = {& € J : h°(L(€)) > 0}.
To prove that in this way we get a principal polarization of J, we note that
isomorphism classes of theta line bundles have form det™! S(L), where S(L)
is the Fourier—Mukai transform of a line bundle L of degree g — 1 considered
as a coherent sheaf on J supported on C (the embedding C < J is defined
using the Poincaré bundle P on C x J), detS(L) is an element of Pic(J)
defined using a locally free resolution of S(L) on J. Using the properties
of the Fourier—-Mukai transform, we obtain an explicit description of the
morphism ¢, : J — J associated with a theta line bundle, from which it is
easy to see that ¢, is an isomorphism.

In Section 17.3 we show that the restriction of the theta line bundle
det™!' S(L) to the curve C embedded into its Jacobian, is isomorphic to the
tensor product of L~! with a fixed line bundle of degree 2g — 1. This implies
Riemann’s theorem stating that for appropriate line bundle L of degree g — 1,
the rational map & — C N (O + &) from J to Sym? C is inverse to the map
Sym# C — J : D — O¢c(D — gpo) (where py is a fixed point on C).

Similarly, in Section 17.4 we compute the pull-back of the biextension 3
on J? associated with the principal polarization to C* = (C x C)?, under
the map C x C — J : (x,y) — x — y (the obtained bundle on C* is trivial

220
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outside all diagonals). The result of this computation can be interpreted as
certain identity for theta functions on J, which is a particular case of Fay’s
trisecant identity considered in the next chapter.

Symmetric theta line bundles on J correspond to line bundles L on C
such that L? >~ w¢. Such line bundles L are called theta characteristics of C.
In 17.6 using the results of Chapter 13 we show that the map L + (— l)hO(L) is
a quadratic function on the set of theta characteristics, such that the associated
bilinear form is the Weil pairing on points of order 2 in J. We also prove that
(for char(k) # 2) the number of theta characteristics with even (resp., odd)
hO(L) is equal to 2871(28 + 1) (resp., 287128 — 1)).

In Section 17.5, we prove that in the case k = C our definition of the
principal polarization of J agrees with the analytic definition that uses the
intersection pairing on H'(C, 7).

17.1. Determinants

Let V be a vector bundle on a variety X. We denote by det(V') the top-degree
exterior power of V, which is a line bundle on X. This definition can be
extended to bounded complexes of vector bundles on X by setting

det(Va) = X) det(V,)® V",

It is well known that for every exact triple of vector bundles
0>V -V->V'>0

one has an isomoprhism det(V) =~ det(V’) ® det(V"”). This fact can be gen-
eralized as follows.

Proposition 17.1. Let V, — V. be a quasiisomorphism of bounded com-
plexes of vector bundles. Then det(V,) =~ det(V)).

Proof. Let W, be the cone of our morphism of complexes. Then clearly
det(W,) ~ det(V,) @ det™! (V). On the other hand, W, is an exact sequence
of vector bundles, so it can be divided into a number of exact triples. This
implies the triviality if det(W,). O

Remark. One can define the isomorphism in the above proposition canon-
ically up to a sign. To get rid of this sign ambiguity one should consider
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the pair
<det(V.), tk(Va) = ) (=1 1k v,»>

as an object of the category of graded line bundles and use the twisted com-
mutativity constraint in this category (cf. Section 22.1, [31], Section 4). In
this chapter we will be considering the isomorphism class of the line bundle
det(V,), so this sign problem is irrelevant for us.

If X is smooth and projective, then every object in the bounded derived cate-
gory of coherent sheaves on X can be represented by a finite complex of vector
bundles, so for every A € D?(X) we can define an element det(A) € Pic(X)
(the above proposition shows that this element is well defined). Further-
more, det defines a homomorphism from the Grothendieck group of D?(X)
to Pic(X).

The following construction will be used in Section 17.3 to define theta
divisors in the Jacobian of a curve. Let F be a flat family of coherent sheaves
on a relative (smooth projective) curve 7 : C — S such that x (Cy, Fy) =0 for
all s € S. Then one can define a line bundle det(Rm,(F)) on S and a section

05 € HO(S, det™ ' (Rm.(F)))

(canonically up to an isomorphism). Namely, let us embed F into a coherent
sheaf &), flat over S, such that R'm.(&) = 0 and the quotient-sheaf
& = &/F is flat over S (e.g., we can take & = F(D), where D is a
relative effective Cartier divisor of sufficiently large degree). From the exact
sequence of sheaves

0> F—>&>E—0

we derive that R'7,(£;) = 0. Hence, both sheaves m,.(&) and m.(E;) are
vector bundles. Then R, (F) is represented by the complex of vector bundles

7y (er)

Vo = [77*(50) - 77*(81)]
concentrated in degrees 0 and 1, and we set
det R (F) = det V, = det(,.(£)) @ det(rr,(E1)) .

Since the rank of R, (F) is zero, the ranks of 7,(&y) and 7,(&) are equal.
Thus, we can define 6 to be the determinant of the morphism . («), so
that 6 is a section of det(Rm,(F))~'. We claim that when we change the
resolution & — & for F, the pair (det(Rm,(F)), Or) gets replaced by an
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isomorphic one. Indeed, in the case when there is a morphism from one res-
olution to another this follows from Exercise 1 below applied to the induced
morphism of resolutions of Rm.(F). On the other hand, we claim that every
resolution & — &; maps to the resolution (N D) — F(N D)|yp for ample
divisor D and for N large enough. Indeed, in this case Ext' (&, F(N D))
vanishes, so we can use the following lemma.

Lemma 17.2. Let V, = [Vo — Vil and V) = [Vy — V|1 be a pair of
complexes in some abelian category A (placed in degrees 0 and 1). Assume
that EXtL\(Vl, Vi) = 0. Then every morphism C — C’ in the derived cat-
egory DP(A) — D"(A) can be represented by a chain map between these
complexes.

Proof. Let us consider the exact triangles
Vol—11 = Vi[=11% € 5 W,
V—1]— Vi[-11% ¢’ 5 v

in D?(A). Now given f € Homps(4)(C, C’) let us consider the composition
8" o f oa € Homps4)(Vi[—1], V). By our assumption, it is equal to zero.
Hence, f o o factors as a composition of some morphism f; : V|[—1] —
V/[—1] with o’. Therefore, we obtain a commutative square

o
Vi[—1] c
hi ! (17.1.1)
a/
Vi[—1] c.

Since D?(A) s triangulated, this commutative square extends to the morphism
between the above exact triangles. In particular, we obtain a chain map f,
between our complexes. Let f € Homps4)(C, C’) be the map determined by
fe. By construction fo o = f o«. Therefore, the map g = ]7— f factors as
a composition of § : C — V; with some map & : Vo — C’ in D’(A). Now
we observe that every such map & should factor as a composition of some
map hg : Vo — H(C’) with the canonical map i : H%(C") — C’. Since i
can be represented by a chain map, it follows that & can be represented by a
chain map from Vj (considered as a complex concentrated in degree 0) to C”.
Thus, both & and § are represented by a chain map, hence the same is true for
g, and therefore for f. O
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17.2. A Curve Mapping to an Abelian Variety

Leta : C — A be anonconstant morphism from a curve to an abelian variety.
Then for a coherent sheaf 7 on C (considered as a sheaf on A via push-forward
by a) we can consider the corresponding Fourier transform which is a sheaf
on the dual abelian variety A:

S(F) = Rpr(pia.F @ P)

where P is a Poincaré line bundle on A x A. Using the notation of Section 11.1
we can rewrite this as

S(F) = Piayp.c—ilF)

where (a x id4)*P is a line bundle on C X A. Since S(F) is an object of
the bounded derived category of coherent sheaves on A, we can consider its
determinant det(S(F)) € Pic(A). Note that if F = O p» the skyscraper sheaf
atpoint p € C, then S(F) = Pap) := Ply(p)x 4- Now for every line bundle L
on C we can consider the corresponding determinant bundle det(S(L)). From
the exact sequence

0—-L—Lp)— Lpl,—0
we derive an isomorphism
det(S(L(p))) == det(S(L)) ® Puy)-
Iterating, we get that for every divisor D = Y n; p; one has
det(S(L(D))) >~ det(S(L)) ® Py na(p)- 17.2.1)

The LHS depends only on the rational equivalence class of D, hence the map
D + Y n;a(p;) factors through a homomorphism a, : Pic(C) — A(k). It
follows also from (17.2.1) that the algebraic equivalence class of det(S(L))
does not depend on L.

Proposition 17.3. Let ¢, = ¢gerisry) - A(k) — A(k) be the homomor-
phism associated with the line bundle det(S(L)) on A (see Chapter 8),
where L is an arbitrary line bundle on C. Then ¢, coincides with the
composition

Pic’(4) % Pic’(C) 5 Ak
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Proof. By the definition, ¢, (x) corresponds to the line bundle ¢} det(S(L)) ®
det(S(L))~" on A. Now we have an isomorphism

t: det S(L) >~ det(S(L ® a*Py)) =~ det(S(L)) ® Pu,(a*(x))

which implies our claim. O

Remark. It is clear that the map a* : Pic’(A) — Pic’(C) is algebraic (with
respect to the structures of algebraic varieties on the source and the target).
We will show that the map a, is algebraic in the case when « is the standard
map from C to ﬁE) The general case is considered in Exercise 3 at the end
of this chapter.

Note thatif f : A — B is a homomorphism of abelian varieties then we
have (f o a), = f oa,, while (f oa)* = a* o f.Hence, applying the above
theorem, we obtain

A

¢foa = f o, 0 f (17.2.2)

17.3. Principal Polarization of the Jacobian and Theta Divisors

Let C be a curve, pp € C be a fixed point. We denote by J the Jacobian of C
and by P¢ the Poincaré line bundle on C x J normalized at py. Considering
Pec as a family of line bundles on J we get a morphism a : C — J such that

Pe =~ (a x id)*P, (17.3.1)

where P is the Poincaré line bundle on J x J. The restriction morphism a* :
J = Pic®(J) - Pic’(C) = J is the identity (indeed, this statement is a tau-
tology which follows immediately from (17.3.1)). Thus, by Proposition 17.3
the morphism a,|; : J(k) — J (k) coincides with the symmetric morphism
¢, (in particular, it is algebraic). To prove that a,|,; is an isomorphism, we
are going to use the morphismi : C — J : p — O(p — py). More precisely,
i corresponds to the family of line bundles on C trivialized at py, given by
Ocxc(A) ® piOc(—po) ® p5Oc(—po), where py, pa : C x C — C are the
projections. Itis clear from the definition that the morphism i |picoc) 1 J — J
is the identity. On the other hand, we have i* o a = i (this follows from the
fact that the above line bundle on C x C is symmetric). Hence, we have
i*oa, = (i* oa)y = i,. Therefore, the map ¢, = a.|; : J — J is an
isomorphism with the inverse i* : J — J.
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Now let L be a bundle of degree g — 1 on C. Then we claim that the
line bundle det(S(L))~" on J has a canonical (up to a nonzero scalar) global
section 6y . Indeed, S(L) is the derived push-forward of a line bundle on C x J
to J and rk(S(L)) = x(L) = 0, hence we can apply the construction of
Section 17.1. On the other hand, the line bundle det S (L)‘1 is nondegenerate,
as we have seen above. Therefore, by Theorem 8.11 it is ample, so —¢, is the
principal polarization of J.

The zeros of 6, € H(J, det(S(L))~") constitute a divisor ®; C J sup-
ported on the set of points & € J such that L(&) has a nonzero global section.
We call 9, (resp., ©p; resp., O;(0r)) a theta function of degree 1 (resp.,
a theta divisor; resp., a theta line bundle) on J. Since —¢, is the principal
polarization, all the divisors ®, (and the corresponding theta functions 6;)
are translations of each other. This is not surprising, since by the definition the
divisor ®; C J is the translation by L~! of the divisor ® C J¢~! supported
on line bundles of degree g — 1 that have a section. The latter divisor ®
coincides the image of the natural morphism o¢~! : Symé~!C — J& !,
Set-theoretically this is clear, while on the scheme-theoretical level this is the
content of Exercise 6.

Now we are going to look at intersections of the divisors ®; C J with the
curve C embedded into the Jacobian by the morphismi : p — Oc(p — po).
The next theorem implies the beautiful property of the theta divisor discovered
by Riemann: for appropriate line bundle L of degree g — 1 (depending on
Do), the rational map & — C N (O + &) = C N Op ) from J to Symé C
is the inverse of the birational map Sym® C — J : D > O¢(D — gpo).

Theorem 17.4. For every line bundle L of degree d on C one has
detS(L)lc ~ oz ® L((g —d — 2)po).
In particular, ifdeg L = g — 1 then
0;OL)|c ~ wc(p)) ® L.
Proof. The Pull—back of the Poincare bundle on J x J by the mapa X1 :
C x C — J x J is isomorphic to O¢cxc(A) ® piOc(—po) ® p5Oc(—po),

where p;, p» : C x C — C are the projections. Hence, by the base change
formula of a flat morphism (see Appendix C) we get

S(L)|¢ = Rpa(pT(L(=po))(A)(—po),

where in the LHS we consider the derived functor of the restriction to C. Let
us denote L; = L(—py). Note that tkS(L) = x(L) =d — g + 1, so we
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have
det S(L)|c = det(Rp2.pTL1(A)(—(d — g + 1) po).
Now from the exact sequence of sheaves on C x C
0— piLi — piLi(A) = A(Li® ;') — 0
we get
det Rpo(piL1(A) ~ Ly @ wg',

which implies our formula for det S(L)|¢. O

Remark. The statement of the Theorem 17.4 becomes more natural if instead
of the embedding i one considers the canonical embeddingi; : C — J': p >
Oc(p). Then the theorem implies that for every line bundle M of degree g —2
one has

0 (Oy) ~ wc @ M~

where ®,; C J! is the translation of the theta divisor ® C J¢~! by M~
For a divisor D of degree g — 1 on C we set ©®p = Op.(p), Op = Bo.(D)-

Corollary 17.5. Let D C C be an effective divisor of degree g — 1 such that
h%(D) = 1 and py does not belong to the support of D. Then we have an
equality of subschemes

@DHCZD/-i-po,

where D' is the unique effective divisor on C such that Oc(D + D') >~ wc.

Proof. Set-theoretically the intersection ® , NC consists of points x € C such
that h°(D + x — pg) # 0, or equivalently h1°(D’ + py — x) # 0. Our assump-
tions on D and py imply that h°(D — py) = 0, hence h°(D' + po) = 1.
It follows that set-theoretically ®p N C coincides with the support of
D’ + po. In particular, 6p|c # 0. By Theorem 17.4, we have O;(®p)|c =~
Oc(D’ + po). Since this line bundle has 1-dimensional space of global
sections, the divisor of zeros of 6p|¢ is precisely D' + py. O

A useful way to reformulate the previous corollary is the following. Let
D be an effective divisor of degree g — 1, such that h/%(D) = 1, x € C
be a point, not contained in the support of D. Then the divisor of zeroes of
y = Op(y — x) is precisely D' + x, where O¢c(D + D’) >~ wc.
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17.4. Some Canonical Isomorphisms and an Identity
for Theta Functions

Letus denote by B the biextension on J x J corresponding to the isomorphism
ba = a1 JSJ, so that we have B = A(det S(L)) = (¢, x id;)*P, where
P is the Poincaré line bundle on J x J.

Proposition 17.6. Consider the morphism d : C x C — J : (x,y) —
(y — x). Then one has a canonical isomorphism

(d x id;)"B =~ p3Pc ® pisPc

on C x C x J, where py3 and py3 are projections to C x J, Pc is a Poincaré
line bundle on C x J.

Proof. Note that both sides are trivial over A¢ x J where Ac C C x C
is the diagonal. Thus, if an isomorphism exists it can be chosen canonically
(by rigidifying everything along A¢ x J). Let d:CxC — Jbethe map
obtained as the composition of a x @ : C x C — J x J and the difference
map J x J — J. Then our assertion is equivalent to the equality d= a,od.
We have seen above that i = i* o a. Composing both sides with a, and using
the fact that i* and a,|; are inverse to each other, we get that a, oi = a. This
immediately implies that a, od = d. O

Let us denote by (&, &) the fiber of B at the point (§,£") € J x J. The
isomorphism of the previous proposition can be written as follows:

(y—x.86 =& ®8 ", (17.4.1)

where x,y € C, & € J. Note that for fixed £ similar isomorphism can be
derived from Theorem 17.4. Indeed, applying this theorem to L and L ® &
we get

£~ detS(L®&)@det S(L) ¢

Since, det S(L ® §) ~ 1 detS(L) by (11.3.2), we derive that

£, ®@E7 > (i(1),E) @ (I(x), £) 7 = (y —x, &).

This isomorphism is the same as (17.4.1), since both sides are trivial for y = x.
In particular, taking &€ to be O¢(z — t), where z and ¢ are distinct points on C,
we obtain from (17.4.1) a canonical trivialization of (y — x,z —t) for x, y
disjoint from z, 7. On the other hand, applying (17.4.1)to £ = O¢(z —t) and
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y = z, we get a trivialization of w, ® (z — x, z — t), where the points x, z,
and ¢ are distinct, w, = wc|;.

Now we want to interpret these trivializations in terms of theta functions
on J. The following proposition expresses (y — x, z — ¢) in terms of a theta
line bundle on J.

Proposition 17.7. Let L be a theta line bundle on J. Then there is a canonical
isomorphism

(y—xz—0>L QL QL. ®L,

of line bundles on C x C x C x C, restricting to the identity for y = x or
z=1.

Proof. Since x — t = (x — z) + (z — t) we have
Lo@ Ly y »Cx—z ® 'Cz—t ®x—z,2— t)_l-

Replacing in this isomorphism x by y and dividing the obtained isomorphism
by the original one, we get the result. O

Let us fix points z, ¢ € C and consider the line (y — x, z — ¢) for varying
Xx,y, as a line bundle on C x C. Then (17.4.1) implies that there exists a
unique rational section ¢(x, y) of this line bundle with poles of order 1 at
x =zandy = t, zeros of order 1 at x = ¢ and y = z (and no other poles
or zeros), such that ¢(x, x) = 1. We claim that under the isomorphism of the
previous proposition applied to £ = O;(0®p), where D is a generic effective
divisor of degree g — 1, we have

_ Op(x =Dy — 2)
Op(x = Dy = 1)’

Indeed, the RHS reduces to 1 for x = y and has correct zeros and poles as
follows from Corollary 17.5. Varying D, we get an identity for theta functions.

o(x,y) (17.4.2)

Corollary 17.8. Let 6 be a theta function of degree 1 on J such that 6(0) = 0,
and let & € J be such that 0(§) = 0. Then for x, y, z,t € C we have

OE+x—200E+y—10(x—1)60(y—12)
=0E+x—10D0E+y—20(x—20( —1).

Proof. Since the theta divisor ® C J¢~! is irreducible (being the image of
Symg_1 C),itsufficestotake§ = 6p,& = D'— D, where D and D’ are generic
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effective divisors of degree g — 1. Then our identity follows immediately from
(17.4.2) applied to D and D’. O

The condition 6(£) = 0 suggests that this identity is a special case of some
more general identity with an additional term divisible by 6(£). We will derive
this more general identity in Chapter 18.

17.5. Albanese Variety

Let us assume that the ground field is C. The Albanese variety of a complex
projective variety W is defined as follows:

Alb(W) = HO(W, @}, /H(W, Z),

where a cycle y € Hj(W, Z) determines the functional on H(W, Q1) via
integration. Because the spaces H*! = H'(W, Oy)and H'* = HO(W, Q1))
are conjugate to each other, the dual abelian variety is identified with the
Jacobian variety

J(W)=H'\W, Ow)/H (W, Z).

Recall that for an abelian variety A = V/I" the Hodge decomposi-
tion H'(A,C) = H%!' @ H'Y coincides with the natural decomposition
Hom(I', C) ~ VV @V " .Inthe case A = Alb(W) we have H'(Alb(W), C) =
H'(W, C) and the Hodge decompositions for Alb(W) and W coincide.

When W = C is a curve, the Serre duality gives an isomorphism between
Alb(C)and J(C). We want to compare this isomorphism with the one given by
the principal polarization on J = J(C) constructed in Section 17.3. First, we
claim that the morphisma : C — J (considered in Section 17.3) coincides
with the natural embedding

a:C— AbC): p+— (a)r—>/pw>.
pPo
Indeed, since a(py) = a’'(py) = 0, according to Exercise 4 of Chapter 11, it
suffices to check that the induced morphism a”™ : J — J is the identity. This
can be easily checked using the exponential sequence and the fact that the
map on H;(-, Z) induced by a’ is the identity. Thus, we have a’ = a.
Now let us compute the tangent map to the induced map a,, : Pic’(C) —
Alb(C). Fix a sufficiently large d and let

o4 : C? = Pic%(C)
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be the map sending (p1, ..., pqy) to Oc(p1 + ... ps — dpy). Since o, is a
submersion for d > 2g — 2, it is enough to compute the tangent maps to o,
and to a; = a, o o4. The latter map sends py, ..., ps to the functional

w > Z?: S ,f; " w. Hence, the tangent map to a, is the natural map

d
@ a)E]pl_ — H(C, we)"
i=1

with components dual to the evaluation map.

Lemma 17.9. The tangent map to o, is the map
d
Poc, - H'(C.Oc)
i=1

that is given by the natural map H°(C, Oc(plp) = H'(C, O¢) under the
identification a)alpi >~ Oc(pi)lp:-

Proof. Tt suffices to prove the statement in the case d = 1. The tangent map
to o at p corresponds to the family of line bundles L(¢) on C parametrized
by Spec k[e]/€* defined as follows. Let U be a small neighborhood of p, x
be a generator of the maximal ideal of p in O(U). By the definition, L(¢) is
trivialized on the covering of C consisting of U and C \ p. The transition
function defining L(€) is “=¢ = 1 + <. Let v be the tangent vector to C at p,
such that dx(v) = 1. Then the tangent map to o at the point p sends v to the
class of % considered as a Cech 1-cocycle with values in O with respect to

the covering (U, C \ p). This is equivalent to the assertion of the lemma. O

It is easy to check that for every point p € C the following diagram is
commutative:

HYC,Ocp)l,) — " oc,

(17.5.1)

H'(C,Oc) H(C, oc)”

where the bottom arrow is Serre duality. Together with the above lemma this
implies that the tangent map to a, : J — Alb(C) coincides with the Serre
duality morphism H'(C, O¢) — H°(C, w¢)". In particular, the polarization
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on J defined in Section 17.3, coincides with the one given by the cup-product
on H'(C, Z) (see Section 16.4).

17.6. Theta Characteristics

Among theta line bundles on the Jacobian of special interest are the symmetric
ones: corresponding theta functions play a prominent role in the classical
theory. In the following proposition we determine which of the line bundles
det S(L) are symmetric.

Proposition 17.10. Let L be the line bundle of degree g — 1. Then
[—1]"det S(L) ~ det S(wc @ L™1).

In particular, det S(L) is symmetric if and only if L*> ~ wc.

Proof. Using relative duality (see [61]) for the morphism C x J — J we get
S(L)" = [~1]*S(wc ® L7HI1].

Taking the determinants of both parts we obtain the assertion. O

Definition. A line bundle L on C with L? ~ wc is called a theta character-
istic (or spin structure) on C.

Let us assume until the end of this section that char(k) # 2. Some important
properties of theta characteristics are formulated in terms of the sign function

e(L) = (=1,

where L is a theta characteristic.

Definition. A theta characteristic L is called even (resp., odd) if h°(L) is
even (resp., h°(L) is odd).

The Riemann—Kempf singularity theorem that will be proven later implies
(see Corollary 20.10) that

mult; (©) = (L),

where ® C J4¢~! is the theta divisor. Combining this fact with the theory
developed in Chapter 13 we derive the following result.
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Theorem 17.11. Assume that char(k) # 2. For a fixed theta characteristic L
the map

J—>El: &> e(L®E&)e(L)

is a quadratic form on J, whose associated bilinear form is the Weil pairing
ey, where J is identified with J by means of its principal polarization. The
Arf-invariant of this form is equal to (—1 Yo,

Proof. Letususe L toidentify J8~! with J, so that the theta divisor ® C J$~!
gets identified with the symmetric divisor ®; C J. By Proposition 13.3 the
map £ — €(L ® &) coincides with the function €g, defined in Section 13.2.
Now the first assertion follows from the equality (13.2.1) and Proposition 13.1.
The statement about the Arf-invariant follows from Corollary 13.6. O

Corollary 17.12. Assume that char (k) £ 2. Then the number of even (resp.
odd) theta characteristics is equal to 2571(2¢ 4 1) (resp., 287128 — 1)).

Proof. Let L be atheta characteristic. According to Exercise 1(a) of Chapter 5,
the number of £ € J,(k) with e(L ®£)e(L) = 1is equal to 28~1(28 4 1) if this
quadratic form is even, and to 26~ !(2¢ — 1) otherwise. Since the Arf-invariant
of this form is equal to €(L), the assertion follows. O

Exercises

1. Let[V, 4 Vil = [V i; V{1 be a quasi-isomorphism of complexes
of vector bundles concentrated in degrees O and 1. Assume that rk V, =
rk V! = 0. Prove that there is an isomorphism det™' V,~ det™" V/ map-
ping the section det(d) to det(d’).

2. Leta: C — A be anonconstant morphism from a curve to an abelian
variety, x € A(k) be a point, ¢, : A — A be a translation by x.

(a) Check that (¢, 0 a).(D) = a.(D) + deg(D) - x for any D € Pic(C).
(b) Prove that one has ¢, o, = ¢,.
(c) Show that ¢_, = ¢,, where —a = [—1]4 o a.

3. Leta: C — A be anonconstant morphism from a curve to an abelian
variety, let J be the Jacobian of C, and letag : C — J be the standard
morphism (denoted by a in Section 17.3).

(a) Let a* : J — A be the dual morphism to a* : A — J. Show that
a* o ay = a. Thus, every morphism from C to an abelian variety
factors through ag.
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(b) Prove that a* induces the homomorphism a,|; : J(k) — A(k) intro-
duced in Section 17.2 (upon the standard identification of J with J).

Thus, the map a, is algebraic.

4. Let f: C — E be a morphism from a curve to an elliptic curve. Using
the standard identification of £ with E we can consider the map f* :
E ~ E — J(C). Show that the composition of f* with f, : J(C) - E

coincides with the morphism [deg(f)]g : E — E.
5. Prove that the natural morphism

ol Syde—> J¢ D Oc(D)

for d < g is birational onto its image.

6. Show that the image of the morphism ¢4~ : Sym¢~! C — J¢~! coin-
cides with the theta divisor ® C J¢~!. [Hint: This image is reduced, so
it suffices to prove that ® is reduced. Now use the fact that ® defines a

principal polarization.]

7. Let C be a curve of genus 2, T : C — C be a hyperelliptic involution,

P1, .., Pe € C be stable points of t. Assume that char(k) # 2.
(a) Show that t acts on Pic®(C)as L — L™\,
(b) Show that h%(p; + p;) = 1fori # j.

(c) Prove that the line bundles (Oc(p; — pj),1 < i < j < 6) are

precisely 15 non-trivial line bundles of order 2 on C.

(d) Show that odd theta characteristics on C are (O¢(p;),i =1, ..., 6).
(e) Prove that even theta characteristics on C are (Oc(pi +pj— ps), 1 <

i<j<5).

(f) Show that the complete linear system |p; + p; + py/| is base point

free provided that the indices i, j, k are distinct.
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Fay’s Trisecant Identity

In this chapter we prove Fay’s trisecant identity for theta functions of degree 1
on Jacobian J of a curve C (Theorem 18.6). A special case of this identity was
considered in Section 17.4 as an illustration of some canonical isomorphisms
related to the canonical biextension on J x J. To prove the general identity,
we study Cauchy-Szego kernels S(L, x, y) associated with a line bundle L
of degree g — 1 such that 2% L) = 0 and a pair of distinct points x, y € C.
It is defined as the ratio s(y)/ Res, s, where s a nonzero rational section of
L with the only pole of order 1 at x. Using the residue theorem we derive a
three-term identity for such kernels. On the other hand, using the results of
the previous chapter, we express them in terms of theta functions on J. Then
the above identity turns out to be equivalent to Fay’s trisecant identity.

18.1. Cauchy-Szego Kernel

Let L be a line bundle of degree g — 1 on a curve C, such that h°(L) = 0, and
let (x, y) be a pair of distinct points of C. Let s be the unique (up to rescaling)
nonzero section of the line bundle L(x). The Cauchy-Szeg6 kernel is defined
by the formula

s(y)
S L’ 9 = bl
(L, x, ) Res, s

where Res, s is an element of L(x)|, =~ an);l. Note that S(L, x,y) is a
well-defined element of the one-dimensional space (0 ® L™!), ® L,.One
can easily globalize this construction to get a morphism

PiL — pioc ® p5L(Ac)

of line bundles on C x C (where p;, p» : C x C — C are projections,
Ac¢ C C x C is the diagonal) whose residue on the diagonal is equal to the
identity.

Note that S(L, x, y) = 0 if and only if A°(L(x — y)) # 0.

235
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It is convenient to generalize this construction to some triples (L, x, y)
with L not necessarily of degree g — 1. Recall that a point p is called a base
point of a line bundle M if the evaluation map H(C, M) — M| p 18 zero.

Definition. We call a triple (L, x, y) good if the following three conditions
are satisfied:

L x#y;
2. x is a base point of wcL™';
3. yisabase point of L.

For a good triple (L, x, y) one can still define S(L, x, y) € (w®@L™"), ®L,
by the same formula taking as s any element of H(C, L(x))\ H(C, L). For
example, one has the following easy result that follows immediately from the
definition.

Lemma 18.1. Let x, y, z € C be points such that x # z and x # y. Assume
that g > 1. Then the triple (Oc(z — x), x, y) is good and

1, z;
SOc—xrxy =177
0, y=z

18.2. Identity for Kernels

Theorem 18.2. Let xy, ..., x, be a collection of points, Ly, ..., L, be a
collection of line bundles on C such that L1 @ ... ® L, =~ wc. Let a €
H(C, a)cLl_1 - L;l) be a trivialization. Then one has

> ) [ Sy xj.x)=0

i=1 j#i
provided that all triples (L, x;, x;) for j # i are good.
Proof. Forevery j = 1,...,n,letuschooses; € H(C, L;(x;))\H"(C, L)).
Then we can consider the product s, ... s, as a rational 1-form with poles of

order 1 at xi, ..., x, (note that all these points are distinct). Applying the
residue theorem, we obtain

zn:Resxi(si) 1_[ si(x;))=0.
i=1 j#i

Dividing by []; Resy, (s;) we get the result. O
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We will use only the cases n = 2 and n = 3 of the above theorem. First,
assume that n = 2. Then we obtain that for a pair of line bundles L, L,, such
that L; ® L, >~ wc, one has

a(y)-S(Ly, x,y) = —a(x)-S(Ly, y, x), (18.2.1)

where a € H(C, a)CLl_1 Ly 1) is the corresponding trivialization. Note that
by the definition, the triple (L1, x, y) is good if and only if (L, y, x) is good.

Next, let us consider the case n = 3. Then Theorem 18.2 implies the
following result.

Corollary 18.3. Assume that g > 1. Let L and L, be line bundles of degree
g — 1 with H%(C, L)) = H%C, L,) = 0, z,t be points on C, such that
L ® Ly ~ wc(z—1). Let us fix a trivializationa € H°(C, a)cLl_lLQ_I(z —1)).
Then for a pair of points x, y € C one has

Res (a) - S(L1, x,2)S(La, y,2) + a(x) - S(La, y, x)
+a(y) - S(Li,x,y)=0.

provided that the points (x, y, z, t) are distinct.

Proof. Apply Theorem 18.2 to the line bundles L, L, and L3 = Oc¢(t — z)
and the points x, y, z, and then use the equality S(O¢(t — z),z,y) = 1 for
y # t (see Lemma 18.1). O

18.3. Expression in Terms of Theta-Functions

In this section we will express the Cauchy-Szeg6 kernels in terms of theta
functions on the Jacobian J = J(C). Then the identity of Corollary 18.3 will
give us the trisecant identity.

Let Dy and D, be a pair of effective divisors on C, such that w¢c >~ O¢(D1+
D,) and h°(D;) = h°(D,) = 1. Then there exists a unique (up to rescaling)
non-zero global 1-form n on C with zeroes at D; + D,. We want to calculate
S(£(D»), x,y) where & € J is such that h°(£(D,)) = 0 and x # y are
points on C, in terms of the theta function 6p,. We will do this under the
additional assumption that x is not contained in the support of D; + D, and
y is not contained in the support of D;. In order to apply the definition, we
have to construct a nonzero rational section s of & with D, + x as the divisor
of poles. Note that since y is not contained in the support of D,, we have
h%(Dy + y) = 1. Therefore, h°(D; + y — x) = 0, 50 p, (y — x) # 0. Thus,
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we can set

Op, (1 —x = §)
Op,(t —x)
We claim that s is a rational section of a line bundle isomorphic to & with

D; + x as the divisor of poles. Indeed, embedding C into J by p — Oc(p—x)
and using Theorem 17.4 we get

s(t) =

O;(Op,—e)lc = wc(x — Dy + &),
O;(Op)lc = wc(x — Dy) = Oc(x + Dy).

It remains to note that A°(D, + x) = 1 (this follows from the vanishing of
h%(D, + x — y)), hence the function ¢ > 0p,(t — x) vanishes precisely on
x + D,. Now we have

s(y) Op,(y —x —§)

D = = .
SEDP2T ) = Resi®) ™ 0,00 — 1000, (<) Res, s s

Note that the residue appearing here is nonzero, since x is a simple zero of
Op,(t —x) as x &€ D, (see Corollary 17.5). Using the natural identification of
the cotangent space to J at 0 with H 9(C, wce), we can consider the derivative
0p,(0) as a global 1-form on C (more precisely, it is a 1-form with values
in the 1-dimensional vector space O, (®p,)|o). Furthermore, the natural map
Qlj|0 — w, induced by the embedding C — J : p > p — x coincides with
the evaluation map H°(C, w¢) — w,. It follows that Gbl (0)(x) #£ 0 and

11
Op,(t —x) 6, (0)x)’

Res; —

Substituting this expression in the above formula for S(£(D,), x, y), we obtain
the following result.

Lemma 18.4. Under the canonical isomorphism

wxgx_lgy >~ w(y —x, _é:)_l

one has
Op,(y — x — §)6}, (0)(x)
Op,(y — x)0p,(—§)

S(E(Dy), x,y) = (18.3.1)

We need one more ingredient for the proof of the Fay’s trisecant identity.
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Lemma 18.5. The global 1-form H/Dl (0) vanishes exactly on Dy + D;.

Proof. Since ®p, = —Op,, we can normalize 0p, in such a way thatp,(§) =
0p,(—£&). Now the skew-symmetry condition (18.2.1)

n(NSED,), x, y) = —n(x)SE (D), y, x)

combined with Lemma 18.4 gives

n(»)0p, 0)(x) = —n(»)8,(0)(y) = n(»)8p, (O)(¥).

Therefore, 07, (0) is proportional to 7. On the other hand, we have seen above
that 0}, (0)(x) # O for generic x. O

Now we are ready to prove the Fay’s trisecant identity.

Theorem 18.6. Let 6 be a theta function of degree 1 on J such that 6(0) = 0.
Then one has
O0(x —1)0(y — 2) 0(z —1)8(y — x)

0 — iy —py (EHE Ty Tt G =

x0E+z—x)0E+y—1)=0E+z—10¢& +y—x),

where x,y,z,t € C, & € J.

Proof. With the above notation let us apply Corollary 18.3 to L; = £~'(Dy),
L, =&(Dy+ z—1t), x and y, where z and ¢ are generic points on C. Then
we have a)CLflL;l(z — 1) >~ wc(—D; — D), so we get

n()SE (D), x,2)SEDr+ 2z —1),y,2)

| (18.3.2)
F1()SED2 +2z—1),y,x) +n(y)SE (D), x,y) =0,

where 7 is a nonzero global 1-form vanishing on D; + D,. According to
Lemma 18.5, we can take n = 92)2 (0) (trivializing the fiber of O,;(D;) at 0
we consider Q’DZ(O) as a global 1-form on C). Now we apply Lemma 18.4
to express all terms of this equality via p, and 8p,. Furthermore, using the
equality 8p, = [—1]*0p, we can express everything in terms of 6§ = 0p,.
Thus, denoting the three terms in the LHS of equation (18.3.2) by T, 75 and
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T3, we have:
(z—x+8)0'0)x) 6y —1+§)0'0)(y)
0(z —x)0(§) O(y —2)0(z—1+8)
Cw, @B, ®(z—x,8) ' ®(y—z,z—t+8&7",
O —x+z—-1+56O0)y)
0y —x)0(z—t+E&)
Co®w,®(y—x,z—t+E7,

Oy —x +8)0"(0)x)
O(y —x)0(&)
We see that in order to get three elements in the same space, we have to
multiply the first term by the canonical section of a)z_l ®(y —z,z—1t)and
the second term by the canonical section of (y — x, z — ¢). As we have seen

in Section 17.4, for x, y distinct from z, ¢, the section
_0(x —1)0(y —2)
S0 — 20y — 1)
gives the canonical trivialization of (y — x, z — ¢). On the other hand, the
residue of ¢ with respect to x at x = z (for y # t) gives the canonical
trivialization of w_ "y — z,z —t) and is equal to

0z —1)0(y —2)

0'(0)2)0(y — 1)

0
Ti = —0'(0)(2) -

T = —0'(0)(x) -

75 = 0/(0)() - €, ®@w, ®(y—x,&) .

d(x,y)

Thus, we obtain the equality
(2—x+E0'O)F) 0 —1+E0'O)) 0z — 10y —2)

0z —x)0(&) Oy —2)0(z—1+8§) 0000y —1)
0@ —x+z2—-1+80'O0)y) O0(x -0y —2)

0
0'(0)(2) -

0'(0 .
B T Ty s S T gy
/ Oy —x +86)6"(0)x)
-0 . =0
N TR )
Making the obvious cancellations and multiplying by 8(£)0(z —t+£)0(y —x)
we get the result. O

Remarks. 1. In our formulation the three terms of the trisecant identity are
sections of three line bundles that are canonically isomorphic. More precisely,
the isomorphism between these line bundles is a direct consequence of the the-
orem of the cube. When the ground field is C, we can choose an isomorphism
of O,(®) with the line bundle of the form L(H, o) (see Chapter 1), where
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H is the Hermitian form on V = H'(C, O¢) corresponding to the principal
polarization of J. Then 6 will correspond to a theta function on V. Since the
natural trivialization of the pull-back of L(H, ) to V respects the isomor-
phism of the theorem of the cube, it follows that the identity of Theorem 18.6
holds for theta functions on V (where &, i(x), i(y), i(z) and i(¢) are lifted to
points of V).

2. The reason for the name “trisecant identity” comes from the relation
to trisecants on the Kummer variety of J (=quotient of J by the involution
[—1],) embedded into the projective space by second-order theta functions
(see, e.g., [39]).

Exercises

1. Check that in the case of elliptic curve the trisecant identity is equivalent
to the identity of Exercise 6(c) in Chapter 12.

2. Prove that for every theta function 8 of degree 1 on J such that 6(0) = 0,
one has

O(x = y)0(y —2)0(z — x) = =0(y = x)0(z — y)f(x —2),

where x, y, z € C (this identity appears from the change of variables
& = & 4 z — x in the trisecant identity). [Hint: Study the limit of the
identity of Corollary 17.8 as z — y for an odd theta function 6.]
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More on Symmetric Powers of a Curve

In this chapter we prove various results about the geometry of the varieties
Symd C, where C is a curve. Some of them will be used in the proof of Torelli
theorem in Chapter 21 and some are of independent interest. One approach
to studying the varieties Sym¢ C is to use the fact that for sufficiently large
d the morphism Symd C — J = J(C) sending D to O¢c(D — dp), where
p € C is a fixed point, is a projective bundle. On the other hand, for every d
we can consider Sym?~! C as a divisor in Sym? via the map D + D + p.
This approach allows us to prove that for d > 2 the Picard group of Sym? C
is isomorphic (noncanonically) to Pic(J) @ Z. Indeed, for sufficiently large
d this is clear, while the relation between Pic(Symd_1 C) and Pic(Symd C)
can be studied using the Lefschetz theorem for Picard groups. In order to
apply this theorem one has to prove that some cohomology groups of natural
line bundles on Sym? C vanish. We establish a general result of this kind
stating that H'(Sym? C, V@) = 0 fori > 0 (resp., i < d) where V@ is the
symmetric power of a vector bundle V on C such that H'(C, V) = 0 (resp.,
HY(C,V)=0).

In Section 19.5 we express the Chern classes of the vector bundle £, on
J, such that PEy is isomorphic to Sym“ C (for sufficiently large d) in terms
of some natural cycles on J. This leads to an interesting relation in the Chow
group of J due to Mattuck (see equation (19.5.3)).

Throughout this chapter we fix a point p € C.

19.1. Some Natural Divisors on Sym? C

Proposition 19.1. The normal bundle to the closed embedding
C x Sym?! ~D,; — C x Sym? C

is isomorphic to p’lka)E](Dd,l), where p;:C x Sym?~! — C is the
projection.

242
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Proof. We start by considering the closed embedding

f:CxCxSymi™'C — CxCxSym?C: (pi1, p, D)
= (p1, p2, p1 + D).

Let us denote by p;; the projections to products of 2 factors from the triple
Cartesian products. Let D3 C C x C x Sym? C be the pull-back of the
universal divisor under the projection p,3. Then it is easy to see that

frO(D7) = O(DEL, + An),

where A1, C C x C x Sym?~! C is the pull-back of the diagonal under the
projection pj,. Making the base change A x id : C x Sym? C — C x C x
Sym? C, induced by the diagonal embedding of C, we immediately get the
required formula. O

Making the base change of the closed embedding considered in the above
proposition by the natural morphism {p} x Sym? C — C x Sym? C, we get
a closed embedding

s,,:sz:Symd_lC—>Syde:D|—>p+D

with the image R;‘f := D, N p x Sym? C (the intersection is taken inside C x
Sym? C). Proposition 19.1 implies that the normal bundle to this embedding
is isomorphic to Og,i-1 C(R;ffl). Thus, we have

s O(R) ~ O(R4™). (19.1.1)

19.2. Morphisms to the Jacobian

For every d > 1 we have a natural morphism ¢ : Sym? C — J¢ sending
D to the isomorphism class of O¢(D). Let us identify J¢ with J using the
line bundle O¢(dp). Then we can consider ¢ as a morphism Sym? C — J
sending D to O¢(D — dp). More precisely, o corresponds to the following
family of line bundles on C trivialized at p, parametrized by Sym? C:

OCxSym"C(Dd —d(p x Symd C)—C x RZ)

The fiber of o over L € J¢ is the variety of effective divisors D such that
Oc(D) =~ L. Thus, (69)"'(L) can be identified with the projective space
PHO(C, L). In the following proposition we compute the tangent map to o¢
at the point of Sym? C corresponding to an effective divisor D C C.
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Proposition 19.2. The tangent space to Sym® C at a point corresponding to
an effective divisor D C C is canonically isomorphic to H(C, Op(D)). The
tangent map to the morphism o : Sym? C — J is given by the cobound-
ary homomorphism H°(C, Op(D)) — H'(C, O¢) coming from the exact
sequence 0 — O¢ — O¢c(D) - Op(D) — 0.

Proof. Set C[e] = C x Spec(k[€]/€?). According to Theorem 16.4, the tan-
gent space Tp Sym¢ C coincides with the set of effective Cartier divisors
DccC [€] such that DNC = D. Let fo + g«€ be local equations of D
on U,[€], where (U,) is some open affine covering of C. Then ¢, := g4/fy
can be considered as a section of O¢(D) on U,,. If we change local equation
by an invertible function, ¢, will change to ¢, + u, for some regular func-
tion u, on U,. Hence, ¢, mod O glue into a global section of O¢(D)/O¢.
This gives the required isomorphism. The second assertion is an immediate
consequence of this construction. O

Remark. In the case when D consists of d distinct points the above form of
the tangent map to o¢ at D can be also deduced from Lemma 17.9.

Corollary 19.3. Assume that d <g. Then the morphism Sym?C —
o?(Sym? C) is an isomorphism over the (nonempty) open subset of
o?(Sym? C) consisting of L with h°(L) = 1.

Proof. If h°(D) = 1 then from the above proposition we get injectivity of the
tangent map to o at D. O

On the other hand, using Proposition 19.2, one can easily check that for
d > 2g — 2 the morphism ¢ is a projective bundle over J. We are going to
identify the corresponding vector bundle on J. Let P be the Poincaré bundle
on C x J normalized at p. For d > 2g — 2 we denote by E,; the following
bundle on J:

Ey = p2.(Pc(dp x J)).
In other words, E; = S(Oc¢(dp)). By the base change formula, we have

O‘d*Ed = pZ*(OCxSymd C(Dd))(_RZ)



19.3. Symmetric Powers of Vector Bundles 245

Thus, we have a natural inclusion
d dx
OSyde(_Rp) — 0 Ed

as a subbundle. Hence, there is a morphism vy : Symd C —>P(Ey) of J-
schemes, such that v;O(1) =~ OsymaC(Rf,). It is easy to see that vy is in
fact an isomorphism.

Remark. One can rephrase the above construction in more invariant terms.
Namely, let L be a line bundle of degree d > 2g —2 on C. Then the morphism
oL Symd C — J sending D to Oc(D) ® L~' can be identified with the
projective bundle associated with S(L), the Fourier transform of L.

The natural embedding Oc((d — 1)p) — Oc(dp) induces a morphism
kg : E;—1 — E,4, whichidentifies E;_; with a subbundle in E,. Furthermore,
the following diagram is commutative:

Sp
Sym?~1C Sym? C
Vd—1 Ud (19.2.1)
kq
P(Edfl) IED(Ed)

The relation k;O(1) 2~ O(1) is equivalent to the isomorphism s;(’)(RZ) ~
O(RZ‘I) proved in Section 19.1.

19.3. Symmetric Powers of Vector Bundles

Let F be a coherent sheaf on C. Then the coherent sheaf 7 X --- X F (d
times) on C¢ has a natural action of S,;. Hence, it descends to a coherent
sheaf on Sym? C which we denote F@. The following theorem gives some
information about cohomology of this sheaf in the case when F is a vector
bundle.

Theorem 19.4. Let V be a vector bundle on C.
1.IfFH'(C, V) =0 then Hi(Symd C,VDy=0foralli > 0.
2.IfH(C,V) =0 then Hi(Symd C,VDY=0foralli <d.
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We want to reduce the proof to the case of C = P'. For this we need two
preparatory lemmas. Recall that for every d, d, > 0 we have a natural map

Sa ., : Sym? C x Sym® C — Sym? % C.

Lemma 19.5. For every pair of coherent sheaves F and J, on C one has a
natural isomorphism of vector bundles on Sym“ C:

(Fi1 ® FD) DS @y vty Say.ar o (FL B FL). (19.3.1)

Proof. The sheaf (F; @ F»)@ is obtained by descent from the sheaf (F; &
F>)% on C?. Now we have an Sg-equivariant decomposition

(F1 @ F)™ ~ @y, sar—a&d, ar»

where &y, 4, is the direct sum of all the products F;, X --- X F;, on C?
with d; factors F, and d, factors J;. It remains to check that the pull-back
of sdl,dz,*(]-"fd‘) X fédz)) to C? is isomorphic to E4,.a0, as a sheaf with S;-
action. To compute this pull-back one can use the flat base change ([61],
Proposition 5.6) and the fact that the fibered product of Sym® C x Sym® C
with C? over Sym? C is the disjoint union of S;/(Sy, % Sg,) copies of C (see
Exercise 1 of Chapter 9). This leads to the required isomorphism. O

Lemma 19.6. Let f:C— C' be a finite morphism of curves, f@:
Symd C— Symd C’ be the induced morphism of symmetric powers. Then
for every vector bundle V on C there is a natural isomorphism on Symd C’:

(V)P S fD(v@), (19.3.2)

Proof. Ttis easy to see that the construction V — V@ commutes with pull-
backs under finite morphisms. Therefore, we have

(SO LD = (£,

The natural map f* f,V — V induces the map (f* £, V)@ — V@ hence,
by adjunction we get the map (19.3.2). The fact that it is an isomorphism can
be proven locally, so we can assume that C and C’ are affine, and that f,O¢
and V are trivial bundles. Let A and A’ be the rings of functions on C and
C’. Then V corresponds to a free A-module of finite rank M. The ring of
functions on Sym? C (resp. Sym? C") is T S4(A) (resp., T S*(A")). The global
sections of V@ is the A-module T S?(M), same as the global sections of
(fLV)D. O
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Proof of Theorem 19.4. Let f : C — P! be afinite morphism. Then applying
isomorphism (19.3.2) we get

Hi ( Symd C, V(d)) ~ Hi ( Symd ]Pyl , (f* V)(d))_

Therefore, it suffices to prove the theorem in the case C =P!. Since every
vector bundle on P! is a direct sum of line bundles, using (19.3.1) we can
reduce the proof to the case of a line bundle on P'. It remains to use the fact
that under the natural isomorphism Sym“ P! ~ P, the line bundle (Op1 (1))@
corresponds to Opa(n) (see Exercise 3). O

19.4. Picard Groups

Now we can compute Picard groups of the symmetric powers of C.

Theorem 19.7. For d > 2 there is an exact sequence of abelian groups

. o . d deg
0 — Pic(J) — Pic(Sym“ C) — Z — 0,

where the homomorphism deg is normalized by the condition that
deg(O(R?)) = 1 for every x € C. If P C Sym? C is a complete linear
system of positive dimension, then deg(L) = deg(L|p).

Proof. For d sufficiently large, the statement is true since Sym? C is a pro-
jective bundle over J. Let 7y : C¢ — Sym? C be the canonical projection.
Then we have 7;O(R9) ~ Oc¢(p) B --- & Oc(p). It follows that O(RY)
is ample. On the other hand, it is easy to see that

Ogymé c(R3) = (Oc(p)@.

Hence, applying Theorem 19.4 we get H (Sym? C, O(—n RZ)) =0forn > 0,
provided thati < 1,d > 2 ori < 2,d > 3. Therefore, we can apply the
Lefschetz theorem for Picard groups (see Appendix C) to conclude that the
map sff* : Pic(Sym“ C) — Pic(Sym“~! C)is anisomorphism ford > 3 and is
anembedding ford = 3. Itremains to check that s [3,* is surjective. Letus denote
by K C Pic(C x C) the subgroup of line bundles L, such that the restrictions
L|pxc and L|cy, are trivial. Then there is an isomorphism # : End(J) — K :
¢ — (i, x ¢ip)*P, wherei, : C — J is the embedding corresponding to p,
P is the Poincaré line bundle on J x J. Let Pic*(C x C) be the subgroup of line
bundles stable under the involution (pi, p2) = (p2, p1),andlet KT = K N
Pic™(C x C). Then u~! identifies K+ with the subgroup End™(J) C End(J)
consisting of all symmetric endomorphisms of J. Let r : Pic(C x C) - K
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be the homomorphism given by r(F) = F @ [(F ! lcxp) X (F! |pxc)]. Then
r(Pic™(C x C)) = K™ and we have the commutative diagram

0.2* n;‘
Pic(J) ——Pic(Sym? C)—— Pic(C x C)*

S r
(19.4.1)

End*(J) K+

where s : Pic(J) — End"(J) is the homomorphism L + ¢, (recall that
¢r(a) =t/L® L~"). Since s is surjective by Theorem 13.7, it follows that
the composition r o 7} o oj is surjective. Thus, in proving that some line
bundle L € Pic(Sym2 C) comes from Pic(Sym3 C), we are reduced to the
case when 75 L belongs to the kernel of r. In other words, we can assume
that 73 L ~ L X L for some line bundle L; on C. The S,-action on L X L
either coincides with the standard one, or differs from it by —1. In accordance
with this dichotomy we equip L = L, X L, ® L, either with the standard
S3-action or with the standard action twisted by the sign character. Then if
we consider L as a line bundle on Sym® C, we will have sj*Z =1L O

Remark. There is a conjecture that the restriction by sg induces an isomor-
phism of Chow groups of codimension 7, provided that d > 2i 4 1 (see [29]).
The above theorem deals with the case i = 1.

19.5. Chern Classes

For every smooth projective variety X we denote by CH*(X) the Chow
ring of X (graded by codimension). Iterative application of (19.1.1) shows
that upon the identification of P(E,) with Sym? C (where d is sufficiently
large), the class ¢;(O(1)) € CH!(Sym‘C) is represented by the cycle
Sym?~" C ¢ Sym“ C. Let us consider the cycles w; = ¢ ' [Sym®™ C] C J,
0 <i < g.Notethat wy = 1, while fori > 0, w; is the class of the subvariety
o871 (Symé~" C) C J (this follows from Exercise 5 of Chapter 17). Then we
can express Chern classes of E; in terms of w;’s. Indeed, for every vector
bundle E of rank r 4+ 1 over a variety X one has the following formula for
Segre classes’ of E:

si(E) = m(cr(O())™),

7 Recall that the Segre polynomial s(E) = ) s;(E )t! is the inverse of the Chern polynomial
c(E)= Y ci(E)t'.
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where 7 : P(E) — X is the associated projective bundle. In our situation
r =d — g, so we deduce that s;(E;) = w;. In particular, Chern classes of E;
do not depend on d (which is always assumed to be sufficiently large).

Let8 : J — J be the involution sending L to wc(—(2g —2)p) @ L~'. We
claim that for every d > 2g — 2 there is an exact sequence

00— E;— F— S*Ej — 0, (19.5.1)
where F' is a successive extension of trivial line bundles. Indeed, we have
8*Eq ~ pr(Pc' ® pioc((d — 28 +2)p)).

Therefore, by relative duality (see [61]) in the fibers of p, : C x J — J we
get

8*Ej = R'pr((Pc(2g —2—d)p)).
Now applying the functor Rp,, to the exact sequence
0— Pc((2g —2 —d)p) — Pcldp) — Pcldp)li-—2¢+2p — 0

we get the sequence (19.5.1) with F = py.(Pc @ pi(Oc(dp)l2i-2¢+2)p))-
This bundle is a successive extension of trivial line bundles, since Pc|,x s
is trivial. Because c¢(F) = 1 we deduce from (19.5.1) the following relation
between characteristic classes:

c(Eg)-c(8*E)) = 1. (19.5.2)

In other words, ¢(8*E) = s(Eq4). It follows that (—Dici(8*Ey) = si(Ey) =
w;. Hence,

ci(Eq) = (=)' 8 w;.

Note also that (19.5.2) gives the following quadratic identity in the Chow ring
of J:

(Z(_l)iS*wz) (Z w,-) =1, (19.5.3)

i>0 i>0

which implies that the subring of CH*(J) generated by all the cycles w;, is
stable under the involution §*. For example, we have

§*w; = wy, S*wzzwf—wz, 8*w3=w?—2w1w2+w3,...
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Exercises

(a) Prove that there is a canonical isomorphism
* ~
S1,d—1PSym! ¢ = PCxSym?~! c(=Dg_1).

(b) Let wy : C? — Sym? C be the natural projection. Show that

ﬂ;a)symdc >~ wed (— Z Aij> s
i<j
where A;; is the pull-back of the diagonal in C x C under the pro-
jection p;; : C¢ — C2.
(c) Prove that for every two points p, p’ € C one has

svO(RY) ~ O(RS™). (19.5.4)

(a) Let Ry, ..., Ry be a collection of mutually disjoint finite subsets of
C. Show that the complement to the open subset

UL, Sym/(C — R))

in Symd C coincides with the image of R; x --- X R, under the
natural projection C? — Sym? C. In particular, it consists of a finite
number of points.
(b) Prove that Sym? C can be covered by d + 1 open affine subsets of
the form Sym?(C — S), where S C C is finite.
Prove that Sym? P! is isomorphic to P?. Show that under this isomor-
phism the line bundle (Opi (1)) on Sym? P! corresponds to Opa(1).
Let E be an elliptic curve. Consider the addition morphism

Sym’E — E : (p1,..., pa) > p1+ -+ pa.

Prove that Sym“ E is isomorphic over E to the projectivization of the
vector bundle S(Og(de)) on E, where e € E is the neutral element, S is
the Fourier—-Mukai transform. Deduce that Symd E >~ P(V) where V is
the unique (up to tensoring with line bundles) stable bundle on E of rank
d and degree —1.
This exercise gives an alternative proof of the cohomology vanishing
used in the proof of Theorem 19.7. Let X be a quasi-projective variety
equipped with an action of the finite group G, Y = X/ G be the quotient,
m : X — Y be the natural projection. Let L be a line bundle on Y.
(a) Construct a complex V, = (Vy — V| — --.) of G-modules com-
puting the cohomology of 7*L on X, such that the complex of
G-invariants (V,)¢ computes the cohomology of L. [Hint: Use the
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Cech cohomology; start with an open affine covering (Uy) of Y, such
that for every « the restriction of L to U, is trivial.]

(b) Show that HO(Y, L) ~ HO(X, 7*L)°.

(c) Using two spectral sequences computing group cohomology of the
complex V,, show that if H(X, n*L) = H'(X,n*L) = 0, then
HY\(Y,L)=0.

(d) Assume that X = C¢, G = S,;, Y = Sym“ C, L is of the form M?
for some line bundle M on C. Show that if the characteristic of the
ground field is different from 2 and H'(C%, M®¥) = 0 for i < 2,
then H'(Sym? C, M) = 0 for i < 2. [Hint: Use the open affine
covering as above with all U, of the form Sym?(C — S) such that
M| c_g is trivial; then use the spectral sequence and the fact that for
any vector space V over a field of characteristic # 2, the cohomology
H'(S;, V®?) vanishes.]

Prove that deg((’)symzc(A)) = 2g + 2, where A C Sym2 C is the di-

agonal, deg : Pic(Sym?> C) — Z is the homomorphism introduced in

Theorem 19.7. [Hint: Use the isomorphism

Ocxc(A—pxC—C xp)=(i,xi,) B,

where i, : C — J is the embedding sending x to Oc(x — p), B is the
biextension on J x J defined in Section 17.4.]

Using the relation E; >~ S(Oc(dp)), the formula for the Chern classes
of E; from Section 19.5, and Proposition 11.20, derive the Poincaré
formula:

wy
w,; = —'
n:

modulo homological equivalence.
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Varieties of Special Divisors

In this chapter we present some results about varieties of special divisors
W, C J? defined as loci in J¢ where h° jumps (d < g — 1). In particular,
we prove that the multiplicity of the theta divisor ® = W,_; C J¥ ' ata
point L € J8~!is equal to h°(L). Also, we prove that the singular locus of ®
has codimension > 2 in ® (codimension > 3 if C is non-hyperelliptic). This
fact will be used in the proof of Torelli theorem in Chapter 21. The natural
framework for these results involves more general varieties of special divisors
W) C J? consisting of line bundles of degree d with A% > r + 1 (we have
Wi = Wg). The computation of multiplicities of ® is the consequence of the
following Riemann-Kempf singularity theorem (Theorem 20.8): The tangent
cone to W) at L coincides with the reduced subvariety of H "(O¢) swept
by the kernels of the natural maps H'(O¢) — H'(O¢(D)), where D runs
through the linear system PH(L). An important role in the local study of W
near a point L is played by the cup-product map u : H(L) ® H(wcL™") —
H'%wc) ~ H'(O¢)*. For example, the above description of the tangent cone
depends only on 4. On the other hand, if L € W} \ W;*! then the Zariski
tangent space to W at L can be identified with the orthogonal complement to
the image of . This leads to the estimate on the dimension of W);. The singular
locus of theta divisor ® = W,_; coincides with the subvariety W;_ 1 C 0O,
so we get an estimate on its dimension.

20.1. Definitions

Let C be a curve. The closed subset W), C J9 = J?(C) consists of all
line bundles L of degree d such that h°(L) > r. One has the canonical
scheme structure on W, since it can be described as the degeneration locus
of some morphism of vector bundles on J¢. More precisely, if we fix an
effective divisor D of sufficiently large degree then the exact sequence

0— HL) — H(L(D)) =5 H(L(D)|p),

252
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where L € J9, tellsus that k(L) > rifandonlyifrk a; < h®(L(D))—r.Let
us define the vector bundles Vy and V; on J¢ by V, = pz*(P(d)(pl_] D)),V =
172*(77(51)(171_1 D)|px s¢), where P(d) is a Poincaré line bundle on C x J¢, and
p1 and p; are the projections from the product C x J¢ to its factors. Then
we have a natural morphism « : Vo — V) and W} is the locus of points
in J¢, where the rank of ¢ is < k = d + deg D — g + 1 —r. Locally, we can
trivialize our vector bundles and represent « by a matrix of functions. Then
the ideal sheaf of W) is generated by k x k minors of oz. We omit the proof
of the fact that this ideal sheaf does not depend on a choice of D (essentially,
this follows from the fact that all complexes V) — V) obtained in this way,
are quasiisomorphic). Note that Wg_] is exactly the theta divisor ® C J$~!.

To study W}, it is convenient to introduce an auxiliary scheme G
parametrizing pairs (L, V), where L e J¢, V. C H(L) is the subspace of
dimension r + 1. It can be defined as follows. Pick a divisor D as above.
To choose a subspace V C H(L) is the same as to choose a subspace
V ¢ H%(L(D)) such that oz (V)=0. Thus, we can define G/, as a closed
subscheme of the relative Grassmanian G,())) associated with V), given
by the equation «(V) = 0.

Lemma 20.1. The natural proper morphism f : G, — Wj : (L, V)~ L,
is an isomorphism over W) \ WJH.

Proof. By definition, over W) therank of o : Vo — V;is <k =d +deg D —
g+1—r.Onthe other hand, locally near every point of W\ W} 1 some (k—1)
x (k — 1) minor of « is invertible. It follows that over W/ \ W/ *! the image
of « is a subbundle of V);. This easily implies the assertion of the lemma. O

20.2. Tangent Spaces

In the following proposition we compute the Zariski tangent spaces to all
points L € Wj.

Proposition 20.2. (a)Assume that L € W)\ W, ™. Then T, W/, ~ Im(u)* C
HY(O¢) where

w:HL) Q@ HYwc L™ — Hwe) ~ H'(O¢)*  (20.2.1)

is the cup-product homomorphism.
(b)If L € Wi, then TLW} = H'(O).
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Proof. (a)Since L ¢ Wg“,by Lemma 20.1 the tangent space 77 W) caniden-
tified with the tangent space 1{; v)G};, where V = HO(L). Let (L(¢), V(¢€))
be the first order deformation of (L, V) in G/;. In other words, we consider
a morphism Spec(k[€]/€?) — G/, passing through (L, V). Thus, L(¢) is a
line bundle over C x Spec(k[€]/€*) and V (¢) is a vector bundle of rank r + 1
over Spec(k[€]/€?) equipped with an embedding V(€) — pa.(L(€)), where
P2 : C x Spec(k[e]/€*) — Spec(k[€]/€?) is the projection. Let g;; € O*(U;;)
be the transition functions of L with respect to some open covering U;
of C. Then the transition functions of L(¢) have form g;; = g;;(1 + €¢;;)
where ¢;; is a Cech 1-cocycle with values in O¢. Now V(e) is a vec-
tor bundle over Spec(k[e]/€?) and V(€)lspecty =V, hence we can identify
V(e) with V ® k[e]/€>. Thus, for every element s € V = H(L) we have
a section 5 in L(¢) extending s. Let 5 be given by a collection of functions
5 € O(U;)®k[el/€? suchthat’5; = g;;5; over U;;. We can write5; = s; + €5/,
where s; = s|y,. Then we have

/ /
Gijsi = 8; — &ijS;

in U;;. Therefore, the Cech 1-cocycle (¢;;s;) with values in L is a coboundary.
But this cocycle represents the cup-product of classes (¢;;) € H 1(C, O¢) and
(si) € H(C, L). So we obtain that the tangent space to Gl at (L, V) can be
identified with the space of classes ¢ € H 1(C, O¢), such that s - ¢ = 0in
H'(C, L). It remains to use Serre duality.

(b) Locally there exists a morphism from J¢ to the variety M (n, m) of n xm
matrices, such that W} is the pull-back of the variety of matrices M(n, m)
of rank < k, while WJ“ is the pull-back of M;_i(n, m). Hence, the result
follows from the analogous statement for the tangent space to My (n, m) at
the point of M;_;(n, m), which can be checked by explicit computation in
coordinates. O

Corollary 20.3. W, = Wl? is singular at a point L if and only if L € Wdl.

Proof. Since GY is just Sym? C, we have dim W9 = d. On the other hand,
for L € W9\ W] we have h°(L) = 1, hence for such L the map (20.2.1) is
injective. It follows that the tangent space to WL? at L has dimensiond. O

In particular, we obtain that the singular locus of ® = W,_; C J¢ -1 coin-
cides with W;_l.
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20.3. Dimension Estimates

Recall that Clifford’s theorem asserts that if D is a special divisor on a non-
hyperelliptic curve C (i.e., h°%(D) > 0 and h'(D) > 0) then the inequality
2dim |D| > deg D implies either D = 0 or O¢(D) =~ wc¢ (see [62],1V,5.4).
We will use this theorem to prove the following result due to Martens.

Theorem 20.4. Assume that C is not hyperelliptic, and that d and r satisfy
2<d<g—-10<2r <d ThendmW) <d—2r — 1.

Proof. Assume that the assertion is wrong. Then we can choose minimal d
such that dim W; > d — 2r. Note that d — 2r > 0 by Clifford’s theorem
(since C is not hyperelliptic). Let L € W} be a point in the component of
maximal dimension. We may assume that /(L) = r + 1 (otherwise we
have dim W;H >d—2r >d—2(r + 1), so we can replace r by r + 1).
We also can assume that the linear system |L| has no base points. Indeed, by
the assumption of minimality of d we have dim W);_, < d—2r —2. Hence, the
points of W), of the form L'(p) where L' € W)_,, p € C form a closed subset
of dimension <d — 2r — 1, and we can choose L € W} outside this subset.

According to Proposition 20.2, the dimension of the tangent space to W} at
Lisequalto g —rk(u) = g — (r + 1)h' (L) +dim(ker(x)). By our assumption
this should be >d — 2r, so we get the inequality

dim(ker()) > d — 2r — g + (r + Dh'(L).

Let us choose two global sections of L, s; and s,, without common zeros. Let
W c HO(L) be the (2-dimensional) subspace spanned by s; and s,. Consider
the restriction of i to W @ H%(wcL™Y):

pw 2 W@ HwcL™) — H'(wc).
Then the above inequality implies that
dim(ker(uw)) >d —2r — g +2h'(L) = g — d.
On the other hand, from the exact sequence
0— a)CL’2 — W(X)a)cL’l — wc —> 0

we deduce that dim(ker(uw)) = h%wcL~?). Therefore, h(L?) > d + 1.
Ifd<g—20ord=g—1and L? % wc, then we get a contradiction with
Clifford’s theorem. Note that since dimension of W}, is positive we can always
choose L in such a way that L % w¢. The obtained contradiction proves the
theorem. O
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Corollary 20.5. The dimension of the singular locus of ©® C J¢'is <g—3.
If C is nonhyperelliptic, then this dimension is <g — 4.

Proof. According to Corollary 20.3, the singular locus of ® = W§71 is
W;fl. If C is nonhyperelliptic, we can apply the above theorem to get the
required estimate. In the case when C is hyperelliptic we can use the equality
dim W) = d — 2r, which we leave for the reader to check. O

20.4. Tangent Cones

Now we will determine the tangent cones to W, := WY considered as sub-
schemes of J. The idea is to consider the (total space of the) normal bun-
dle N to the projective space P = P(H’(L)) sitting inside Sym? C, where
L € W,. Then the map ¢ = o¢ : Sym? C — J¢ induces a morphism
T: N — T,where T = H'(Oc) is the tangent space to J¢ at the point
L (since P = o~ !(L)). The image of t is contained in the tangent cone to
W, at L and set-theoretically coincides with it. On the other hand, it is easy to
see that N is described inside P x T by explicit equations. This will give us
enough information to conclude that the tangent cone is reduced and coincides
witht(N) C T.

To describe equations of N in P x T let us consider the cup-product tensor
(20.2.1) as a map from H%wcL™") to the space of sections of Op(1) ® O7.
Let sy, ..., s, be the sections of Op(1) obtained via this map from a basis in
H%wcL™Y), where h' = hl(L).

Proposition 20.6. The vanishing locus of sy, ..., sy coincides with N C
PxT.

Proof. Recall that the tangent space to Sym? C at D is canonically isomorphic
to H(Op(D)), so that the tangent map to o : Sym? C — J(C) at D is just
the boundary homomorphism

8p : HY(Op(D)) — H'(Oc¢)

coming from the exact sequence 0 — O¢ — Oc(D) — Op(D) — 0 (see
Proposition 19.2). Therefore, the fiber of the normal bundle N at D € P is
im(8p) = ker(H'(O¢) — H'(O¢(D))). Equivalently, this is a linear sub-
spacein T defined by the subspace of linear forms H%(wc(—D)) C H(w¢) =
T*.Let N' € P x T be the vanishing locus of sy, ..., s,1. Then the above
argument shows that N’ N (D x T') coincides with N N (D x T) for every D.
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In particular, dim N’ = dim N = dim(P x T) — h'. Hence, N’ is a complete
intersectioninP x T and N = N'. O

Another way to look at the tensor w is to consider it as a matrix of linear
functions on 7 of the size h° x h', where h' = h'(L). Let M(h°, h') be
the variety of matrices of this size. Then p gives a morphism m : T —
M(h°, h') and the above proposition can be interpreted as saying that T :
N — T is the pull-back of the standard family of projective spaces ¢ : PS —
M(h°, ') under m. Namely, P is the closed subset in P*'~! x M given by
the equations ), xxmy; = 0 where (my,) are the coordinates in M, (x;) are
homogeneous coordinates in P*'~! In particular, set-theoretically t(N) is
the pull-back of ¢(P S) under m. Therefore, the codimension of T(N) in T is
<codimy @(PS) = h'! —h® 4+ 1 = g —d. Hence, dimt(N) > d = dim N.
It follows that dim 7(N) = d. The next ingredient we need is the following
statement.

Lemma 20.7. The canonical morphism Or — t,Oy is surjective.

Proof. Since N is the complete intersection of 4! sections of Op(1) ® O in
P x T, we have the Koszul resolution for Oy as Op, r-module:

0> Op(—h"HY®Or=K_ji — - —> K, —> K_; —> K,

= Opxr = Oy — 0,

,,]
where K_; = Op(—j) x Of(’ ). Computing 7,0y with the help of this
resolution, we immediately obtain the result. O

The above lemma implies that 7 is birational onto its image and that T(N)
is normal. The last technical step is to show that T(N) coincides with the
tangent cone X, of W, at L.

Theorem 20.8. One has X; = t(N) as subschemes in T.

Proof. Consider the surjection Oy, — Ornv) = T.(On). We want to show
that it is an injection, i.e., the map H%(Oy,) — H%(Oy) is an injection.
In other words, we want to prove that the surjective maps o; : m‘ /m'+! —
HO(I'/I'*") are injective for all i > O (here m is the ideal of the point L
in Wy, I is the ideal of P in Sym“ C). Let A denote the local ring of W, at
L. Consider the canonical maps f; : A/m' — H%(Ogyyi/1"). Then the
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surjectivity of «; implies that the following sequence is exact for every i:
0 — ker(o;) — ker(B;+1) — ker(B;) — O.

In particular, every element of ker(8;) can be lifted to an element of the
completion A" = proj.lim, A/m", that lies in the kernel of the canonical
morphism

A" — proj. lim, H(Ogyp/1"). (20.4.1)

It remains to prove that this morphism is injective. Indeed, this would imply
that ker(8;) = O for all i, hence ker(e;) = 0. Let us apply the theorem on
formal functions (see [62], III, Section 11.1) to the morphism o : Symd C —
J and the point L € J. We obtain that the natural morphism

(04Ogymi )" — proj. lim, HO((’)Symz//I”)

is an isomorphism. Since A (considered as (O;)-module) is a submodule of
(04Ogymi c) - this implies injectivity of (20.4.1). O

Thus, the geometric description of X is the following: X is the reduced
subvariety of T swept by linear subspaces ker(H'(O¢) — H'(Oc(D))),
where D runs through the linear system PH?(L).

Corollary 20.9. The schemes W, are reduced.

Corollary 20.10. The degree of thel projectivized tangent cone PX C PT is

equal to the binomial coefficient (hg‘( L(Q])

Proof. The rational equivalence class of the subvariety PN C P x PT is

(h + WY D where h = ¢;(O(0, 1)), h' = | (O(1, 0)). Therefore, the degree

of PX is equal to 8~ - (h + I'Y"® = (1) ). O
In particular, ford = g — 1 we have h°(L) = h'(L), so the multiplicity of

the theta divisor ® = W,_; at L is equal to h°(L).
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Torelli Theorem

In this chapter we prove the Torelli theorem asserting that a curve C can be
recovered from its Jacobian J considered as a principally polarized abelian
variety. The proof is based on the observation that the Fourier—Mukai trans-
form of a line bundle of degree g — 1 on C, is a coherent sheaf F (up to
a shift) supported on the corresponding theta divisor ® in J. Moreover, the
restriction of this sheaf to the nonsingular part ®"° C © is a line bundle. Be-
cause the theta divisor is nonsingular in codimension 1 (this was proved in
the previous chapter), F can be recovered from this line bundle by taking the
push-forward with respect to the open embedding ®*° < ®. On the other
hand, we can characterize all line bundles M on ©" appearing above only
in terms of the pair (J, ®). In fact, we prove that such M has two properties:
(i) M ® v*M >~ wgrs where v : ® — O is the canonical involution; (ii) the
class of M generates the cokernel of the map Pic(J) — Pic(®"). Thus, to
recover the curve C from (J, ®) one has to pick a line bundle M, as above,
extend it to ® by taking the push-forward, and then apply the Fourier—Mukai
transform. The result will be supported on C (embedded into J).

21.1. Recovering the Curve from the Theta Divisor

Let A be an abelian variety, D C A an effective divisor inducing the principal
polarization on A. Let us set

Z(A, D) := coker(Pic(A) — Pic(D™)),

where D™ C D is the nonsingular part of D, the homomorphism Pic(A) —
Pic(D"™) is induced by the embedding D" < A. If D’ C A is another
effective divisor inducing the same polarization then there exists a unique
point x € A such that D’ = D + x. It follows that there is a natural transitive
system of isomorphisms between groups Z(A, D) forall D inducing the given
principal polarization. Now assume in addition that D is symmetric. Then the
restriction of themap[—1]4 : A — Ato D inducesaninvolutionv : D — D.

259
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If D’ is another symmetric divisor inducing the principal polarization then
D’ = D + x for the unique point x € A,. The corresponding isomorphism
D ~ D’ commutes with involutions on D and D’. Let P(A, D) C Pic(D™)
be the set of isomorphism classes of line bundles M on D™, such that

1) M Q v*M >~ wpns;

(ii) the group Z(A, D) is generated by the image of M.

Clearly, if D’ is another symmetric divisor inducing the same polariza-
tion then P(A, D’) = P(A, D) under the natural isomorphism between
Pic((D’)™) and Pic(D™). Thus, when the polarization on A is fixed we can
denote P(A, D) (resp., Z(A, D)) simply by P(A) (resp., Z(A)).

Remark. Since the tangent bundle to A is trivial, one has wpws = O (D)|pns.
Thus, if P(A, D) is nonempty then the group Z(A, D) is cyclic and v acts on
Z(A, D) as —1.

Now we can formulate the recipe for recovering the curve from its Jacobian.

Theorem 21.1. Let J be the Jacobian of a curve C of genus g > 2. Then the
set P(J) is nonempty. Pick any theta divisor ®; C J (where L € Pic*~!(C))
and any element M € P(J, ©). Then the Fourier transform S(j!'* M),
where j* 1 @7 — J is the natural embedding, has form F[1 — gl, where
F is a coherent sheaf on J. The support of F is isomorphic to C (in fact, F
is a line bundle of degree g — 1 on C).

21.2. Computation of Z(J)

Recall that all theta divisors in the Jacobian are translations of the natural divi-
sor ® C J8~! Itis more convenient to work with J¢~! and this divisor. Note
that we have the canonical involution v: ® — ® corresponding to the map
L + wc ® L. This involution is compatible with involutions on symmetric
theta divisors ®; C J used in the previous section, via the natural isomor-
phism ® ~ ®,. Thus, we have natural identification of the sets P(J, ®p)
(resp., Z(J, ®;)) with the set P(J¢~!, ®) (resp., Z(J¢~!, ®)) defined in the
same way in terms of the pair ® C J¢~! and the canonical involution v on ®.

We have a canonical identification of Pic®(J¢~") with Pic®(J) = J induced
by any standard isomorphism J — J¢~! (given by some line bundle of
degree g — 1 on C). Thus, we can consider the Fourier transform as an
equivalence between derived categories of coherent sheaves on J and J¢~!.
To prove Theorem 21.1, it suffices to show that for every M € P(J$ -1 ®)
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the Fourier transform of the sheaf j™ M, where j" : ®" < J$~! is the
natural embedding, has the form specified in Theorem 21.1.

We start by calculating the group Z(J) = Z(J4¢~!, ®). This is not difficult,
since we have a smooth compactification for ®"°. Namely, we can identify ®"*
with an open subset of Symé~! C consisting of effective divisors D of degree
g — 1, such that 2°(D) = 1 (indeed, ®" = W,_; \ ng_l by Corollary 20.3;
on the other hand, the morphism ¢! : Sym$~! C — W,_1 = ©isanisomor-
phism over ®" by Corollary 19.3). Let @ € Sym®~! C be the complementary
closed subset consisting of D € Sym#~! C, such that h°(D) > 1.

Lemma 21.2. Assume that g > 3. If C is not hyperelliptic then Q has codi-
mension > 2. If C is hyperelliptic and t : C — C is the hyperelliptic involu-
tion then Q coincides with the divisor in Sym8~! C consisting of D, such that
D =x + t(x) + D’ for some x € C, D' > Q.

Proof. When C is not hyperelliptic, the assertion follows from Theorem 20.4.
When C is hyperelliptic, it follows from the fact that every divisor D on C
with h%(D) > 1 is the sum of a divisor of the form x + (x) with an effective
divisor. O

Lemma 21.2 implies that for a nonhyperelliptic curve C one has a canonical
isomorphism Pic(©”"*) ~ Pic(Sym#~! C), while for hyperelliptic C of genus
g >3 the group Pic(®") is the quotient of Pic(Sym#~! C) by the subgroup
generated by the classes of the irreducible components of Q.

Lemma 21.3. Assume that C is a hyperelliptic curve of genus g > 3. Then Q
is an irreducible divisor and deg(Q) = —2, where deg : Pic(Symg_l C)—>Z
is the homomorphism introduced in Theorem 19.7.

Proof. Let T : C — C be the hyperelliptic involution. For every d > 1
let us denote by Q; C Sym? C the reduced effective divisor consisting of
D e Sym? C, such that D contains a pair of points in hyperelliptic involution.
By the definition, Q = Q,_;. Note that O, >~ P!, while Q, ford > 2 is just
the image of O, x Sym“~2 C under the natural map Sym? C x Sym‘~2C —
Sym? C, so Qy is irreducible for every d > 2. It is easy to check that

s50(Qa) ~ O(Qa-1 + RY) (21.2.1)

for every p € C. Consider the embedding a : Q> < Sym? C given by
D +— D 4 Dy where Dy is a fixed divisor of degree d — 2. Then using
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(21.2.1) and the relation (19.5.4) from Exercise 1(c) of Chapter 19, we obtain
that a*O(R;i) >~ Opi(1), while a*O(Qy) >~ Opi(Q> - Q> +d — 2). Note that
0> 0, =1—g,sowe have a*O(Qy) =~ Opi(d — g — 1). In particular,
a*O(Q4-1) = Opi1(—2) as required. O

These calculations lead to the following result.

Proposition 21.4. If C is not hyperelliptic then Z(J) ~ Z. If C is hyper-
elliptic of genus g > 3 then Z(J) ~ 7Z/27. In both cases the restriction
homomorphism Pic (J¢~') — Pic(®™) is injective.

21.3. Proof of Theorem 21.1

Let A be an abelian variety, and let D C A be a symmetric effective divisor
inducing a principal polarization on A. We denote by A the semidirect product
of A and Z/2Z, where +1 € Z/2Z acts on A by [£1];. The set P(A, D)
is equipped with the natural action of Z(k). Namely, an element & € A(k)
acts by the tensor product with the restriction to D" of the line bundle P,
while the action of Z/2Z is induced by the involution v : D" — D"*. Since
the bundles P are translation-invariant, this action is compatible with our
identifications between the sets P(A, D) for different D.

Proposition 21.5. Assume that the restriction homomorphism Pic(A) —
Pic(D™) is injective. Then the action of A on P(A, D) is transitive.

Proof. Let jpu:D"™ — A be the natural embedding. Take M, M'e
P(A, D). Since M generates Z(A, D) and v*M = M~ mod j},. Pic(A),
we have either M = M’ mod j},..(Pic(A)) or v M = M’ mod j},., (Pic(A)).
Replacing M’ by v* M’ if necessary, we can assume that M~!- M’ >~ j* M
for some M € Pic(A). Now from injectivity of the restriction homo-
morphism Pic(A) — Pic(D"™) we deduce that [-1]}M = M ~1. Hence,
Om = P—11*m = —¢u, which implies that that M € PicO(A). O

The injectivity assumption of the previous proposition holds in the case
of Jacobians if g > 3, as follows from Proposition 21.4. Also, in this case
instead of looking at symmetric divisors in J we can deal with the similarly
defined action of J on P(J87!, ®). Proposition 21.5 implies that this action
is transitive (for g>3). In the case g=2 one can show directly that
the action of J on P(J', ®) is transitive (see Exercise 1 at the end of this
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chapter). Therefore, it suffices to prove the existence of at least one element
in P(J¢!, ®) for which the assertion of Theorem 21.1 is true.

Let P(g — 1) be the Poincaré line bundle on C x J¢~! normalized at
some point p € C. Let us consider the functor ®p(,_1y: D*(C) — D?(J871).
Theorem 21.1 is an immediate consequence of the following result.

Proposition 21.6. One has ®p,—1)(Oc)[1] = j* M for some element M €
PJs1, @)

Proof. Assume first that g > 3. Clearly the object F := ®p,_1)(O¢)[1] €
DP(J4~1) vanishes outside of ®. Since F is the derived push-forward of a
(shifted) line bundle on C x J8~!, we can represent it as the cone of a morphism
f 1 V_i — Vyof vector bundles on J¢~!. Since f is an isomorphism outside
of ®, itis injective, so F' = Coker f. Moreover, since det( f) is an equation of
© (see Chapter 17), it follows that F is the push-forward by j : ® < J&~!
of a coherent sheaf on ©®.

Now we are going to use the cohomological interpretation of depth, (see
[62], Exercise III, 3.4) stating that for a finitely generated module M over a
Noetherianring R and foranideal / C R one has HIi (M)=0fori <depth; M.
In particular, if R is smooth then H}(R) = 0 for i < ht/. It follows that for
every closed subset ¥ C J8~! of codimension > 2 and every vector bundle V
on J&!, one has H}, V =0 for i <2. From the exact sequence 0 — V_; —
Vo — F — 0wederive that H"YF =0fori =0, 1 andcodim Y > 2. Since by
Corollary 20.5 the codimension in J¢~! of the singular locus of ® is > 2, this
shows that F = j M, where M := j™*F (recall that j" : @™ < J8!is
the natural locally closed embedding). Note that by the base change of a flat
morphism (see Appendix C) we have

Ljns*F ~ sz*(’])(g — D|cxons)[1].

Since h’(L) = h'(L) = 1 forevery L € ®", applying the base change again
we deduce that tk M|, = 1 for every L € ©™. Since © is reduced, this
implies that M is a line bundle on ®".

It remains to prove that M € P(J¢~!, ®). First, we are going to apply the
duality theory (see [61]) to the projection p, : C x J8~! — J8~! to prove
that

RHom(F, Q1) >~ v*F[—1],
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where v : J8~! — J&~! is the involution L — w¢ ® L~'. We have
RHom(F, Oys-1) = RHom(Rp2(P(g — 1)), Oys-)[—1]
~ Rpau(P(g = 7' ® p;Ope-n)[=11.
Since the morphism p, is smooth, we have pé(’)ﬁq >~ piocll], where
p1: C x J81 — C is the projection. Therefore,
RHom(F, Oye1) = Rp2(P(g = ™' ® piwc).
But P(g — 1)™' ® pifwc) =~ (idc xv)*P(g — 1) by the definition of the
involution v. Hence,
RHom(F, Oje-1) = v*Rpa(P(g — 1)) @ v F[—1].
Applying the functor L;j"** to this isomorphism, we obtain
RHom(Lj"™*F, Ogn) ~ v*Lj"*F[—1].
Since Lj™* F has locally free cohomology sheaves, this implies that
My LT R,
But
L7 F = L7 M~ M@ Oens (—0).

Therefore, v* M~! ~ M(—®), which is condition (i) from the definition of
P!, 0).

Let us check condition (ii). Consider the universal divisor D,_; C C x
Sym#~! C. Then the pull-back of the line bundle P(g — 1) on C x J¢~! by the
morphismid xo ¢! : C xSym$™! C — C x J¢!isisomorphic to O(D,_; —
C x R,), where p is the point over which P(g — 1) is trivialized. It follows that
the line bundle M~! on ®” is isomorphic to o* pr(O(Dy_1))(—R,), where
p2 i C x Symé~ ! C — Sym®~! C is the projection, & : ®" — Symé~! C
is the embedding. Therefore, M~! ~ o*(Ogyme-1 ¢ (—R))), which generates
Z(J), so we are done. O

21.4. Remarks

From the Lefschetz theorem for Picard groups (see Appendix C) one can easily
derive that the restriction map j* : Pic(A) — Pic(D) is an isomorphism for
an arbitrary principally polarized abelian variety (A, D) of dimension g > 4
(where D is an effective divisor corresponding to the principal polarization).
Furthermore, if the dimension of the singular locus Sing D is <g — 4 then D
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is locally factorial as follows from [57], exposé 11, (3.14) ch. [56]. Hence, in
this case Pic(D) = Pic(D™) (because the notions of Cartier divisors and Weil
divisors on D coincide) and Z(A) = 0. Note that for a Jacobian the dimension
of Sing ® is > g — 4. Moreover, Andreotti and Mayer proved in [1] that the
closure of the locus of Jacobians constitutes an irreducible component of the
locus N,_4 of principally polarized abelian varieties with dim Sing D > g—4.
In [11] Beauville established that for g = 4 the locus Ny has two irreducible
components. He also proved (assuming that the characteristic is zero) that
a generic point of Ny, which is not contained in the closure of the locus of
Jacobians, corresponds to an abelian variety A with Sing D consisting of one
ordinary double point (see [11], 7.5). It follows that the corresponding group
Z(A)isisomorphic to Z and the involution acts on Z(A) as identity. Therefore,
the set P(A) in this case is empty. The natural question is whether in higher
dimensions one still has P(A) = @ for principally polarized abelian varieties
that are not in the closure of the locus of Jacobians.

Exercises

1. Let C be a curve of genus 2. Show that the involution v on the theta
divisor C ~ © C J' coincides with the hyperelliptic involution of C.
Prove that in this case J acts transitively on Z(J ', ®).

2. Let C be a curve of genus 2.

(a) Prove that P(J', ®) coincides with the set of isomorphism classes
of line bundles of degree 1 on ® >~ C.

(b) Let p € C be a point fixed by the hyperelliptic involution, i,, : C <
J be the corresponding embedding. Identifying J with J by means of
the standard principal polarization of J, we can consider the Fourier
transform S as an autoequivalence of D”(J). Show that one has

S p«Oc(p)1] = i (Oc(p)).
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Deligne’s Symbol, Determinant Bundles,

and Strange Duality

This chapter should be considered as a survey, so we only sketch some proofs
in it.

In Sections 22.1 to 22.3, we present the construction and properties of
Deligne’s symbol (L, M), which is a line bundle on the base S associated with
a pair of line bundles L and M on a relative curve C — S. The main result
about this symbol is the isomorphism (22.3.1) relating it with the determinant
line bundles. Then in Section 22.4 we review the strange duality conjecture
about generalized theta divisors on the moduli spaces of vector bundles on a
curve. These generalized theta divisors are defined by the same determinantal
construction as the usual theta divisors (see Section 17.1). Let U(r, r(g — 1))
(resp. SU(k)) be the moduli space of semistable vector bundles of rank r
(resp. k) and degree (g — 1) (respectively, trivial determinant). Applying the
isomorphism (22.3.1) one can easily prove that the pull-back of the (general-
ized) theta divisor under the tensor product map U(r, r(g — 1)) x SU (k) —
U (kr, kr(g — 1)) is the external tensor product Oy . (g—1y)(k®) X O sy (r ©).
Therefore, the pull-back of the (generalized) theta function induces a map
HO(SU(k), O(r®))* — HU(r, r(g — 1)), Ok®)). The conjecture is that
this map is an isomorphism. Using the Fourier—-Mukai transform, we reformu-
late this conjecture in such a way that the roles of k and r become symmetric.
Namely, we denote by F,; the vector bundle on J, obtained as the push-
forward of O(k®) with respect to the map det : U(r,r(g — 1)) — J. Then
there is a natural morphism Fkvgr — S(F, ;) and the conjecture states that
it is an isomorphism. From this reformulation one can easily see that the
conjecture holds for (7, k) if and only if it holds for (k, r).

22.1. Virtual Vector Bundles

A Picard category is a (non-empty) category C, such that every morphism
in C is an isomorphism, equipped with a functor +:C x C — C satisfying

266
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the associativity constraint, such that for every object A €C the functors
X— A+ X and X — X + A are autoequivalences. These axioms im-
ply the existence of the neutral object 0, and of the opposite object —X to
every object X equipped with an isomorphism X + (—X) ~ 0. A com-
mutative Picard category is a Picard category equipped with a commuta-
tivity constraint compatible with the associativity. In such a category one
defines A — B = A + (—B) for a pair of object A, B. An isomorphism
¢1 : A >~ B + X induces an isomorphism A — B ~ X, however, “adding B”
to this isomorphism we obtain an isomorphism ¢, : A >~ B+ X that can differ
from ¢;.

Examples.

1. The category Pic(S) of line bundles and their isomorphisms on a
scheme S has a natural structure of Picard category.

2. Consider the category P(S) of graded line bundles on a scheme S.
Its objects are pairs (L, a), where L is a line bundle on S, a is an
integer-valued locally constant function on § (we think of L as being
placed in degree a). The operation + is defined by (L, a) + (L', a’) =
(L®L', a+a’). Itis equipped with the obvious associativity constraint
and the commutativity constraint v @ w > (—1)%e®)dee@)yy &y With
these data, P(S) is a commutative Picard category.

Let A be an exact category (a full subcategory of an abelian category
stable under extensions). Then one can associate to A the commutative Picard
category V(A) of virtual objects of A equipped with a functor (A, is) —
V(A) : A — [A], where (A, is) is the category with the same objects as A
and isomorphisms in .4 as morphisms. To explain the idea of the definition of
V(A), let us consider for every Picard category C functors [ ] : (A, is) — C
equipped with the following additional data:

(a) for every exact triple A” — A — A” in A, a functorial isomorphism
[A] =~ [A'] + [A"];

(b) an isomorphism [0] 2~ 0;
subject to the axioms:

(c) for an isomorphism ¢ : A — B consider the exact triangle 0 > A —
B (resp. A — B — 0), then the induced isomorphism [A] — [0] + [B] —
[B] (resp. [B] — [A] + [0] — [A]) coincides with [¢] (resp. [¢~']);

(d) for an admissible filtration 0 C A C B C C (i.e., a filtra-
tion with B/A,C/B € A), the following diagram of isomorphisms is
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commutative:

[C]

[A] +[C/A]

(22.1.1)

[B]+[C/B] [A]+[B/A]+[C/B]

By the definition, the functor [ ] : (A, is) — V(A) extends to the universal
system of the above type, i.e., for every Picard category C equipped with a
functor (A, is) — C and data (a) and (b) subject to (c) and (d), there exists
a unique functor of Picard categories V(A) — C compatible with data (a)
and (b).

The functor [ ] : (A, is) — V(A) extends to the functor [ ] : (D?(A), is) —
V(A), where D?(A) is the derived category of A, i.e., the quotient of the cat-
egory of bounded complexes over .4 by the subcategory of acyclic complexes
(=complexes obtained by successive extensions from shifted exact triples
in A).

LetCy, C; be Picard categories. A homofunctor F : C; — C, is a functor F
such that F(0) = 0, equipped with an isomorphism of functors C; x C; — C,

F(A1 +¢, Az) = F(A)) +¢, F(A2)

compatible with associativity constraints.

For a scheme S we denote K(S) = V(Vect(S)), where Vect(S) is the
category of vector bundles on S. We call objects of K (S) virtual vector bundles
on S. Foramorphismof schemes f : X — S onehas acanonical homofunctor
f* 1 K(S) > K(X).If f is proper and flat and X is quasi-projective, then
one can also define a homofunctor f, : K(X) — K(S) compatible with the
derived push-forward functor D?(X) — D”(S). The map V + (det V, 1k V)
extends to a homofunctor det : K(S) — P(S).

22.2. Deligne’s Symbol

Recall that the Weil reciprocity law asserts that for every pair of rational
functions f and g on a smooth projective curve C such that the divisors of f
and g are disjoint, one has

f(div(g)) = g(div(f)), (22.2.1)

where div( f) denotes the divisor of f, foradivisor D = ) n; p; disjoint from
div(f)weset f(D) =[] f(p;)". The proof can be easily reduced to the case
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C = P! as follows. Consider f as a morphism f : C — P'. Then we have
div(f) = f*(div(t)) where t = t; /1y is the canonical rational function on P!,
div(t) = (0) — (c0). Let N : k(C)* — k(¢)* be the norm homomorphism.
Then we have g(div(f)) = N(g)(div(z)) and f(div(g)) = ¢(div(N(g)), so the
statement follows from the similar assertion for ¢ and N(g).

To a pair of line bundles L and M on a curve C, Deligne associates (see
[31], Section 6) the one-dimensional vector space (L, M) generated by the
symbols ([, m), where [ and m are rational sections of L and M, such that the
divisors of / and m are disjoint, subject to the relations

{{, fm) = f(div()){l, m), (22.2.2)
(gl, m) = g(div(m))(l, m). (22.2.3)

These relations are consistent due to Weil reciprocity law. The immediate
consequences of the definition are the following isomorphisms

(L1 ® Ly, M) = (L1, M) ® (L2, M), (22.2.4)
(L, My ® M) >~ (L, M) ® (L, M,). (22.2.5)

This construction makes sense over arbitrary base S: if C/S is a relative
curve, L and M are line bundles on C, then one gets the line bundle (L, M)
on S. Namely, one has to work étale locally over S and use the definition
f(D) = Nps(f), where D/S is a relative Cartier divisor, Np/s is the norm
homomorphism.

Recall that for a finite flat morphism g : S’ — S there is a canonical
functor Ng,s : Pic(S") — Pic(S) between the categories of line bundles
induced by the norm homomorphism (one should think about line bundles as
Gu-torsors, then Ng,s(L) is the push-forward of L with respect to the norm
homomorphism Ng s : g,0% — O%). More generally, for a vector bundle
E on S’ one can define a functor Ng,s : Pic(S’) — Pic(S) in the same way,
using the homomorphism

Ngjs 1 8.0 — O% 1 u — det(u, g.E),

where det(u, g, E) denotes the determinant of the action of u on g, E.

Now let C/S be arelative curve, D C C be a relative Cartier divisor. Then
for a vector bundle E on D and a line bundle M on C, one has a canonical
isomorphism

(det E, M) ~ Ng,s(M), (22.2.6)

where det E € Pic(C) is defined using a resolution of E by vector bundles
on C.
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22.3. Determinant Bundles

Let f : C — S be a relative curve. Then for a pair of vector bundles E, and
E| (resp., Fy and F}) of the same rank on C, one has a canonical isomorphism
of line bundles on S:

(det(Eo — E)), det(Fy — F1)) = det f.((Eo — E1) ® (Fo — F1)). (22.3.1)

Here Ey — E; and Fy — F) are virtual vector bundles of rank 0.

The idea of proof is to trivialize both parts of equation (22.3.1) locally
over S and then check that the transition functions are the same. Namely,
locally over S one can find a vector bundle E, of the same rank as E; and
embeddings uy : Eg — E; and u; : E; — E;. Then by additivity of both
partsin (Ep — E1), it suffices to prove the statement in the situation when there
exists an embedding u : Ey — E|. Moreover, we can assume that det(«) does
not vanish on every fiber of f, so that E = coker(u) is a vector bundle on a
relative Cartier divisor D C C. Then in view of (22.2.6), the isomorphism
(22.3.1) reduces to

Ngs det(Fp — Fy) >~ det f.(E @ (Fo — F1)).

One can trivialize both parts locally by choosing an isomorphism v : Fy|p —
F1|p and then check that these trivializations glue into a global isomorphism.
In particular, for every pair of line bundles L and M one has

(L, M) =det f,((L— Oc)® (M — O¢)). (22.3.2)

Let Cy be a curve over k, J be its Jacobian, Pc, be a Poincaré line bundle
on Cy x J. Applying the above isomorphism to S = J x J, C = Cy x
J x J we obtain that {p},Pc,, p33Pc,) coincides with the biextension B
on J x J associated with the line bundle det p,.(P¢,) = detS(O¢) on J
(see Section 17.4). Thus, the biextension on J x J given by the Deligne
symbol (L, M) is the inverse of the biextension corresponding to the principal
polarization of J.

22.4. Generalized Theta Divisors and Strange Duality Conjecture

Let C be a curve of genus g. Let us denote by U(r, d) the moduli space of
semistable vector bundles of rank r and degree d on C, and by SU(r) the
moduli space of semistable bundles of rank » and trivial determinant. These
spaces can be constructed using the Geometric Invariant Theory (see [99]).
We will only mention that points of U(r, d) (resp., SU (7)) are in bijection with
equivalence classes of semistable bundles of rank r and degree d (resp., with
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trivial determinant), where the equivalence relation is the following: E ~ F
if £ and F have isomorphic associated graded bundles with respect to some
filtrations whose succesive quotients are stable bundles of the same slope
(see Lemma 14.4, (ii)). In particular, U(r, d) (resp., SU(r)) has an open
subset whose points are in bijection with stable bundles. On the moduli space
U(r,r(g — 1)) one has a natural divisor ®, supported on the set of vector
bundles E, such that hO(E) # 0. As in the case r = 1, the fiber of the
corresponding line bundle at E is canonically isomorphic to det RT'(E)™".
For every line bundle L of degree g — 1 one can define the (generalized) theta
divisor ® in U (r, 0) as the preimage of ®, under the morphism £ +— EQL.It
is known (see, e.g., [36]) that the restriction of ® to SU (r) (which we denote
also by ®) generates the Picard group of SU(r). Note that for F € U(r, 0)
there is a canonical isomorphism

O@O)|F ~det RT(F @ L)™' >~ det RT'(F)~' @ det RT'(L — O)™".
Now let us consider the morphism
t:U(rr(g—1)xUk,0 - Ukr,kr(g—1)):(E,F)~ EQF.
The pull-back t*O(0Oy,) can be computed using the canonical isomorphism
det RT(E ® F) ~ det RT(E)* @ det RT(F)
®det RT(O) ™ @ (det E, det F), (22.4.1)

which follows from (22.3.1). In particular, we have an isomorphism

" OO uerrig—1)xsU) = Ourrig—1)(kO,) K Osyy(rOp).

Thus, the pull-back of the canonical section of O(®y,) can be considered as
an element of HO(U(r, r(g — 1)), Ok®,)) ® H(SU (k), O(r®})), or equiv-
alently as a map

HO(SU k), Or®.)* — HUr, r(g — 1)), Ok®,)). (22.4.2)

The strange duality conjecture states that this map is an isomorphism. There
is a generalization of this map for other values of ranks and degrees (see [35]).
It is shown in [35] that the dimensions of both vector spaces (given by the
Verlinde formula) are the same. Also, in [14] the strange duality conjecture is
reformulated as the following geometric statement: the linear system |r®, |
on SU(k) is spanned by the divisors t~1(Oy,)|r suUk), where F varies in
U(r, 0).

We want to rewrite this duality in a more symmetric way. Namely, consider
the map det : U(r,d) — J¢ = J9(C). Let us fix a line bundle L of degree
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g — 1. For r,k > 0 let us denote by F,; the push-forward of O(k®,) by
the map det : U(r, 7(g — 1)) — J, where we identify J"¢~1 with J using
L". Tt is known that higher cohomology groups of O(k®,) on fibers of det
vanish, so F;; is a vector bundle on J. Using the isomorphism U (k, 0) =~
Uk,k(g—1)): F — F® L, we can consider the theta divisor ®; in U (k, 0).
Then (22.4.1) can be rewritten as follows:

*O(O) ~ O(O,) K O(O;) ® (det x det)*P ® det RT(L)*",

where P := B~ is the biextension on J x J corresponding to the principal
polarization of J (so we have P,y = (L, M)~'). Hence, the pull-back of
the canonical section of ®;, induces the canonical section

s € H(J x J, Foy K F, ® P) @ det RT(L)".

Note that since the isomorphisms (22.4.1) for the pairs (E, F) and (F, E)
coincide up to sign, we have s; , = =£s, . The section s, ; induces a homo-
morphism

PiFY, = p{Fx ® P ®det RT(L)",
which is the same as a homomorphism
F, — S(Frx) ® det RT(L)", (22.4.3)

where S : D(J) — DP(J) is the Fourier transform defined using P. The
induced homomorphism on fibers at 0 coincides with (22.4.2). We claim that
the strange duality conjecture is equivalent to the assertion that (22.4.3) is an
isomorphism. Indeed, it is easy to see that for every & € J one has

1% Fre = Fr @ Prg ® det RT(O — £)Y.
In particular, S(F;.;) is a vector bundle satisfying
1 S(Fri) = S(Fri) ® P—e ® det RT(§ — O).

There is a similar isomorphism with S(F; ;) replaced by Fj , and the homo-
morphism (22.4.3) commutes with these isomorphisms. This immediately
implies that the homomorphism (22.4.3) is an isomorphism if and only if its
restriction to fibers at 0 is an isomorphism (this was first observed by M. Popa
[117]).
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Theorem 22.1. If the strange duality conjecture holds for a pair (r, k), then
it holds for (k, r).

Proof. The maps (22.4.3) for (r, k) and for (k, r) are both obtained from the
same section s, (up to a sign) using duality and adjointness of (p}, pix)
for two different projections p;, p, of J x J to J. Now our assertion fol-
lows from the following general statement. Let Fj, F> be vector bundles
on J, s a global section of (F; X F,) ® P on J x J. Then s induces two
morphisms

Iy : FY — S(F), ry: Fy — S(F)).

In this situation /; is an isomorphism if and only if 7, is an isomorphism. To
prove this, first we construct a canonical isomorphism

RHom(S(F1), O) = S™'(FY).
Indeed, using the Grothendieck duality we find a canonical isomorphism
RHom(S(Fy), Oy) = Rpa.RHom(p Fi ® P, p;O.)
= Rpa.(pi RHom(Fy, ;) ® P~ H)[g]
=~ §~'(RHom(F1, Oy)).

Now one can check that under this isomorphism, r; corresponds to the dual
morphism to S~!([;). O

It is easy to see that the conjecture holds in the case k = 1, r > 1. Hence,
by Fourier transform and duality we get that the conjecture holds also for
r = 1and k > 1. The first proof of this fact was obtained in [15]. It used the
technique of representing generic bundles of rank k& on C as push-forwards
of line bundles on a k-sheeted covering of C.

Exercises

1. Prove that for a line bundle L on a relative curve C/S, one has an iso-
morphism

(et £.(L — Oc)? = (L, L ® wg),

where wc¢/s is the relative canonical bundle. This isomorphism should
be considered as a categorification of the codimension-1 part of the
Riemann-Roch theorem for the morphism f. [Hint: Apply (22.3.2) to
M =wc/;s® L~ and use relative Serre duality.]
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2. Let f: C; — C; be afinite morphism of curves.
(a) Construct the canonical isomorphism

(Ne,je,(L), M) =~ (L, f*M),

where L is a line bundle on Cy, M is a line bundle on C,.

(b) Define the homomorphism Nm; : J(C;) — J(C3) inducing the
usual norm homomorphism on k-points. Show that it is dual to the
pull-back homomorphism J(C,) — J(C;) under the standard self-
duality of Jacobians.
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Appendix C. Some Results from Algebraic Geometry

Here is a collection of some theorems that we use which are not contained in
Hartshorne [61], [62] or Griffiths-Harris [52]. All schemes below are assumed
to be Noetherian and of finite Krull dimension.

Descent. Let f: X — Y be a flat surjective morphism. Then the category of
quasicoherent sheaves on Y is equivalent to the category of pairs (F, a),
where F is a quasicoherent sheaf on X, o : p{F — p5F is an isomorphism
on X xy X, satisfying the condition

p>1k3(05) = p%(a) o pikz(a),

where p;; : X Xy X xy X — X xy X are projections.

The pair (F, @) as above is called the descent data. (For the proof see
[56], exp. VIII or [100], ch. VIL.) If f is finite of degree d which is invertible
in O(Y), then the similar statement holds for derived categories of coherent
sheaves (see [107], Appendix (the assumption on the degree was erroneously
omitted in loc. cit.)).

Proper Base Change. Let f: X — Y be a proper morphism, where Y =
Spec(A) is an affine scheme, F be a coherent sheaf on X, flat over Y. Then
there exists a finite complex K* (with K" = 0 for n < 0) of finitely generated
projective A-modules and an isomorphism of functors

HP(X xy Spec B, F ®4 B)~ H’(K*®4 B), p >0,

on the category of A-algebras B.

For the proof, see [95], IL.5 (see also [55], 6.10 and 7.7). This proof shows
that the complex K* in fact represents Rf.(F). Also, if R" f.(F) = 0 for
n > g, then the complex K* can be chosen in such a way that K" = 0 for
n > g.Indeed, we can replace arbitrary complex K ® as above by its truncation
7<,K*, defined by

K", n<g,
T K" = {ker(K¢ — K¢*t!), n=g,
0, n>g.

Because H"(K*®) = Oforn > g,one can easily see that the terms of 7, K'*® are
finitely generated projective A-modules. Also, since the natural embedding
T, K* — K* is a quasi-isomorphism, Lemma I1.5.2 of [95] implies that we
can replace K*® by 1<, K*® in the statement of the theorem.
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Base Change of a Flat Morphism. Let f : X — Y be a flat morphism and

letu : Y — Y be a morphism. Consider the cartesian square
v

X' X

I f (22.4.4)

u

Y —————Y
where X' =Y’ xy X. Then there is a natural isomorphism of functors
Lu* o Rf, >~ Rf, o Lv*

from the category D (X) to D .(Y").
Here is a sketch of a proof. First of all, there is a canonical morphism of
functors

Lu* o Rf, — Rf! o Lv* (22.4.5)

constructed using adjoint pairs (Lu*, Ru,) and (Lv*, Rv,) and the isomor-
phism Ru, o Rf; >~ Rf, o Rv,. The fact that it is an isomorphism can be
checked locally in Y’, so we can assume that Y" and Y are affine. Then it
suffices to prove that Ru, applied to the base change arrow (22.4.5) is an
isomorphism. By the projection formula,

Ru, Lu*Rf.(F) ~ Ru.(Oy) Q" Rf.(F),
Ru,Rf!Lv*(F) = Rf.Rv.Lv*(F) = Rf.(Rv.(Ox) ®" F).

By the flat base change we have Rv,Oyx =~ f*Ru.(Oy'), so applying the
projection formula again, we get the result.

In the case when f is smooth this isomorphism can be also derived from
the flat base change, the projection formula and the Grothendieck duality (see
Lemma 1.3 of [21]). The reader can find a much more general statement in
the notes [85] (see Proposition 3.10.3).

Lefschetz Theorem for Picard Groups. Let X be a smooth projective
scheme, Y C X be the zero locus of a section of an ample line bundle Ox(1).
Assume that dim Y > 3 (resp. dimY > 2) and H' (Y, Oy(—n)) = 0forn > 0
andi = 1,2 (resp., i = 1). Then the restriction map Pic(X) — Pic(Y) is an
isomorphism (resp., injective).

For the proof, see [57], Exposé 11 (3.12) and Exposé 12 (3.4).
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Orlov’s Theorem. Let F be an exact functor from D*(X) to D*(Y), where X
and Y are smooth projective varieties over a field. Assume that F is full and
faithful and has the right adjoint functor. Then there exists a unique (up to
isomorphism) object E € D*(X x Y) such that F ~ ®p.

The proof is given in [104].






Bibliographical Notes and Further Reading

Chapter 1. The classification of holomorphic line bundles on a complex torus is a
standard topic in complex geometry and in the theory of theta functions, see, e.g., [18],
[52], [64], [69], [95], [131]. Our presentation is close to that of [95] with slight variations
in the abstract nonsense part.

Chapter 2. An excellent exposition of the theory of Heisenberg groups including the
complete proof of the Stone-von Neumann theorem can be found in Mumford’s lectures
[97]. The particular case of real Heisenberg groups is also presented in [84].

Chapter 3. We tried to use the minimal amount of data when defining theta series.
The usual definition (see, e.g., [18]) starts with an isotropic decomposition " = I'; & T,
while we use only a Lagrangian sublattice in I and the quadratic map o : I' — U(1).
One can recover the standard definition by taking « = oo(I';, ;) and T’y or I'; as
a Lagrangian sublattice. Our proof of the Lefschetz theorem essentially follows [95].
The proof of Theorem 3.9 is borrowed from [81] (see also [133], IV.6). The identity of
Exercise 7(c) was discovered by L. Kronecker (see [77]) and rediscovered in [135] and
[111].

Chapter 4. The intertwining operators corresponding to Lagrangian subspaces and
lattices in the real Heisenberg groups are considered thoroughly in [84]. It was also
observed in loc. cit. that the study of these operators leads to the evaluation of some
Gauss sums. Our derivation of the Turaev-van der Blij formula in Appendix B is a natural
development of this idea. Note that this formula plays an important role in proving the
reciprocity relations for Gauss sums ([33], [127]). It is interesting to note that earlier
derivations of such reciprocity used theta functions (see [74]). We did not pursue another
important application of the study of intertwining operators for (V') — the construction
of the Weil representation of the double covering of the symplectic group (see [84] or
[132]).

Chapter 5. For other derivations of the classical functional equation for theta func-
tions, see [84] or [97]. The distinguishing feature of our approach is that it does not use
an explicit set of generators of the relevant subgroup of Sp,,(Z). Moret-Bailly found a
nice interpretation of the appearance of 8th roots of unity in the functional equation: it
corresponds to triviality of the 8th power of certain natural line bundle on the moduli
space of abelian varieties with some additional data (see [90]). The action of the complex
multiplication on theta functions is discussed in [108] and in [125]. For a nice exposition
of the functional equation and for a generalization of the theory of theta functions to
noncommutative tori, see [121] (noncommutative theta functions are also discussed in
[87]).
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Chapter 6. Most of the material in this chapter is based on the paper [5]. Here are
some more references on homological mirror symmetry: the case of elliptic curve is
(partially) treated in [115] and [112] (see also [75]); for the case of higher-dimensional
abelian varieties, see [44] and [73]. The homological mirror conjecture has also inspired
the study of autoequivalences of derived categories of coherent sheaves on Calabi-Yau
manifolds, most notably the paper [123], where analogues of Dehn twists are constructed
in this context.

Chapter 7. Another proof of Theorem 7.2 (using Hodge theory) can be found in [18]
and [69]. In the algebraic context the computation of the cohomology of nondegenerate
line bundles on abelian varieties is also given in [95].

Chapter 8. This chapter is a condensed exposition of the similar material in Mum-
ford’s book [95].

Chapter 9. Our construction of the dual abelian variety essentially follows [95]. The
only novelty we introduce is the use of the Fourier—-Mukai transform in the proof of
Theorem 9.4 in Chapter 11. The procedure of taking the quotient of a scheme by the
action of a finite group scheme is also discussed in [34].

Chapter 10. The notion of biextension is due to Grothendieck (see [58]). For the
relation between biextensions and theta functions, see Breen’s book [24]. A valuable
source on commutative group schemes is Oort’s book [103].

Chapter 11. The Fourier—-Mukai transform appeared in the paper of S. Mukai [91].
The relative version of this transform for abelian schemes is also quite useful (see, e.g.,
[92], [109]). Most of the results of this chapter are borrowed from [91]. The formula for
the cohomological Fourier—Mukai transform can be found in [92], Proposition 1.17. The
action of the Fourier—-Mukai transform on the Chow group was studied by Beauville in
[12] and [13]. The general formalism of functors between derived categories of coherent
sheaves has been studied and applied in [21], [22], [26], [27], [86], [104]. The action
of the SL,(Z) on the derived categories of abelian varieties and its generalizations are
studied in [106] and [110]. Other generalizations of the Fourier—Mukai transform have
to do with differential operators on abelian varieties, see [82], [119]. The Fourier—Mukai
transform can also be applied to the study of some natural torsion line bundles on the
moduli space of abelian varieties, see [109].

Chapter 12. The Mumford group is discussed at length in [95] (see also [98]). The
relative version of the theory of Heisenberg groups is developed in [89] (see also [110]).
The proof of the quartic Riemann’s theta identity can be found in practically every
book on theta functions. Among algebraic versions of this identity (valid in arbitrary
characteristic) let us mention the adelic version from [97]. Our approach is closer to
the one adopted in [98]. The identity of Exercise 6(c) for the Kronecker function is an
example of the associative version of the classical Yang-Baxter equation (see [113]).

Chapter 13. Theorem 13.7 is not stated explicitly in [95], but it follows easily from
Theorem 23.3 of loc. cit. (see also discussion after Theorem 20.2 of loc. cit.). A gener-
alization of this theorem to abelian schemes can be found in [32] (Proposition 1.2). The
quadratic form associated with a symmetric line bundle is studied in [98]. Theorem 13.5
is well known to the specialists, however, we were not able to locate it in the literature.

Chapter 14. Classification of vector bundles on elliptic curves over C was obtained
by Atiyah [7]. The case of arbitrary characteristic is due to Oda [102]. Our method
is closer to that of S. Kuleshov in [78]. For the connection of vector bundles (and more
generally principal G-bundles) on elliptic curves with loop groups, see [9].
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Chapter 15. The equivalences between derived categories discussed in this chapter
(and their generalization to the case of twisted coherent sheaves) were constructed in
[107]. D. Orlov in [105] gave a different construction and proved (basing also on the
results of [104]) that these are all exact equivalences that can occur between derived
categories of abelian varieties. In [110], the theory of intertwining functors presented in
this chapter is generalized to abelian schemes and the corresponding analogue of Weil
representation is studied. The relation between indexes of nondegenerate line bundles
established in Proposition 15.8 seems to be new.

Chapter 16. Our discussion of symmetric powers is inspired by [6], Exp. XVII, 6.3
(however, we avoid using Grothendieck representability theorem). Similar constructions
can also be found in [65]. The first algebraic construction of the Jacobian of a curve
is due to A. Weil [130] and is based on the study of rational group laws. The ideas of
Weil’s book have much wider applications (see [23]). For another construction of the
Jacobian, see [67].

Chapter 17. The study of the principal polarization of the Jacobian and Riemann’s
theorem (Theorem 17.4) are standard topics in the theory of Riemann surfaces and theta
functions, see, e.g., [41], [52]. The connection between determinant bundles and theta
functions is discussed in [25]. Theta characteristics are studied in Mumford’s paper [94].
Besides the theorems proven in Section 17.6, it contains an algebraic proof of the fact
that the parity is preserved under deformations of the pair consisting of a curve and
a theta-characteristic on it. A different (analytic) proof of this result can be found in
Atiyah’s paper [8].

Chapter 18. We follow closely [114], where the Cauchy-Szego kernel is interpreted
as a triple Massey product between coherent sheaves on a curve. Other proofs of Fay’s
trisecant identity can be found in [42], [118], [68] (arbitrary characteristic), [18], [40],
[97] and [116]. The role of the trisecant identity in characterization of Jacobians among
principally polarized abelian varieties is discussed in [4]. A generalization of Fay’s
trisecant identity to relative curves is considered in [19] and [37].

Chapter 19. Our computation of the Picard group of Sym" C essentially follows
[16]; for an alternative approach, see [29]. The computation of the Chern classes of the
bundles E; is due to Schwarzenberger [122]. The formula (19.5.3) is due to Mattuck
[87]. These matters are also briefly discussed in Fulton’s book [46], Example 4.3.3.
More information on the geometry of the morphism Sym" C — J"(C) can be found in
Kempf’s book [67].

Chapter 20. We mostly follow Kempf’s paper [66] (additional details can be found
in [67]). For analytic proofs of the Riemann-Kempf singularity theorem, see [41], [52],
and [96]. An excellent source on special divisors is the book [3].

Chapter 21. We essentially follow [16] with slight variations. A nice exposition of
various approaches to Torelli theorem and to the Schottky problem can be found in
Mumford’s lectures [96].

Chapter 22. The symbol (L, M) is defined and studied thoroughly in [6], Exp. X VIII.
In [31], it is applied to the problem of “categorification” of the Riemann-Roch formula.
The strange duality conjecture is discussed in [14] and [35]. The interpretation in terms of
Fourier—Mukai transform can be found in [117]. However, it seems that the equivalence
of the strange duality conjecture for (r, k) and for (k, r) (see Theorem 22.1) was not
noticed previously.
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